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Abstract: This work is divided in two parts and describes the salient features of a computer system
for detection and localization of leaks in pipelines based on a Real-Time Transient Model (RTTM). In
this Part I, we discuss our algorithm for pipeline transient simulation, inspired on the port-Hamiltonian
formalism for distributed-parameter systems and solved with our ad-hoc Method of Hamiltonian
Characteristics. Our model includes a Hamiltonian energy function, effects due to terrain topography,
multiple leaking points along our finite-dimensional approximation, it admits system interconnections
and it is appropriate for a real-time execution. In Part II, such model is used for a closed-loop Luenberger-
type boundary feedback estimator of leaks in pipelines, where the leaked flow-rate and leak localization

are continuously estimated variables.
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1. INTRODUCTION

Pipelines contribute to the welfare and development of our
societies because they are the safest, the cheapest and the most
efficient transportation system for the distribution of water, nat-
ural gas, gasoline, LPG, crude oil, and other products, to reach
remote and isolated places and populations.

Unfortunately, associated to pipeline operations are also rup-
tures, product spills, leaks and clandestine tie-in tappings. Such
safety risks affect our environment, the nearby populations,
and also the pipeline facilities, being risks of great concern
for all the industrial pipeline operating companies. Therefore
improved methods for pipeline leak detection and localization
systems (LDLS) are relevant for industrial R&D.

In principle, the simplest mass/volume balancing method con-
sists in verifying the steady-state inventory of products trans-
ported in a network of pipes. Under nearly steady-state con-
ditions, the pipeline mass/volume balance is calculated as the
time-integral of the balance rate, defined by the difference
of the flow balance and the packing rate. The balance rate is
nearly zero when there is no leak. When a leak is present, the
mass unbalance within the network exceeds a threshold and
an alarm is displayed, indicating the segment in the network
where the unbalance is reported, Whaley et al. (1992). Alterna-
tively, the leak localization can be found from the steady-state
hydraulic-grade line data, Al-Khomairi (1995). Nevertheless,
for long pipelines this approach has a low detection reliability
because during pipeline transients such as over pressurization
(e.g. water hammer for incompressible fluids) or line packing
(due to gas compressibility), these natural transients may lead
the steady-state mass/volume balancing method to misleading
diagnoses of detected leaks, resulting in false alarms. Clearly,
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the search for more sophisticated transient modeling methods
responds to the need of an increased leak diagnosis reliability.

The availability of spatially-distributed data estimated from a
real-time transient model (RTTM), Nicholas (1987), serves to
obtain a better estimation of the line pack/packing rate, improv-
ing with this the performance of pipeline product unbalance
calculations, since with the RTTM it is possible to discrim-
inate the natural transient behaviors on a network from the
real occurrence of leaks, thereby increasing their overall reli-
ability. This approach for leak detection is well known within
the civil engineering literature for water applications, see e.g.
Liou (1990, 1991); Mactaggart and Myers (1996); van Reet
and Skogman (1987). Among other methods, leak localization
implemented with the RTTM evolved into the Intersecting hy-
draulic grade-line method using two transient models with up-
stream and downstream boundaries, Al-Khomairi (1995). The
availability of a RTTM exceeds the mere objective of surveil-
lance, since such models serve to provide further information
of the pipeline, like instrument analysis and the prediction of
production rates, justifying their higher maintenance costs.

In this Part I, we discuss our pipeline transient model, inspired
on the port-Hamiltonian paradigm for modeling distributed
port-Hamiltonian fluids (DPHF). The modeling approach of
port-Hamiltonian systems is attractive to this work mainly be-
cause it results in highly structured models which preserve
energy under network interconnection, see viz. Pasumarthy and
van der Schaft (2004); Hamroun et al. (2007).

The main contribution of this paper is our method of Hamilto-
nian characteristics which includes effects from terrain topog-
raphy and multiple leak points along the pipeline.

