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Abstract:

In this paper a disturbed system with uncertain control coefficient and relative

degree one is stabilized using a controller defined by the integral of a discontinuous law based on
Twisting algorithm with extra terms that allows the rejection of the uncertainties produced
by the disturbance and unknown control coefficient. Also the proposed control law ensures
insensitivity to a kind of disturbances and finite time convergence to zero. The fact that the
control is only integral could help to chattering reduction against FOSM control law.
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1. INTRODUCTION

In the last years, sliding mode control algorithms have
become very important for control theory due to their
properties of robustness and finite time convergence of
the sliding variable.

Historically, the first sliding-mode controller was the sign
signal (FOSM) (Utkin , 2016) that can stabilize a system
with relative degree one sliding variable, nevertheless this
kind of control (discontinuous) produce high frequency
oscillation with bounded amplitude (called chattering).
An intuitive way to deal with this problem is to propose
continuous control laws, so thinking about that solution
without losing some properties of robustness and finite
time convergence, second order sliding-modes controllers
(2-SMC) was proposed.

For systems with relative degree two the Twisting al-
gorithm was introduced Emelyanov et. al. (1986) and
this controller is able to drive the sliding variable and
its derivative to zero in finite time (enforcing a second
order sliding-mode), and for systems with relative degree
one sliding variable the Super Twisting Algorithm (STA)
(Levant , 1993) can enforce a second order sliding-mode
too with a continuous control signal (reducing chatter-
ing), however STA has infinite gain a the origin that
remains being bad for chattering avoidance. For that rea-
son a control law defined by the integral of discontinuous
Twisting controller was proposed (Efimov et. al., 2011),
but this scheme only can stabilize the origin of the system

locally, also the Twisting controller requires the deriva-
tive of the sliding variable (disturbance estimation), so if
the control coefficient is known it’s more practical to use
a control law like STA or using the estimation in order to
compensate the disturbance on line (Davila et. al. , 2016)
despite the control signal produced by the Twisting as
filter is Lipschitz continuous respect time.

In recent works (Ventura and Fridman , 2016) had been
shown that under some assumptions a Lipschitz control
law could reduce the chattering produced by a sliding-
mode control against discontinuous one (FOSM) and laws
with infinite gain at the origin (STA).

Then in this paper we propose a control law based on
the integral of discontinuous signals (based on Twisting
as filter) that is continuous Lipschitz respect time at the
origin and could deal with unknown control coefficient
and disturbances for a system with sliding variable with
relative degree one.

Section 2 presents the problem statement and the solu-
tion proposed as main result, a mechanical system with
uncertain control coefficient and dynamics that are con-
sidered disturbances is simulated to realize exact velocity-
tracking with the proposed algorithm and its behavior is
shown in Section 3, the conclusions of this work are pre-
sented in Section 4, and finally Appendix section shows
the proof to the theorem.



2. PROBLEM STATEMENT AND MAIN RESULT

Let the dynamical system

X =F(x.t) + G(x, t)u, (1)
where y € R” and u € R. An output (sliding variable) of
relative degree one is chosen! , and the dynamic of the
sliding variable could be represented by

&= ¢(t,x)+y(t,2)u, 9| <F, 0<ym <v<um, (2)
in order to drive the sliding variable to zero and holding
it, a purely integral control law based on SMC will be
proposed, then the state of the system must be extended
as

T =2z, T=9,
and considering the variable change
T2 — ¢
,y k)

in order to describe the system just in the variables x;
and xo, the system obtained has the form

T1 = X2
E2 = ¢+ yu+ i
= (¢} + Py 2) + (Vi + Vo, T2)u + YU (3)

/ / ! /
v v .
= <¢>2 ¢>:’f> + (¢;1 + % - fyl¢>> z2 + %x%er,

in this new system 4 is considered as a control law, the

origin of the system (3) can be locally stabilized using
the Twisting algorithm, however, if its desired that the
closed-loop system has a globally stable equilibrium point
at the origin linear and quadratic terms are required
in the control law, specially because the quadratic term
in o in not globally Lipschitz. Therefore the controller
proposed to achieve this task has the form

U= —k‘l |_J,‘1-|0 —C1 I_J?Q]O —k‘gxl —CoX2 —kg I_.]?1-|2 —C3 L$22 2),
4
where |a]? = |a|Psign(a) , the control law (4) has terms
with exponent zero that provides the properties of 2-
SMC, linear and quadratic terms that allows the rejection
of the uncertainties with greater exponents (quadratic
terms in the control law are crucial in order to make the
trajectories of the system well defined in all the space).

