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Abstract— Fuzzy control is a practical alternative for a
variety of challenging control applications since it provides a
convenient method for constructing nonlinear controllers via
the use of heuristic information. Such heuristic information
may come from an operator who has acted as a “human-
in-the-loop” controller for a process. Fuzzy control strategy
offers an alternative approach for many conventional control
systems, which has certain advantages over the other
techniques. For example fuzzy controller can characterize
better behavior comparing with classical linear PID controller
because of its non linear characteristics. The dynamics of
robot manipulators are highly nonlinear with strong couplings
existing between joints and are frequently subjected to
structured and unstructured uncertainties, so that fuzzy logic
control is an alternative for control of Robots Manipulators.
This paper presents the control of two degrees of freedom
robot arm using fuzzy logic in combination with a vision system.

Index Terms: Fuzzy Control, Robot Manipulators, Visual
Servoing.

I. I NTRODUCTION

The Dynamic of robot manipulators is highly nonlinear
and may contain uncertain elements such as friction. Many
efforts have been made in developing control schemes to
achieve the precise tracking control of robot manipulators
[1]. Among available options, fuzzy control has a great
potential since it allows to compensate uncertain nonlinear
dynamics [2], [3], [4].

Industrial robot manipulators are mainly positioning and
handling devices [5]. The essential problem in controlling is
to make the manipulator follow a desired trajectory or reach
a point starting from an arbitrary point, which offers many
practical and theoretical challenges due to the complexities
of the robot dynamics and the requirement to achieve high
precision trajectory tracking for high-velocity movements
[6]. Conventional control depend, an accurate mathematical
modelling, analysis, and synthesis. These approaches are
suitable for the control of robots that operate in structured
environments. However, operations in unstructured environ-
ments require to perform much more complex tasks without
an adequate analytical model [7]. The research on the fuzzy
controller has been focused on the two-input Fuzzy system.
The general structure of the two-input Fuzzy controller that
uses error and change in error as the input variables [8], [9].
Several industrial applications have addressed the reaching
and grasping problem without knowing a precise location
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of the target. These systems make use of visual information
to locate the target and to control the manipulator (visual
servoing systems) [10], the camera is mounted on the end-
effector (to avoid occlusion and ambiguity, and to increase
accuracy) and is used to compute the relative position be-
tween the target and the arm and to derive a control law.
In the field of the control vision system two methods have
been proposed : position-based and image-based visual servo
control. In the position based system features are extracted
from the image to estimate (with the geometrical model of
the target) the pose of the target in the configuration space
with respect to the position of the camera. Thus, for the
position based control system the control law is expressed in
terms of Cartesian coordinates [11]. However, this method
has the limitation of being sensitive to calibration errors,
since the feedback signal is calculated using estimated values
that are functions of the system calibration parameters. In
the image based Cartesian control systems, the error signal
is calculated by comparing the location of the features in the
current image with the desired location (goal image).
Many results have been published in the area of design and
stability of fuzzy control systems [12], [13], [14]. However,
one of the critical issues in fuzzy control design is, although
designed in a heuristic manner, how to ensure global and
robust stability of the system under control [15], [16].
In this paper we will present an alternative way to solve
the position control of the robot manipulator, using Fuzzy
logic and a 2D Vision Systems, we use different membership
functions for reducing the position error and computational
time, it is also presented the stability proof for fuzzy control.

The paper is organized as follows: Section II gives the
robot model and reviews the relationship between joint and
image coordinates. The fuzzy visual control approach is
given in Section III. The Stability Proof is given in Sec-
tion IV, while the simulation results are presented in Section
V. Finally, some conclusions are given in Section VI.

II. PRELIMINARIES

The dynamics of a rigid robot arm with revolute joints
can adequately be described by using the Euler–Lagrange
equations of motion [17], [18], resulting in

H(q)q̈ + C(q, q̇)q̇ + Dq̇ + g(q) = τ − τ p, (1)

whereq ∈ Rn is the vector of generalized joint coordinates,
H(q) ∈ Rn×n is the symmetric positive definite inertia
matrix, C(q, q̇)q̇ ∈ Rn is the vector of Coriolis and
centrifugal torques,g(q) ∈ Rn is the vector of gravitational
torques,D ∈ Rn×n is the positive semidefinite diagonal
matrix accounting for joint viscous friction coefficients,
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Fig. 1. Workspace of robot

τ ∈ Rn is the vector of torques acting at the joints, and
τ p ∈ Rn represents any bounded external perturbation or
friction force.

Throughout this paper, we will assume that the robot is
a two degrees of freedom planar manipulator,i. e. we have
n = 2 in eq. (1).

