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Abstract

The problem of designing a globally exponentially convergent observer for a class of (linear in transport
and nonlinear in generation) distributed systems is addressed within a Matrix Inequality (MI) framework,
yielding: (i) sufficient convergence conditions with physical meaning, and (ii) the weight of a Lyapunov
functional as design degree of freedom. The proposed approach is illustrated and tested with a representative
example in chemical reaction engineering.
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1. Introduction

This paper is concerned with the observer de-
sign for a class of parabolic systems with linear
convective-diffusive transport and nonlinear gener-
ation. The class includes a diversity of important
processes in science and engineering [2]. The prob-
lem has been addressed with two approaches: (i)
finite-dimensional approximation followed by ob-
server design [3, 4, 5], and (ii) direct observer de-
sign for the infinite-dimensional system, via iner-
tial manifolds [2], backstepping-like integral trans-
formations [6], variable estimation structures [7],
nonlinear evolution equations [8], and absolute sta-
bility [9]. In the finite-dimensional approximation
approach, the observation problem is tackled with
the tools available in the more mature field of finite-
dimensional systems, at the cost of having to assess
functioning with respect to the actual distributed
system. The LMI approach has been employed in
finite-dimensional systems, with the Lyapunov en-
ergy matrix weight as an important design degree of
freedom [10]. In the infinite-dimensional approach,
the distributed nature is rigorously addressed, in
a direct manner, at the cost of applicability draw-
backs due to the complexity of developments and

∗Corresponding author
Email addresses: aschaum@xanum.uam.mx (Alexander

Schaum), JMorenoP@ii.unam.mx (Jaime A. Moreno),
emilia@eng.tau.ac.il (Emilia Fridman),
jac@xanum.uam.mx (Jesus Alvarez)

results. Recently, in the context of a distributed
control system problem with boundary actuators
and unit weight function, Lyapunov method-based
LMI conditions, amenable to tractable handling for
behavior assessment and computational purposes,
have been obtained in [11].

The above considerations naturally rise the ques-
tions on whether: (i) the distributed system esti-
mation problem can be addressed with the MI ap-
proach, and (ii) if the above mentioned idea of hav-
ing the Lyapunov energy weight as design degree of
freedom in the finite-dimensional system case can
be extended to the distributed system case. In
the present paper, these questions are positively re-
solved for the distributed system estimation prob-
lem with boundary measurements, with a direct
infinite-dimensional approach via Lyapunov energy
weighted functionals. The proposed approach is il-
lustrated and tested with a representative tubular
reactor example with nonmonotonic kinetics. Some
preliminary results were presented in [1].

2. The Observation Problem

Consider the following class of parabolic systems
with linear convective-diffusive transport mecha-
nism and nonlinear reaction

zt (x, t) = δ (x) zxx (x, t) − κ (x) zx (x, t)
−σ[x, t, z (x, t)] + γd(x)ud (x, t)

z(x, 0) = z0 (x) ,
(1)
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with initial condition z0 (x) ∈ C1, and coupled to
the mixed boundary conditions

α0zx (0, t) = β0z (0, t) + γ0u0(t)
α1zx (1, t) = β1z (1, t) + γ1u1(t) ,

(2)

where z (x, ·) is the (real valued) state profile over
the spatial domain [0, 1], δ ∈ C1 (or κ ∈ C1) is
the diffusion (or convection) space-dependent func-
tion, σ is a nonlinear source function, γd (x) is the
gain function of the distributed exogenous input
ud (x, t), and αi, βi ∈ R, i = 0, 1 are parameters
associated with the boundary conditions of Dirich-
let (αi = 0), Neumann (βi = 0) or of mixed type. It
will be assumed that δ (x) > 0, σ ∈ C1 with respect
to z, and ∃ sl ∈ R such that σz (x, t, z) ≥ sl. Space
and time dependencies will be denoted explicitly
only when it is required.

The observation problem consists in (asymp-
totically) estimating the state variable z (x, t) on
the basis of two boundary measurements y(t) =
[z (0, t) , z (1, t)]T , with domain and boundary in-
jections, according to the nonlinear observer

ẑt = δẑxx − κẑx − σ (x, t, ẑ) + γdud − lTd (x) (ŷ − y)
ẑ(x, 0) = ẑ0 (x) ,
α0ẑx(0, t) = β0ẑ(0, t) + γ0u0(t) − lT0 (ŷ − y) ,
α1ẑx(1, t) = β1ẑ(1, t) + γ1u1(t) − lT1 (ŷ − y) ,

ŷ = [ẑ (0, t) , ẑ (1, t)]T ,
(3)

where ẑ (x, t) is the observer state, ẑ0 (x) ∈ C1

is the initial condition, the continuous function
lTd (x) = [ld0 (x) , ld1 (x)] is the distributed injec-

tion gain, and the real vectors l0 = [l00 , l01]
T

and

l1 = [l10 , l11]
T are the boundary injection gains.

It is assumed that the equations describing plant
(1) and the observer (3) are well-posed (see e.g.
[11, 13]). From (1-2) and (3) the state estimation
error e (x, t) = ẑ (x, t) − z (x, t) satisfies the follow-
ing dynamics

et = δexx − κex − ϕ (x, t, z; e) − lTd (x) ε (t) ,
e(x, 0) = e0(x) ,
α0ex (0, t) = β0e (0, t) − lT0 ε ,
α1ex (1, t) = β1e (1, t) − lT1 ε ,
ε := ŷ − y .