Assumption 1. It will be assumed that the partial deriva-
tives @}, ¢, V1,7, are bounded.

Theorem 1. Let the disturbed system (1) with a sliding
variable (2), then if the uncertain control coefficient is
such that

377n > VM,
there exists gains such that the control law (4) enforces
a second order sliding-mode in finite time.

Proof. The proof of the Theorem 1 will be presented in
the following subsections, and the gains of the control law
(4) can be computed as in the equations (14), (16), (19),
(23), (25), and fulfilling the LMI (24).

1 There exist several methods to design the switching surface = 0
such that the reduced order dynamics shows desired properties
(Shtessel et. al., 2014).

2.1 Stability analysis of the nominal closed loop

In order to start the stability analysis of the closed-loop
system with the proposed control law, we are going to
consider the nominal system (¢ = 0, v, = yar = 1) with
the proposed control law (4),

T1 = 2
{i‘z =—k |_J31.|0 —c1 Lxg-‘o — koxy — coxa — k3 |_J:f|2 —c3 \_J)Q.P.
(5)
Then to proof the stability of the origin the candidate
Lyapunov function is proposed as
V = 2?2 + a12120 + asxi + aslz1| + aslzi|®* (6)
where the only one condition for it to be positive definite
is that
day > a?,
and can be easily verified. Now calculating the partial
derivatives

oV
87 =2x1 +a1x9 + ag |_$L'1—|0 + 3ay |_LU1~|2,
1
oV (7)
= = a171 + 2a2712,
8172

and the derivative of the candidate Lyapunov function
with respect to the trajectories of the system is

. ov ov
V=-W=_—"—a +-—i
81‘1£1+ 81‘2$2

= (2z122 + a123 4 az|x1]%z2 + 3a4|z1]%22)
—(arki|z1] + 2a2k1 \_961]0962 +aiciz \_962]0 + 2azc1|z2|)
—(alkgx% + 2agkox1x2 +A@1C0T1T2 + 2(12621’%)

—(a1k3|x1|3 + 2a0ks |_z1-\2ac2 + ajc3zy |_x2-\2 + 2a203|a:2|3).

In this derivative can be noted that it has terms with dif-
ferent homogeneity degrees with respect the homogeneity
weights 71 = ro = 1 (homogeneity weights with which
it can be shown that a linear system is homogeneous),
for that reason the function W will be separated as
W = W1+ W5+ Wjs, and the task to prove that the origin
is stable become to make Wy, Wy, W35 positive definite
Wi =a1ki|z1| + (2a2k1 — as)[m]ozz + ajcix1 L’Eﬂo + 2azc1|z2],
Wo :aﬂch% + (2a2k2 + a1c2 — 2)x122 + 2a202z§ - ala:%,

Ws =a1ks|z1|® + (2a2ks — 3a4) 21122 + a1c371 [22]? + 2a2¢s|2|?,
where it can be noticed that W3 has homogeneity degree
1, W5 has homogeneity degree 2 and W3 homogeneity
degree 3, so the three can be analyzed separately, and
if the constants of the candidate Lyapunov function are
chosen as

2&2/61 = as, 2a2k2 +aico = 2, 2a2k3 = 3a4

that allows to cancel terms without definite sign and the
functions become

W1 :a1k1|x1| =+ a1C1I1 |_II?2—|0 + 2&261|IE2|

>arki|z1| — arci|z] 4 2a0¢ 22|

Wo :alkgx% + 2a262x§ — alxg

W3 =a1ks|z1|® + arcsmi|22]? + 2aacs| 22|,
so it’s easy to verify that the conditions to make W;
positive definite are

ki1 >ec1, 1 >0, (8)



for making W5 positive definite the conditions are
k‘g > 0, (9)

and for W3 the Young inequality can be used in order to
bound terms without definite sign and the conditions are

k3>03/3, 03>0, a2>a1/3.