On the other hand, the output variable of the robotic
system is the positiony ∈ R2 of the image feature,
i. e. the position of the target in the computer screen. In
terms of the target positionxR with respect to the robot
base frame, the image featurey can be computed through
transformation and a perspective projection. The purpose of
cameras modelling is to know the mathematical expression
that map the screen coordinates(y1, y2) with respect to the
reference system. Although, actually the screen coordinates
are obtained by employing techniques for image processing
and computational tools, the model is required to design
and control system analysis and computer simulation. The
workspace of the robot is shown in Figure 1.
From the Figure we can see that the position vector of the
end-effector is given by,

xR =
[
x
y

]
= oōc′ + orc (2)

It can be seen, it is possible to obtainorc that represents the
position of the end-effector relative to an auxiliar reference∑

c′ of Camera, which is a projection in thexy plane.

orc = xR − oōc′ =
[
rcx

rcy

]
(3)

Working just in thexy plane are generated the following

vectors:

x̄R =
[
x
y

]
(4)

or̄c =
[
rcx

rcy

]
(5)

oōc′ =
[
oc1

oc2

]
, (6)

where,
or̄c = x̄R − ōc′ =

[
x− oc1

y − oc2

]
(7)

We assume the camera image to be parallel to the robot plane
of motion.Rφ represents the orientation of the camera frame
ΣC with respect to the robot frameΣR and is given by

Rφ =
[

cos(φ) sin(φ)
sin(φ) − cos(φ)

]
, (8)

where φ ∈ R is the angle of rotation. Note thatR−1
φ =

RT
φ = Rφ. Once we have the position of the point of

interest expressed in the auxiliary frame
∑

c′ , it is applied
the perspective projection to project it on the image plane.
Based on the previously presented equation we obtain the
following equation representing the coordinates in thexy
plane viewed by the camera one.

y =
αλ

OC
R3 − λ

Rφ

[
xR −

[
OC

R1

OC
R2

]]
+

[
uo

vo

]
(9)

4
= αλRφ

[
xR −

[
OC

R1

OC
R2

]]
+

[
uo

vo

]
.

OC
R =

[
OC

R1, O
C
R2, O

C
R3

]T
is the position of the origin of

the camera frameΣC with respect to the robot frameΣR,
λ is the focal length,α is a conversion factor from meters
to pixels, and[uo, vo]

T is the center offset.

III. F UZZY V ISUAL CONTROL

The Visual control presented requires the value of the end-
effector position at all times, from the position the end-
effector and the information about joints 1 and 2 shown
in Figure 2, are designed the rules if-then. The camera
information gives us the position in the plane (x, y), due
to we just need to control two degrees of freedom of the
robot, we designed two fuzzy controllers, one for each angle
(θ1, θ2). To generate the action control, each fuzzy controller
indicates the torque value required to move each angle.

A. Choosing Fuzzy Controller Inputs and Outputs

Our main goal is to achieve positioning, two inputs had
been used, position error in axisx (ex) and position error
in axis y (ey). The position error in axisx and axisy are
given by

ex = x− xf , (10)

ey = y − yf , (11)

whereyf and xf are the coordinates of the final position.
The system output is the torque applied to each of the joints
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Fig. 4. Fuzzy Sets for position error, axis x

to reach the end point.

B. Rule Bases

The fuzzy sets of the input linguistic variables are selected
more closely in proximity of the goal position, such that the
arm can move more precisely. The central linguistic fuzzy set
Z (Zero) for thex variable has the meaning to be oriented
toward the target. This step begins by defining the fuzzy sets
for variables input-output. After making several simulations
in Matlabr, and then testing the real system were obtained
fuzzy sets shown in Figures 4, 5 and 6, where linguistic
variables are shown in Tables I, II and III.

The rule bases are presented below and represent the
behavior of system

Linguistic Variable Description

NHX Negative High X

NMX Negative Medium X

NLX Negative Low X

ZX Zero X

PLX Positive Low X

PMX Positive Medium X

PHX Positive High X

TABLE I

L INGUISTIC VARIABLES FOR POSITION ERRORAXIS X

Linguistic Variable Description

NHY Negative High Y

NMY Negative Medium Y

NLY Negative Low Y

ZY Zero Y

PLY Positive Low Y

PMY Positive Medium Y

PHY Positive High Y

TABLE II

L INGUISTIC VARIABLES FOR POSITION ERRORAXIS Y

Linguistic Variable Description

NH Negative High

NM Negative Medium

NL Negative Low

Z Zero

PL Positive Low

PM Positive Medium

PH Positive High

TABLE III

L INGUISTIC VARIABLES FOR TORQUE

PPPPPPex

ey NHY NMY NLY ZY PLX PMX PHX

NL NL NH NH NH NH NH NH
NH VL NH NH NL NL NL NL
NH NH NH NH NL NL NL NL
NL NL NL Z NL NL NL NL
PH PH PH PH PH PL PL PL
PH PH PH PH PH PL PL PL
PH PH PH PH PH PL PL PL