The paper is organized as follows. In Sect. 2 we provide a brief
introduction to the theory of DPHF in order to contextualize
the fairly known method of characteristics adapted to this class
of systems, presented in Sect. 3 where we also discuss our
algorithm for numerical solution. Furthermore, in Sect. 4 we
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show some algorithms for the numerical determination of the
profiles of a pipeline under the condition of one or multiple
leaks along the pipeline. We conclude with some remarks.

2. ENERGY-BASED PIPELINE MODELS

The energy carried by a moving stream of liquid or gas flowing
along a pipeline is manifest in several forms:

e Mechanical kinetic energy: due to the movement of mass
of the fluid at certain velocity along the pipeline.
Mechanical potential energy: due to the weight of the
transported fluid at a certain height above sea level.
Internal energy: of the transported fluid due to the internal
motion of the molecules, governed mainly by temperature.
Work of compression: The energy supplied by the com-
pressor/pump stations to the gas (liquid) in order to dis-
place the product along the pipeline (flow work) overcom-
ing friction forces.

Transferred heat energy: extracted from the fluid due to
cooling (heat transfer) effects of the ground around the
pipeline, or otherwise, supplied into the fluid due to effects
of friction forces.

Thus, while phenomena associated to abrupt, intermittent tran-
sitions from kinetic to elastic energy/work of compression (e.g.
water hammer) are more significant for liquids than for gases,
phenomena associated to transitions of the internal energy and
the work of compression (e.g. line pack) are more significant
for gases than for liquids.

Most of these mechanical effects can be included in the for-
mulation of the theory of distributed port-Hamiltonian fluid
dynamics, discussed briefly in the next section.

2.1 Distributed port-Hamiltonian fluid (DPHF) models

This section is written in an informal style, without mathemat-
ical rigor, since it is only intending to collect fundamental facts
about one-dimensional DPHF models as an antecedent of our
transient model. For a formal presentation see van der Schaft
and Maschke (2001, 2002).

We model our pipeline segments with the one-dimensional
Euler fluid partial differential equations (PDE) plus the Darcy-
Weisbach dissipation term. It consists of the momentum and
mass conservation equations:

v Oov 10p 0z f

JR— R - - P — 1

ot " ox - p Ox +98x - 2DU|U| 0 M
dp | 9(pv)
— =0 2
ot o ’ )

where 2 € [0, L] is the spatial coordinate, ¢ is time, v(t, x)
is the fluid velocity, p(t, z) is pressure, p(t,z) is density, D
is the internal diameter of the pipeline with cross-sectional
area A = mD? /4, g is the acceleration of gravity, z(z) is the
pipeline vertical height (topographic profile w.r.t. sea level) and
f is the Darcy-Weisbach dissipation factor. Each segment is
contained in a control volume V as described in Fig. 1.

2
2

Similarly to Bernoulli Equation % + ﬁ)—’ + gz c,c € R,
let us define for each path fluid particle a specific Hamiltonian
function h(z, p,v,t) = 2v? + u(p) + 1(z). Thus, neglecting
heat transfer around the pipeline, the fotal energy in V trans-
ported by the pipeline can be described by (see e.g. Lopezlena

def

and Scherpen (2004)) the Hamiltonian functional H(p, v,t) =
Jy Ph(z, p,v,t) dV given by
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Fig. 1. Free-body diagram for a DPHF model with boundaries.

ot = [ {5 )+ o)} v, @
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Each term within keys is a density of energy associated to the
traveling stream along the pipeline. While % pv? accounts for
the kinetic energy, pu(p) accounts for the internal energy and
the term pt)(z) accounts for the (gravitational) potential energy.
The work of compression and enthalpy crop up later.