The previous inequalities always have a solution, so a
controller of the form (4) can to stabilize the system
without disturbances and constant control coefficient.
Moreover there exist a Lyapunov function of the form
(6) whose derivative over the trajectories of the system
is negative definite. In addition the derivative of the
Lyapunov function can be bounded by

Co > a1/2a2,

V< —ai(k1 — c1)|z1| — 2azc1|z2]

—aﬂch% — (2a2¢2 — al)zg

c: a
—a (kg — §5> |361|3 — 2c3 (ag — gl) |302|3

< —aV

for some « positive, and the system (5) has in the origin
a equilibrium point globally asymptotically stable.

Then the system (5) can be seen as a sum of homogeneous
vector fields as

{ﬁj - {—kl Lml]g&_ o Lfﬂﬂo] + fe(x)

with homogeneous weights r1 = 2, ro = 1, that makes the
first part of the system (the Twisting algorithm) homoge-
neous of degree —1, and f. a vector field with terms with
greater homogeneity degree, since the Twisting algorithm
has a finite time stable equilibrium point at the origin
by quasi-homogeneity principle (Orlov , 2008) it can be
concluded the origin of the system (5) is globally finite
time stable.

2.2 Stability analysis of the disturbed closed loop

Now, considering the disturbed system of the form

1 = X9
@2 = fi + foxa + faal
+y(=k1[21]° — e1221° — kam1 — cama — ks|x1]? — es|72]?),
(10)
where the functions f; are defined as

fa:(¢—¢”>,

v
/ ’
Ve
f2:< ;1+¥—;l¢>,
f3 3

N
Y

and are bounded by constant values |f1| < Fi,|f2] <
Fy,|f3| < F3. In order to prove the stability of the origin
of the disturbed system the same candidate Lyapunov
function (6) is going to be used, and calculating the
derivative along the trajectories of the system (10) the
next functions are obtained and them have to be positive
definite

a
Wi =arki|z1] + (202’61 - 73) l£1]%22 + a1c11 |22]°

a1fi 2a2 f1

+ 2a2c1|:r:2| — 1 — T2

2 a
Wa :alkzxf + <2a2k2 +aice — ;) r1T2 + (2(1262 — %) (Eg

a1 f2 2a2f2 o
— ——zi1T2 — ——x5
3 3aq 2 2
W3 =aikz|z1|” + | 2a2k3 — - lz1]°22 + a1c3z |x2]
a1 fs 2a2 f3
+ 2a203|a:2|3 — —fxlwg — 7]0:1:3
i

2.3 Positivity of W1
The function W; can be bounded as

a,
Wi =aiki|z1| + (2a2k1 - 73> lz1]%22 + arciz1 |22]°

2
+ 2a5¢1 || — a1 f1 o - az f1 o
a1y
> <a1k1 —ajcy — ) |1
Y
5 2as F
+ (2(1201 — |2a0k1 — %& - E) |CC2|

that is gong to be positive definite if the next inequalities

are satisfied

yarky > yarer + a1 Fy,  v2ase1 > |y2a9k — as| +2a?F1),
11

if the constant as is chosen as a3 = 2a9k17y, where

¥ = (Ym — ¥m)/2 then the conditions for the positivity

of W7 are

Y(k1 —c1) > F1,  yer > vk — k1| + By (12)
in these can be observed that the worst case is that the
uncertain coefficient of control v = ~,,, also the term

h’m - '7| = ('YM - ’7m)/2a 50

’Ym(kl — 01) > Fl, YmC1 > w}ﬁ + Fy (13)
choosing the gain k; as
F
ki=ci+—+pB1, pi>0 (14)

m
the first inequality in (13) is satisfied and substituting in
the second one

'YM*'YmCl_F ’YM*’Ym_Fl F1+'YM*’YmB1
2 29m

2
(15)
where it could be verified that necessary condition is that
37771 > YM-
and finally the gain ¢; can be calculated as

+ m - 'Im
o =77 + M B 4 By, 2> 0.
Ym (3’7m - ’YM) 3’7m —TM
(16)

So, if the gains k; and ¢y are chosen as (14) and (16)
respectively the function W7 is positive definite.