TABLE IV

FUZZY RULE-BASED SYSTEMS FORθ1
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IV. STABILITY PROOF

Formal proofs of stability for fuzzy controllers exist, but
this is an issue which is somehow less developed than in
the case of classical control. One of the reasons for this is
that fuzzy control is typically applied in domains for which
a precise analytical model of the system is not available,
while heuristic "if-then" rules can be more easily generated
from human operators or from human experts. Since in those
cases the controller is not based on a mathematical model,
there is little point in proving any property (i.e. stability) on
that model. This section shows that the controller presented
previously guarantees stability and through an appropriate
selection of the all gains involved, tracking errors tend to
zero [19], [20], [21].
The Inertia matrixH(q) is symmetric and positive definite,
and it is bounded from above and below as

mI ≤ H(q) ≤ m(q)I (12)

PPPPPPex

ey NHY NMY NLY ZY PLX PMX PHX

NHX NH NH NH PH PH PH PH
NMX NH NL NL NL PL PL PH
NLX NL NL NH PH PH PH PH
ZX NL NL NL Z PL PL PL

PLX NL NL NH NL PH PH PH
PMX NL NH NH NH PH PH PH
PHX NH NH NL VH PH PH PH

TABLE V

FUZZY RULE-BASED SYSTEMS FORθ2

for some positive constantm and functionm(q). The vector
of Coriolis and centrifugal torques is bounded as

‖C(q, q̇)q̇‖ ≤ a1 ‖ q̇ ‖ (13)

The friction and gravity terms are bounded as

‖g(q) + D‖ ≤ a2 + a3 ‖ q̇ ‖ (14)

wherea2 anda3 are known constants. The vector of torques
is bounded by known functionη(q, q̇)

τ − τ p ≤ η(q, q̇) (15)

The task to be accomplished by the robot is to go from
its initial position y(0) to a final positionyf obtained and
given through the camera image on the computer screen,
respectively. To create a soft trajectory between these two
points, we employv(y) : R2 → R2 given by

ẏd = v(y)
4
= − k0

‖ỹ‖+ ε
ỹ − k1(yd − yf), (16)

wherek0, k1 andε are positive constants.yd is obtained by
integrating (16) withyd(0) = y(0). The desired trajectory
yd ε Rn and its derivativesẏd and ÿd are bounded by
constantsc1 andc. The tracking errors are defined as

e = yd − y (17)

ė = ẏd − ẏ (18)

The state of the tracking error system is then chosen to be
x = [eT ėT ]. To design a trajectory tracking control, rewrite
eq. (1) in terms of the tracking error given by (17) and
formulate the state-space equation

ẋ = Ax + BM(q−1)(∆A− T ) (19)

where

A =
[
0 In

0 0

]
,B =

[
0
In

]
,

A = A + B(q−1)(∆A− T )

∆A = M(q)(R−1BT Px + ÿd) + N(q, q̇)

In is the identity matrix, and matrixP is the positive
definite solution of the Riccati equation: for any given pair
of matricesQ, R > 0

AT P + PA− PBR−1BT P + Q = 0 (20)

Equivalently, if we have a positive definite matrix in the form
of

P =
[
P 11 P 12

P 13 P 14

]

whereP ij are sub-matrix blocks inP , andP 12 = P 21. If
matricesQ andR are set to be

P =
[
In 0
0 In

]
,R =

[
r1In 0

0 r2In

]
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Fig. 7. Path in Pixels

For positive constantsr1 andr1, the positive definite solution
for matrix P is given by

P ij = αijIn for i,j =1,2 (21)

whereαij are as follows

α11 =
√

1 + 2r2
−1/2 (22)

α12 = α21 = r2
−1/2 (23)

α22 = r2
−1/2

√
1 + 2r2

−1/2 (24)

The bounding function for uncertainty∆A can be obtained
as

‖∆A‖ = m(q)‖R−1‖‖BT Px‖+ m(q)‖ÿd‖+
‖V m(q, q̇)q̇ + G(Q) + F (q̇) + T d(q, q̇)‖

The stability proof is detailed in [20] and [21].

V. SIMULATION RESULTS

We have carried out some simulations with the model of
the manipulator A465 of CRS Robotics. It has six degrees
of freedom, but we have used only joints 2 and 3 to have a
two degrees of freedom planar robot. In order to implement
the control law it is necessary to havex and y available,
which is obtained by calculating the centroid of the sphere
that have been attached at the robot end effector.
In the Figure 7 shows the path followed by the end effector in
the image coordinates. In Figures 8 and 10 actual and desired
image coordinates are shown. It can be appreciated that the
final position is reached, while the continuous desired path
is also well followed.

The tracking errors are shown in Figures 10 and 11.

VI. CONCLUSIONS

In this paper we present an adaptation of a control
algorithm designed to work in Cartesian coordinates to a
scheme that employs image coordinates in a visual servoing
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approach. The proposed fuzzy control guarantees not only
desired performance, but also global stability. To test the
theory, experimental results have been carried out which
show a good performance of the proposed method. As future
research the approach will be extended to 3D.
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