Egs. (1)-(2) can be described by a DPHF model expressed by:

Orp 0 —d 0H

o] =[5l [57)

where 0 denotes partial derivatives, § functional derivatives, d

“)

is a differential operator and Ry = QpLD |v|. We can verify that
indeed this is a distributed port-Hamiltonian representation of
Egs. (1)-(2) as follows (for the use of functional derivatives see
e.g. Morrison (1998)). Since the functional derivatives of the
Hamiltonian functional (3) are given by

(pu(p)) +9(2),

ap ®)

5117_( = pv, (6)

and since a% (pu(p)) = u(p)+pa% (u(p)), using the following
thermodynamic identity, see e.g. Callen (1985),

plast) = (215 p)>s |

dp
(where the subscript s stands for isentropic conditions) we may
rewrite Eq. (5) as

6H—12
0 —2’U+

(N

Specific enthalpy 1

G = 50° + ulp) + p(t,2) +0(2) ®)
where the specific enthalpyn = uw + pv = u + p/p, (i.e. the
sum of the specific internal energy plus the work of compres-
sion) emerges naturally from the equations. If the gravitational
potential is defined as 1)(z) = gz(x), see e.g. Batchelor (1967),
with the dissipation term R4, we get

(5,H) = 5o+ ALy LR L ).
=5 o 9 ©)
where the identity (7) was newly used. Now, since
do.H) = agp;) =p§—§ “g_gpg’ (10)
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then after substitution of (9) and (10) in Egs. (4) we obtain

9p _ 9Opv)

ot ox ’

8@__ v _19op 0z f B
ot 830 p Ox gax oD"

which are Egs. (1)-(2), confirming the assertion that Eq. (4)
provides an equivalent representation to Egs. (1)-(2).

In the port-Hamiltonian formalism, the exchange of energy
through the pipeline boundaries are expressed by:

ep,| |10 5,,H|av
fb 10 -1 5’[)H|8V '

We may be convinced of this latter assertion by the following
arguments. The boundaries (11) can be expressed by

(1)

1
ey = 0pH|ov = hy + pr = hy + VP, (12)

fb = _61)H|8V = —PbUb, (13)

where h, = %’U% + up(pp) + ¥y is the specific Hamiltonian at
the boundary and pyv;, is the specific contribution to the flow
work through the port. If we perform a total energy balance
with the Hamiltonian functional H(p, v, t), Eq. (3), contained
in the control volume V, we obtain naturally

d 57‘(8/) OH Ov
e ¢ - 14
g v t) = Sp ot " dv ot /8V(f”e”) dov, (14

thus, the transferred energy through the port is given by

- p
/8 e dov = /A (h+ Bypvia,

confirming that the total energy is transferred through the
boundary, including the flow work. Since there are two bound-
aries Ay and A, located at both ends of the pipeline in Fig. 1,
then

_ p _ p
/8V(fb ep) dOV = /Al(h-i- p)pvdA /,42(h+ p)pvdA.

15)

The relevance of the latter is that if two systems of this class
are interconnected by their ports, the total energy is preserved.
See Pasumarthy and van der Schaft (2004) for an extended
discussion on port interconnections.

Remark 2.1. When 0,1 (z) = 0and the Darcy-Weisbach factor
is null, then Egs. (4)-(11) with the Hamiltonian functional
(3) are the one-dimensional version of the Euler Equations
expressed in the general distributed port-Hamiltonian form
introduced by van der Schaft and Maschke (2001, 2002).

3. THE CHARACTERISTICS OF HAMILTONIAN
SYSTEMS

Assume that the set solution of a first-order partial differential
equation, expressed as £ - Vu = 0, lies in a manifold M. The
characteristic curves are integral trajectories of tangent vector
fields & € T'M solution of such first-order equation, normal to
Vu. If a first-order PDE on an n-dimensional space is trans-
formed into the characteristic coordinates, in such coordinates
the PDE is transformed into a system of n-ordinary differential
equations (ODE). In practical terms, this means that such PDE
can be reduced into a set of ODE, which can be solved on
the intersections of the integrated characteristic curves, this is
called the method of characteristics (MOC).

