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Abstract: The dynamic responses of turbomachinery is affected by some factors such as rotor unbalance, 

coupling defects and support bearings, as well as the demand for higher operating speeds, which can 

cause vibrations that affect the behavior and reliability of the rotating system. Therefore, it is required to 

study a dynamic model to predict some vibration characteristics, in this case, the natural frequencies and 

mode shapes (both of free vibration) of a turbocharger rotor by using modal analysis. The natural 

frequencies and mode shapes of the rotor were measured with modal testing by using an impact hammer. 

Several degrees of freedom were found for the experimental model, while for estimating the modal 

analysis the order was reduced to only three degrees of freedom. Then, the rotor was sectioned into three 

parts to make an oversample. The model of three degrees of freedom for each section was solved and the 

sections were coupled to generate a model 9 degrees of freedom equivalent to the experimental system. 

The dynamic model is based on frequencies and displacements obtained experimentally, so it is 

automatically validated by comparing the output data. The results predicted by the modal model are in 

good agreement with the experimental test. The model is also flexible with other geometries and has a 

great time and computing performance, which can be evaluated with respect to other commercial 

software’s in the future. 
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1. INTRODUCTION 

The vibrations in turbomachinery are responsible for over 

40% of the problems (Meher-Homji, (1995), Chang, (1996), 

Szász et al., (2000), Morrison et al., (2005)), where rotating 

parts are the most important source (Shahgholi, (2014)). 

These problems affect principally the bearings supports 

because these are the physical support of the rotor system, 

which play an important role in the vibration modes and 

critical frequencies (Kozanecka et al., (2008)). Therefore, 

many methods have been developed to predict failures by 

analyzing the dynamic response of rotating systems.  

The natural frequencies of a gas turbine rotor were obtained 

experimentally and were found that each order natural 

frequency increases with contact stresses. It was showed that 

using these frequencies and the finite element analysis 

software SAMCEF Field, the effect of the contact stiffness 

can be obtained (Zhang and Du., (2009)). The natural 

frequencies of a rotor vary with many factors such as the 

structure, the supports and the accuracy of the model, so it 

becomes complex to get a good prediction (Xu et al., (2014)).  

The natural frequencies and mode shapes of a rotor were 

estimated using finite element models in ANSYS considering 

the bearings stiffness and damping. It was noted that the 

mode shapes define where the mass unbalance forces have to 

be positioned, and that using different bearings, the natural 

frequencies and critical speeds can be controlled (Xu et al., 

(2014)).  

According to (Lu et al., (2010)) each order of natural 

frequency of a gas turbine rotor increases with rod preloads, 

because the rigidity changes. These preloads have a 

significant effect on the deflections and stresses, which 

modifies the modal analysis.  

A dynamical analysis of a gas turbine rotor using the Dynrot 

program with code based on the finite element method was 

made by (Taplak and Parlak, (2012)), they found the system 

has an unstable behaviour when it is near to the critical 

speeds, and that small imbalance values do not affect the 

behaviour but decrease the critical speeds.  

The natural frequencies and mode shapes of a rotor shaft 

were obtained using ANSYS, and the results were validated 

with an experimental test using FFT (Fast Fourier 

Transform) analyzer. If the system is modified with 

mountings and accessories, then stiffness increases and 

therefore the natural frequency. The results were in good 

agreement, although there was no feedback to the model with 

experimental data (Pagar and Gawande, (2014)).  

A scale-down model to predict the free or forced lateral 

vibrations of a rotor-bearing system was presented by (Wu, 

(2007)). It was shown that scaling laws and scaling factors 
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approach the prediction of the full-size rotor from its scale 

model.  

In the study by (Fegade et al., (2014)) was presented a 

harmonic analysis to identify frequency of a system with 

different configuration of bearings using ANSYS. They used 

the unbalance of the rotor as excitation to perform the 

analysis, and mentioned that rotating critical speeds are 

associated with high vibration amplitude. In this case, a 

system with symmetric orthotropic bearings gave the less 

critical speed, so this kind of analysis is important to know 

the vibration amplitude response for minimizing the noise of 

the rotor.  