YmC1 >

2.4 Positivity of W3

In order to prove the positivity of W3 the crossed terms
of the variables z; and x5 are going to be bounded using
the Young’s inequality



2 3 3
L$1W2x2 < “rl' + |£L’2|

2 o |z1]* | 2]as)?
—_ 3 3 b)

nilz]” < =5 3

(17)
Then choosing the constant a4 such that 3as = 2a2ksyns
and using the Young’s inequality to bound the crossed
terms, the conditions for the positivity of W3 are

2 1
’YCL1/€3 > g(’yM — ’)/)(Qagkg) + gang,

1 1
varks > syaicz + a1 kb3,

1 3 3 9 (18)

72@203 > g(’yM — 7)(20,2]{3) + gang + 2@2F3,

2 2
72&203 > g’yalcg + gang + 2a9 Fy,
if the gain k3 is calculated as
cg | I

ks =24 23 19
3 3 + 3’Ym + 537 ( )

the fisrt inequality in (18) is satisfied, now doing d =
as/ay the other ones end as

4 F:
Ymks > = (a1 — Ym)dks + 5>

3 3
1 £y
YmC3 > §<7M - '7m)k33 + ﬁ + I3
1 Fy
i 2BLE
YmC3 > 3d’7m63+3d+ 3

of this new inequalities it’s easy to see that the next
conditions are required
1 3
d > -, d < ¢
3 4('YM - 'Ym)
but in the inequalities d appears multiplying and divid-
ing, so a good choice to select d is as the average
gt <1+ 3Ym ) Ay + 59m
2\3 4w =)/ 2407 —Ym)’
then substituting in the inequalities
6F
k-3 > 737
137m - 47M

F3 <12’7M — 3vm>

(20)

(21)

(22)
¢ 3
T Y \ 139 — 4y
and taking the other inequality and substituting d y ks
the gain c3 can be computed as

3 — Ym F:
c3 = 300 = Ym) )53 + 2dy + B,
_109ymym + v — 3292,
! 357m7]\/[ - 47]2\4 + 5077%1 7
finally the gains should accomplish the inequalities (23),
so the constants 83, 84 can be computed as

(23)

By > Fs ([ —130vmym + 5673, + 7492,
* 7 3ym \ 329myar — 1693, + 6592, )7
F: 12 —3Ym
5> 13 <7Mv B d1> ’
TYm 13'Ym - 4’7M

and the gains k3 and c3 computed as (19) and (23) ensures
the function W3 is positive definite.

Remark 1. If the values of the uncertain control coeffi-
cient are yy; = vm, then the constants should be

B3>0, Bs4>0.

And, in the worst case the values of the uncertain control
coefficient are yp; = 37, and the constants should be

188 F. F
By >—" 3 ~ 36872,

51 v Tm

Py 331 Fy

3 (3320 ) ~ 302272,
2 (- ) =0

2.5 Positivity of Wo

In order to minimize the value of the crossed terms of
x1, x5 without definite sign, some constants are chosen
to achieve the equation

2= ’7(20,2/{‘2 + a102)7
then, considering the worst framework in the values of the
uncertain control coefficient Ws will be positive definite
if the LMI is satisfied
YM — Ym

YmG1k2 1

1
(20,2]62 + 0,162) + §CL1F2
>0

* Ym2asce — a1 — 2a5F5
and from the previous subsection d = as /a1, a; > 0, then
the LMI become

— 1
M(Qdk‘g + 62) + =I5

Ymk2 4 2

> 0, (24)

* ’medCQ —1-— 2dF2
where the condition 37, > vy appear again, then the
gains that always accomplish the LMI (24) should be

_
k2_ 2d7 (25)

1
4coYm ('YmCQ abvie Fz) > F24-co(yar —vm) (2F2+(yar —ym)c2)-
and the function W5 is positive definite with these gains.