There is a very close relationship between the characteristic
trajectories of the Hamilton-Jacobi equation and the solution of
its associated Hamiltonian system, since after all a Hamiltonian

system can be expressedas - VH =0, €e TM,VH € T*M.
Consider a closed, finite-dimensional Hamiltonian system with
principal generating function S(qs,t) such that it satisfies the
Hamilton-Jacobi equatlon + H(q, p) = 0 with Hamiltonian
function H(q,p) where ¢ = (ql, cesGn)s D = (D1y-- s Dn)s
pi = 85 Then it is known (for a proof see Debnath (1997);
Sneddon (1957)) that their characteristic equations are equiva-
lent to the Hamilton equations of motion.

dq,- OH dp,- OH

dt - Gpi’ dt - Gq,-’
Using similar arguments for port-Hamiltonian systems, it can
be asserted that the characteristics of the local Hamiltonian
function H;(p,v,t), i = 1,...,ns is given by the trajectories
(pi(t),v;(t)) solution of the system of differential equations
associated to the port-Hamiltonian representation (4)-(11) of
the fluid equations (1)-(2).
It should be observed though, that time-integration for Hamil-
tonian systems is a delicate stage, since it should preserve their
symplectic-structure, see e.g. Hairer et al. (2002).

i=1,2,....,n

3.1 The method of Hamiltonian characteristics (MOHC)

Based on the previous section, we present a numerical algo-
rithm to solve the fluid system of PDEs given by Egs. (1)-(2),
by transforming them into ODEs (in Prop. 3.1) and then by
integrating them along its characteristic curves (in Prop. 3.2).
Proposition 3.1. (Hamiltonian Characteristics). Assume isentro-
pic conditions and the speed of sound as s.t. as >> v. The
characteristics of the PDE defined in Eqgs. (1)-(2) are the set
solution of the following ODEs:

dv  asdp g dz f

-+ —— 7—+—|U|=0
a =v+as,

dv  asdp g dz f

—— —— ——=——— + ——v| =0,
E:’U—aé

(See Appendix A for the proof).

A relationship between p(t, ) and p(t, x) is required:

Remark 3.1. Under isentropic conditions, density and pressure
are related in differential form, White (1991), by:

dp = (?) dp = a2 dp,
P/ s

def

where a, is defined by a? = (9p/9p),. A local relationship
between p(t,z) and p(t, x), useful for computations, can be
derived from Eq. (18) after integration around a reference point
(Dref s pref), yielding:

k+p
=— — p:pai—kz,

S

(18)

19)

where k& & az Pref — Dref, S€€ also Aamo et al. (2006).

Alternatively, the Real Gas Law p = pZ RT (where 7 is the
compressibility factor, R the gas constant and T temperature)
could be used for ducts transporting fluids in gas phase.

Proposition 3.2. (MOC and MOHC). Let us assume a5 >> v,
isentropic conditions and initial glven values of nodal coordi-
nates (pP,pP,UP);€ fori =0,1,. — 1 (wheren,, € Z*

n, = L/Ax+11isthe number of nodes) along the characteris-
tics (16)-(17) in the grid defined in Fig. 2. The solution of Egs.

572



CLCA 2014
Octubre 14-17, 2014. Cancun, Quintana Roo, México

k+1 | k+1 . k+1 k+1] k+1  k+1
(k‘ + 1)5t izl 7i_1 Pic1 P Uijl i piil apijrrl
ot
kot
A of ok pk B
(i—-1)Az Az (i+1)Az =

Fig. 2. Nodal grid (v, p, p) of Hamiltonian characteristics.