A finite element model of a Jeffcott rotor in ANSYS, 

approaching the stiffness and damping coefficients of 

hydrodynamic bearings, was used by (Ramírez Vargas et al. 

(2013)). It was performed a harmonic analysis to determine 

the vibrational response in steady and transient state. The 

transient analysis showed the required excitation of the rotor 

to go through a natural frequency. The modal analysis 

reveals if any natural frequencies will be near the operating 

speed, and it is necessary to carry out a harmonic analysis. 

The natural mode shapes help to identify if the motion is near 

the bearing supports, which could affect the rotor critical 

speeds (Moore, (2010)). 

As described in different investigations, there are few studies 

that link the experimental side on estimates of theoretical 

models. Hence, the natural frequencies and mode shapes 

calculated experimentally were used as input values in the 

modal analysis approach to get estimated modal parameters 

such as natural frequencies and complex deflections shapes 

of the turbocharger rotor. 

2. EXPERIMENTAL METHOD 

A turbocharger rotor of 1.249 kg was used (Fig. 1). The rotor 

was hanged by two bungees to simulate the free boundary 

conditions. Thereafter, it was impacted with an impact 

hammer (model PCB 086C03) to measure the response of the 

acceleration using two miniature triaxial piezoelectric CCLD 

accelerometers (model Brüel & Kjaer type 4506). An 

accelerometer was moved on a total of 9 points along the 

rotor to oversample the mode shapes while the other was 

static as reference.  

When the shaft is excited the frequency response functions 

(FRFs) are obtained and processed with an acquisition and 

processing code developed for this purpose, which makes it 

easy to adjust the parameters like sample frequency, record 

length, profits, etc., as well as the calculation of frequency 

response functions and averages. Only the first three mode 

shapes obtained experimentally were used in the following 

modal analysis approach. 

 

Fig. 1. Turbocharger rotor. 

The average acceleration response (Fig. 2), was used for the 

identification of the natural frequencies. The FRFs are 

developed by dividing the output by the input.  

 

Fig. 2. Average acceleration response. 

 

Fig. 3. Average FRF from the modal test. 

Due the theoretical modal analysis (following section) is 

based on a 3 order model, only the first three natural 

frequencies was selected, which correspond to the first three 

resonance peaks in Fig. 2. The corresponding natural 

frequencies are 704 Hz, 1470 Hz and 1920 Hz.  

It was decided to position the accelerometer in 9 points along 

the rotor with the aim of achieving a greater number of 

displacements, this in order to use a method of oversampling 

proposed in this paper, shown in section 3, where the same 

three natural frequencies, but with a greater number of 

displacements, it can be achieved a better approximation of 
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the model. The response was measured 10 times for each 

point to reduce the lack of trust, then the average FRFs are 

shown in (Fig. 3). 

The average of averages FRFs corresponding to the 9 

measurement points are shown in (Fig. 3), where the 

displacement between the applied load is plotted, this 

according to the frequency. The FRFs information is used to 

determine the mode shapes. The mode shapes are calculated 

with FRF values for each point, in this case 9, for each 

natural frequency.  

3. OVERSAMPLING MODAL ANALISIS APPROACH 

The mathematical morphology of the model proposed here is 

a set of finite variational equations, which comes from the 

modal model of the shaft which was obtained from an 

experimental modal analysis. Once natural frequencies and 

modal shapes are known experimentally, the degrees of 

freedom (DOFs) for the modal model are the same as the 

number of natural frequencies of the frequency spectrum at 

the working range. With these DOFs the modal shapes are 

described spatially, but most of the time at highest 

frequencies the mode shapes have complex forms, that 

cannot be described precisely with the DOFs and more DOFs 

are needed. Then, the mathematical model proposed here 

converts the modal model with limited DOFs to a set of finite 

variational equations with enough number of DOFs to 

describe more accurate the natural frequencies and mode 

shapes. This set of finite variational equations are defined as 

several modal models which have the same natural 

frequencies that the ones obtained experimentally, but their 

modal shapes emulate just a segment of the experimental 

shapes. So after it computes the coefficients of each modal 

model (in this case, stiffness and masses), the experimental 

mode shapes are achieved by coupling the mode shapes of 

each segment. The model approach is to explain how the 

general model is formulated to then explain how the model is 

oversampled.  