Finally the system (10) has in the origin a equilibrium
point globally asymptotically stable. Then, considering
again the system as a sum of homogeneous terms, the
homogeneous approximation at the origin with homoge-
neous weights 7y = 2, ro = 1 is the Twisting algorithm
which is finite time stable itself and it can be concluded by
quasi-homogeneity that the system (10) has an globally
finite time equilibrium point at the origin.

3. SIMULATIONS AND NUMERICAL EXAMPLES

For this section the motivational example shown in
(Castillo et. al., 2016) is considered

(14 cos?(q))G + gsin(q) + b(g + arctan(q)) = v (26)

where ¢q,¢§ € R are the state variables and v € R
the control input. The terms of the differential equation
represent a varying inertia moment, gravitational term
and viscous and dry friction. It is desired to realize exact
velocity-tracking to a desired trajectory ¢4. By defining
the error variable e; = ¢ — ¢4, the velocity error dynamics
are

é1 = [u — gsin(q) — b(¢ + arctan(q))](1 + cos®(¢)) ™ — G



then, extending the system with é; = es, the total error
dynamics are

él = €2
és = Y(fi1 + fare1 + fosea + f3165 + fazere2 + 1) + fio
where f;;, v are defined by

1
Ty cos2(q)’
sin(2q) . . . .
f1u ZWQd(Q sin(q) + b(gq + arctan(e; + ¢q)))
24 (e 4 da)?
— gcos(q)gd — b%m7
fi2 =— qq,
sin(2q) . . .
fo1 :W(%Qd + gsin(q) + barctan(e; + ¢q)
— gcos(q),
: . 2+ (e1 + Ga)?
fa2 =sin(2q)qq — bm,
sin(2q)
Jar 1 + cos?(q)
q
30 =sin(2q),

It should be noted that even the existence of damping b
makes the original system stable, in the tracking problem
damping generates terms that should be compensated, if
the dry friction term is considered as a sign function, then
the controller could not maintain the trajectory every
time since the term to compensate is discontinuous and
the control law is designed to be continuous. The desired
speed is considered ¢q = asin(wt) and the parameters are
b=1,9=10,a =2, w= 2 then f;; and v are bounded
as
05<vy<1,
|f11| S 463

|f12] <8,
| f21] < 20.4,
| f22| < 4,
|f31] <1,
|fa1] <1,

then the gains were selected as
k1 =150 ko =80 ks = 2,
01:100 02:80 63:2,
and in the Figure 1 is shown the behavior of the tracking

of the speed of the mechanical system considering that it
starts at rest (¢(0) = ¢(0) = 0).

(27)

4. CONCLUSIONS

A second-order sliding mode controller was designed to
ensure the convergence of a system with relative degree
one sliding variable despite having bounded disturbances
and uncertain control coefficient under certain constraints
if the derivative of the sliding variable is known, in
this case it has the advantage that the control law is
continuous Lipschitz with respect to time and therefore
the generated chattering could be less than the generated

B
=3 0/\/
el
-5 L
0 0.5 1 15 2 25 3 35 4
0.1 .
0.05 x10™ g
2
d;_ 0 OM_
-0.05 -2 B
36 38 4
-0.1 L L L L L L L
0 0.5 1 15 2 25 3 35 4
15 ! ! ! ! ! ! .
10 B
=]
5 |
0 . . . . . . .
0 0.5 1 15 2 25 3 35 4

time [s]

Fig. 1. Behavior of the system (26)with gains (27).

by a control law with infinite gain at the origin (STA) or
a discontinuous one (FOSM) 2, as disadvantage has that
in case the derivative is unknown, it has to be estimated.
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