(1)-(2) for every sampled time 5t O Az /as, given by the points
P11 along the characteristics (16)-(17) where ¢t = (k + 1)dt,
can be obtained from the following three assertions:

(1) The points Py - (Plos Vp)kt1,8 = 0,1, ,np — Lin
the grid can be found from the linear system of egs.:
bl i) L]
o ; = . (20)
[Cz d' |, [In|pp] k41 [l
fort: =0,...,n, — 1, where
a' €14 |va| 6t /4D, 1)
b ay, (22)
¢ €1+ |vg| 6t f/4D, (23)
d'E —as, (24)
J def g(zp — za)
= 1 - , 25
e' =va+asIn|pal 2(as T va) (25)
fidéfUB a51n|pB|+g(ZP_ZB) (26)
2(as —vp)
(2) The points P11 - (o, V)41, 8 = 0,1,...,my — Lin
the grid can be found from the linear system of egs.:
i i i i
cRNEINREIR
¢ k LPP gy ol

fori=0,...,n, — 1, where a’ and ¢’ are defined by Eqs.
(21)-(22) and the remaining variables as follows:
9" =1/(paas), (28)
ht = _1/(/)3@5); (29)
; pa  glzp —za)
m' =vs + - 30
A paas  2(as+wva) (30)
nz—’UB— PB g(ZP_ZB) (31)
ppas  2(as —vp)

(3) The simultaneous solution for Py 1 & (o, P, V5 ) k11
i=20,...,n, — 1in the grid can be found from the linear
system of egs.:

2qi bi. gi U}la. el +.mi
¢ d 0 In|pp| = I (32)
¢ 0 R, Ph 1 n' f

with variables defined as in Egs. (21)-(26), (28)-(31).

(See Appendix B for the proof.)

Remark 3.2. The Hamiltonian function (3) is given by
np—1 1
H(p,v,t) = Z {5/%’(“1’)2 + piu(pi) + pigzi} A A,
i=0
and the boundaries of the DPHFS defined in Egs. (12)-(13) can

be constructed from the boundary points P = (p%, p%, v )

np—1def + n,—1 n,—1  n,—1
and P, —(pp Pp- »Up )k . .
Moreover, based on the input variables at their boundaries,
several pipeline model structures can be constructed.

Example 3.1. Consider a pipeline model as in Prop. 3.2 asser-
tion (1) with 3 nodes (n,, = 3) and boundary inputs (v, pg) =
(vo, p2). Then we obtain a system of equations:

{do 0 0 O-I {1n|p’0“+1|-| { Jfo—coz)]g‘|r1
k+1

0 a' b 0 V] . e
0 c d" 0| |t~ f! &)
000 a? ok + e? — b In|pi T

whose solution is evidently given by

ol = (f° — Qo t/d, i=0
i i pifi
et _ €d" b -
v; = Gidi —big’ t=1,...,n, —2
i i
k1 _ @' ff —cle —
h’llpi |—m, (2 1,. ,nn—2
ot = (2 —p?In|ph ™)) /a?, i=n, —1
and pressure p; fori =0, ...,n, — 1 is found from Rem. 3.1.

Based on Proposition 3.2, other models with different bound-
aries can be constructed from assertions (1), (2) and (3).

4. MODEL WITH MULTIPLE LEAKING POINTS

In preparation to Part II, assume that there is a leak with lo-
calization 7, and flow rate magnitude w, & pfot Al = pvfA
¢ def ‘Al ~0 . .

where v* = Lp - U". Such leak can be modeled as two pipeline

segments with an intermediate port whose boundary conditions
define the leak, see Fig. 3. We assume x, coincides with some

. 0 l_ pt 1.0 _ 2
fr=pv et =h"+5p°=e

7 fé% P=fi - 73
z&pipe upstream %_:,_&p’ipe downstrea
el el e2 e

Fig. 3. Boundary variables for a leaking port inserted along a
DPHFS model.

j-node, therefore, there are n,, — 1 different possible local-
izations. In order to include a leaking port into the computa-

tional formulation of the Hamiltonian Characteristics method,

let P/, = (pp, v})pt1. In such point Eq. (20) would model

the node equations if there where no leaks. In the presence
of a leak, there is a new boundary for the upstream segment
such that e} = €2 and f2 = fI — f* at the common j-node
joining both segments. Let Uf be the velocity of leaked flow

rate wy = pva, then vf &t vf — Uf . After substitution and

reordering in Eq. (20) we obtain the desired system of eqs.