The equation of motion (1) for the complete system is 

represented with the following model 

[𝑀]{�̈�} + [𝐶]{�̇�} + [𝐾]{𝑋} = {𝑈(𝑡)} (1) 

where, M, C and K are the mass, damping and stiffness 

matrix, respectively. As the particular interest of this research 

is the free and undamped vibration, so (2) is given by 

[𝑀]{𝑋}̈ + [𝐾]{𝑋} = 0 (2) 

The turbocharger rotor showed several experimental natural 

frequencies, which means that several degrees of freedom are 

required. The number of the equation of motions is given by 

de number of natural frequencies obtained experimentally. 

The proposed general model in (Fig. 4) is the kind of spring-

mass model proposed in (Yu et al., (2012), to get the modal 

parameters. The model in (Fig. 4) is based on the first three 

estimated natural frequencies and mode shapes because they 

have higher amplitudes, so the system equations can be 

represented in (3) as follows 

𝑢1(𝑡) = 𝑚1�̈�1 + 𝑘2(𝑥1 − 𝑥2) + 𝑘1𝑥1 

𝑢2(𝑡) = 𝑚2�̈�2 + 𝑘2(𝑥2 − 𝑥1) + 𝑘3(𝑥2 − 𝑥3) 

𝑢3(𝑡) = 𝑚3�̈�3 + 𝑘3(𝑥3 − 𝑥2) + 𝑘4𝑥3 

(3) 

 

Fig. 4. Proposed general model. 

Then expressing the model (3) in the frequency domain and 

ordering in matrix form 

[U]3×1 = [A]3×3[X]3×1 (4) 

where A consists as follows 
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The matrix U is the force vector, which is considered unitary 

because the impacts used as experimental excitation were 

modeled as unitary pulses. The matrix X is the displacement 

vector, filled with experimental data. The matrix A consists 

of the values of mass, stiffness and system frequency, where 

the mass and stiffness values are unknown. As the 

experimental displacements and frequencies are known, one 

can express the model in the following way 

[MK]7×1 = [D]7×3
−1 [U]3×1 (6) 

where D is a 3x7 matrix and the pseudoinverse D−1 as in (6). 

The system shown below in (7), is repeated but changing 𝜔 

to the next frequency and the displacements for the next 

mode shape.  
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(7) 

 

The MK matrix contains the stiffnesses and masses of the 

first section of the rotor. In general, what is being made is to 

obtain the distribution of stiffnesses and masses by using the 

experimental data of frequency and displacement.  

The method shown above is considering the complete rotor, 

however, the oversampled method consists, in general, to use 

the proposed general model for each uncoupled section, as in 

(Fig. 5), using the corresponding frequencies and 

displacements of the 1
st
, 2

nd
 and 3

rd
 mode shape of each 

section, as well as the respective mass of the section, data 

which are known. For example, for the first section the 

displacements values of the proposed general model 𝑥1, 𝑥2 
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and 𝑥3, now would be 𝑥1,1, 𝑥1,2 and 𝑥1,3, to obtain a MK 

matrix for the first section as in (Fig. 5).  

 

Fig. 5. Rotor sectioning. 

The resulted MK matrix is normalized. The analysis has to be 

repeated for the following sections of the rotor, to calculate 

the stiffnesses and masses corresponding to each section.  
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(8) 

 

After obtaining all values of stiffness and mass of the 

sections, the resulting matrix R, which follows the model in 

(5), is formed by making the coupling of the sections adding 

serially the last stiffness of the first section with the first 

stiffness of the adjacent section, as shown in (8), and so on 

with the following sections until get a total of 10 coupled 

stiffnesses for this case of study. Therefore, the eigenvalues 

and eigenvectors are calculated from (8) and consequently 

the estimated natural frequencies and mode shapes. 