Example 4.1. Consider the system interconnection of two
DPHF segment models as in Fig. 3, where each (v, pq)-model
has the same structure (33) of Example 3.1 and a common
boundary with a leak located in the 2-node in the nodal grid of
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Fig. 2, for i = 0...4. Then the following system of equations
is obtained:
000000 0][Wlpg™ ] [0 -kt
0a'8' 0000 0] offt el
0cd 0000 0] In|pht It
000ab>000 ot e?
00 0cd0 0 0[] | f>+c%b
0000 0a®d® 0] offt e
0000 0¢cd 0| m|pht s
00000O0O0O0at 8 4 prphtt
L a 1L vy i L€ b py "

This constructive procedure to include the leaking port into
the system of Egs. (20) that solve the fluid equations, can be
repeated for the block matrices (27) and (32) from Prop. 3.2.
More formally, we collect these findings in the following

Proposition 4.1. Let a leaking port be located at the point P,f
in the j-node with leaked (mass) flow rate wy = pj'U; A. Then
(1) Let P,fﬂ o (b, U )i 11, then the block matrix equation
fori =0,...,n, — 1is given by

al bt vl ] [ e’ ]
i i i =i G| - G
[c d]k[1n|pp| kbl [t + v X
(2) Let P} 41 o (', U )i 11 then the block matrix equation
is given by

at gt Uj; [ m""
¢ ht, Lop k+1_ n"—i-cjvg -
def

(3) Let P7, . < (pi,, p’, vh) 41 then the block matrix equa-
et L1 P: PPy Vp)k+
tion is given by

(35)

2qi b‘ gi ’Uﬁ)l ?i + mi
¢t d 0| |In|ppl = | [+ | (36)
¢ 0hn], Ph 1 n"—i—c’vﬁ X

As an evident consequence of Prop. 4.1, we may insert leaking
ports in n,, — 1 localizations.

Example 4.2. (Flute-pipeline model). Consider again Example
4.1, under a multi-leak condition, i.e. for each i-node there is
a leak, which we express by the vector vf = [v§ vf v v§]".
Then we obtain a system of equations:

000000 0] lpgg™7 [¢+c¢]
0a'b' 0000 0] o et
0cd 0000 0] Infph U4 et
000a®b000 bt e?
000cd 00 0 |[|In|ph™| | f+c2b|’
0000 0a®0> 0] ot e’
0000 0¢cd 0| Ikt 12+ Bl
L0000 00 0a ] ot ] [ ¢ ]

where (0 £ f0 — Opktland ¢4 = et — pAphtt.
5. CONCLUDING REMARKS

Acceptedly, a multi-leaks pipeline model based on a centered-
differences scheme was introduced earlier in Billmann and Is-
ermann (1987). Simulations of the isentropic multi-leaks tran-
sient model presented in this paper are deferred to Part I, where
we test the implemented leak localization algorithm. A more
accurate model would include the pipeline material elasticity,
the influence on the fluid temperature by heat transfer through
the boundaries of the pipeline and presence of two-phase flow.
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Appendix A. PROOF OF PROPOSITION 3.1

Proof. Let us define a multiplier A:

v ov 10p 0z f
A= A Nt e
<8t+vax+pax+ 99z 12 “'“')
op 81) Ip
+8t +p 8 + v oz =0,
and reorder it as

ov ov ov
)\E +p8 + v

Adp  Op
Vor Tpoc T

dp 0z f

+U8_ +)\ 8—+)\—U|U| =0.