4. RESULTS 

Table 1 shows a summary comparison of the natural 

frequencies of the turbocharger rotor corresponding to the 

three vibration modes measured experimentally and those 

predicted by the oversampled modal analysis approach for 

the lateral vibration modes. It can be observed that the 

estimation of the theoretical model closely approximates the 

experimental, which showed an average percentage of 

relative error, from the three errors in Table 1, acceptable 

low of 8.82%. It can be said that the results of the proposed 

dynamic model are in good agreement with the experiments. 

It is to emphasize that the estimated frequencies correspond 

to primary or crude model, without using recursive 

algorithms, so small differences could be reduced by 

subsequent adjustments in future works. There are several 

ways to determine the modal frequencies, however, most 

authors use simulation by FEM, which requires more 

computing performance and have the disadvantage of not be 

able to feedback control systems in operation.  

 

Table 1. Comparison of natural frequencies. 

No. 
Experimental Natural 

Frequency (Hz) 

Natural Frequency 
by Modal Analysis 

(Hz) 
Error (%) 

1 704 604.28 14.17 

2 1472 1487.73 1.07 

3 1920 1704.4 11.23 

 

The measured and estimated mode shapes are shown below 

in Fig. 6-8.  

The natural frequencies approach proposed with this method 

are in the order of magnitude of the analysis shown by (Jalali 

et al., (2014)). In this research (Jalali et al., (2014)), it was 

used a 3D FEM and 1D beam model, also analyzing a high 

speed rotor, however, errors were up to 20% between the 

frequencies estimated, and there was not enough comparison 

against experimental test. The mode shapes also have some 

similarity, but the difference may be due to the geometry of 

the rotors.  

Although this research is based on the non-rotating vibration 

modes, it has been said that non-rotating modes can be used 

to describe the dynamic behavior of a rotor without losing 

much accuracy (Wei Meng et al., (2015)).    

In the study by (Gutiérrez Wing et al., (2011)) was cited that 

it is important to know the modal parameters to relate spatial 

parameters and to determine the response of the system and 

unbalance forces, this in a model they proposed for balancing 

rigid rotors. The modal parameters estimated in this study has 

the advantage that are based on the actual system response. 

An experimental rig to get the modal parameters was used by 

(Yu et al., (2012), Yu et al. (2016)), where proposed a 

damping identification system to identify the natural 

frequencies and mode shapes of the lumped masses, getting 

good approach with experimental results and FEM, but the 

procedure is evaluated in a turbomachinery foundation 

system.  

The stiffnesses calculated for the first section of the rotor, 

where the turbine side is, were higher than the other two 

sections, which may be because this first section contains 

greater mass. This differs from what mentioned in (Meng et 

al., (2013)), where the stiffness of the turbine side is lower 

than the compressor side and the vibration amplitude is 

greater on the turbine side. 

 

Memorias del Congreso Nacional de Control Automático 2016, Querétaro, México, Septiembre 28-30, 2016

185



 

Fig. 6. 1
st
 mode shape. 

 

 
 

Fig. 7. 2
nd

 mode shape.  

 
 

Fig. 8. 3
rd

 mode shape.  

5. CONCLUSIONS 

The proposed model showed very good agreement with 

experimental results and is validated because is based on 

experimental input data. The model is also flexible with other 

geometries and has a great time and computing performance, 

which can be evaluated with respect to other commercial 

software’s in the future, as well as can be used to synthesize 

more accurate control algorithms. It is intended to estimate 

the natural frequencies and mode shapes with the effect of 

bearing supports in operating conditions, as well as the 

imbalance and other dynamic conditions in future works. 

Depth knowledge in rotordynamics can contribute to the 

development of more reliable and predictable systems and 

support design tasks, monitoring and maintenance.  
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