For isentropic conditions, after Eq. (18) we get

v ov  0Op )\2 op
Aat-i-(p-i-)\)a +8t+< +>8x

2)\d’l)/dt Qd/)/dt

0z
+Ag 99s + )\iv|v| =0. (A.D)

Now, with the purpose of determining total derivatives, we
observe that

\dz/dt
v N OV e, dU
A Av)— =2 — A2
5 + (p+ ) % 7 (A2)
only if f/% +v= ‘fi—i. On the other side, notice that
dx/dt
0 A 0 d
P 2 P def 14
— =2— A3
8t+< +“> or  “dt’ (A-3)

only if it is verified that ;az + v = 2, thus by equating
L+v = %az—i—v, yields A = 4p/a and thus the characteristics

are given by

ct: d_x =0+ as,

g;fc (A.4)
c™: — =v—as.

dt

After substitution of Egs. (A.2)-(A.3) in Eq. (A.1) we get

dv dp 0z f
A= + 22 4 \gZZ ALyl =
)\dt + 7 + Ag 99, +)\ ’U|’U| 0.

Then, after (A.4), there are two optlons

(A5)

e For A = +p/as in Eq. (A.5), since gi = %% = (as +

)M and multiplying by %= 55 yields:

dv  asdp g 0z f
Ct: —+ 22— —F——— = =0
at a3y o Tapt =0
e For A = —p/a, in Eq. (A. 5) since gi = %% = —(as—
) - and multiplying by <%=, yields:
d d 0
o-. W_asdp L_Z + L =0,

implying that the characteristics C* and C'~ are determined
by the solution of the (ordinary-differential) Eqs. (16)-(17)
whenever Eqs. (A.4) are satisfied.

Appendix B. PROOF OF PROPOSITION 3.2

Proof. 1) Let us rewrite Eqgs. (16)-(17) in differential form to
obtain

+ . s _ 9 J _
ot dv+pdp+2(6+ )dz—i- U|U|dt 0,
Cc™: dv—%dp—

P

dz + EU|U|dt =0.

2(as — )
In order to proceed with the integration along Ct and C—,
consider now Figure 2, and obtain for O :

P P
dp g /
Vp — VA + ag —_—t dZ
r 4 6/A P 2(as+UA) A

Py P
+/ “—olv|dt =0, st. zp—2x4 :/ (v+ ay) dt,
A 4D A

and for C—

Up —UB —a /P@—$/Pd2
S
B P 2(as —vB) Jp

P f P
+/B Evlvl dt =0, s.t. xP—JJB:/B(U—as)dt'

Now, since [ ipﬁ = In |p|, we obtain the equations, for C*

vp —vatas(ln|pp| —In |/>A|
g(zp — za)
———= +vp—|va| 6t =0, B.1
(aé—i—v ) ey | Al (B.1)
whenever A‘St = +a . Using the same identity for C—
vp —vp—as(In|pp| —1H|PB| -
9(ep = 2p) +uP—|uB| 5t=0, (B2
2(a5 —uB)
whenever 6’5 = 5=ao- Since the point Py, e (%, V5 ) k41

in the grld must sat1sfy equations (B.1)-(B.2) simultaneously,

consider the definition of variables in Eqgs. (21)-(26), then Egs.

(B.1)-(B.2) can be reformulated to take the form of Eq. (20), a

system of linear equations. The extension fori =0,...,n, —1

follows immediately.

2) Using Eq. (18), rewrite Eq. (2) to obtain
1 8p v 8p 5 OV
pot ' pdx Usor

Repeat the procedure in the proof of Prop. 3.1 in terms of

variables (p,v), using A = +as. The resulting characteristics

are equlvalent to Egs. (16)-(17), since by Eq. (18), %= . dt

p}ls - Repeating the procedure in the proof of Prop. 3.2 (1)

for the points Pyy1 &= (phs, vh)pi1 with variables defined in
Egs. (21)-(31), the result follows.

3) Since both results (1) and (2) in Prop. 3.2 are solutions to the
Egs. (16)-(17), by combining Egs. (20) and (27) row by row,
such that the determinant of the linear system of equations is
not null (whenever p(t,2) > 0,Vt,Vz € [0, L)) as in Eq. (32),
the result is also a solution to Egs. (16)-(17).
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