(4)
where ε (t) is the measurement error, which
drives the observer dynamics, and ϕ (x, t, z; e) :=
σ (x, t, z + e) − σ (x, t, z) . From the mean value

theorem it follows that

ϕ (x, t, z; e) e =

∫ 1

0

σz (x, t, z + ηe) dη e2 ≥ sle
2 .

(5)
Our aim is to obtain MI sufficient condi-

tions for the design of the injection gain triplet
[ld (x) , l0 , l1] to ensure that (3) is an exponential
observer for the plant (1) in the L2 norm, meaning
the existence of positive constants a and λ such that

||e (x, t)|| ≤ a
∣

∣

∣

∣e0(x)
∣

∣

∣

∣ e−λt. (6)

3. Convergence assessment

Motivated by the ideas of setting the Lya-
punov energy weight as a design degree of free-
dom in finite-dimensional system observer design
[10], and of addressing the distributed boundary
control problem with a unit weight Lyapunov-
based LMI approach [11], let us set the positive-
definite weighted candidate Lyapunov functional
V : L2 ([0, 1], R) → R+ for (4),

V (e) =

∫ 1

0

w (x) e2 (x, t) dx , (7)

with weighting function 0 < w (x) ∈ C1. According
to the Lyapunov theorem for infinite-dimensional
systems, if along the trajectories of (4) for some
constant λ > 0, the inequality V̇ (e) ≤ −2λV (e)
holds, then the exponential stability (6) of the esti-
mation error (4) is ensured. We recall Wirtinger’s
inequality [12]

Lemma 1. Let h ∈ W 1,2([0, 1], R), where
W 1,2([0, 1], R) is the Sobolev-space of abso-
lutely continuous functions h : [0, 1] → R

with square integrable derivative hx and norm

||h||2W 1,2 =
∫ 1

0
h2

x(ξ)dξ. (a) If h(0) = 0, then the
following inequality holds

∫ 1

0

h2(ξ)dξ ≤
γ

π2

∫ 1

0

h2
ξ(ξ)dξ , (8)

with γ = 4. (b) If h(0) = h(1) = 0, then inequality
(8) holds with γ = 1.

3.1. MI convergence conditions for the observer

The following theorem, which is the main result
of this paper, provides sufficient MI-based exponen-
tial convergence conditions for the observer (3), in-
volving the parameters of the plant, the output in-
jection gains and the weighting function w (x) of
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the candidate Lyapunov functional (7). To state
the theorem, let us define the matrix

Υ (x) =

[

Υ11 (x) Υ12 (x)
ΥT

12 (x) Υ22

]

, x ∈ [0, 1] , (9)

where

Υ11 (x) = 1
2δ̃(x)

δ̃2
x (x) −

π2

2
δ̃ (x) + κ̃x (x)

+2w (x) (λ − sl)
Υ12 (x) = −w (x) lTd (x) +

+ 1
2π2δ̃1/2 (x)

[

ζδ̃1/2 (0) , (1 − ζ) δ̃1/2 (1)
]

Υ22 =





−2 δ̃(0)(β0−l00)
α0

+ κ̃ (0) − ζ
π2

2
δ̃ (0) ,

δ̃(0)l01
α0

− δ̃(1)l10
α1

δ̃(0)l01
α0

− δ̃(1)l10
α1

2 δ̃(1)(β1−l11)
α1

− κ̃ (1) − (1 − ζ)
π2

2
δ̃ (1)





δ̃ (x) = w (x) δ (x) , κ̃ (x) = w (x) κ (x) .

Theorem 1. Let w (x) > 0 be a given C1 weighting
function. Suppose that there exist constants λ > 0
and ζ ∈ [0, 1], constant vectors l0, l1 and a function
ld (x) = [ld0(x), ld1(x)]T such that either the MI

Υ (x) ≤ 0 , ∀x ∈ [0, 1] , (10)

with Υ (x) given in (9), when αi 6= 0, i = 0, 1, or
the scalar inequality ∀x ∈ [0, 1]

δ̃2
x (x)

2δ̃ (x)
− 2π2δ̃ (x) + κ̃x (x) + 2w (x) (λ − sl) ≤ 0 .

(11)
when αi = 0, i = 0, 1, is feasible. Then, (3) globally
exponentially converges according to the inequality
(6) with a =

√

wmax/wmin.

Proof 1. The derivation of (7) along (4) yields

V̇ + 2λV = 2
∫ 1

0

[

weet + λwe2
]

dx

= 2
∫ 1

0
[[wδeexx − wκeex − weϕ (x, t, z; e)]

−welTd (x) ε (t) + λwe2
]

dx

≤ 2
∫ 1

0

[

δ̃eexx − κ̃eex − welTd (x) ε (t) + w (λ − sl) e2
]

dx ,

where the last inequality follows from (5). Using
integration by parts one obtains

−2

∫ 1

0

κ̃eexdx = −

∫ 1

0

κ̃d
(

e2
)

= −
(

κ̃e2
∣

∣

1

0
+

∫ 1

0

κ̃xe2dx

(12)

2

∫ 1

0

δ̃eexxdx = 2
(

δ̃eex

∣

∣

∣

1

0
− 2

∫ 1

0

(

δ̃e
)

x
exdx .

(13)

Since
(

δ̃1/2e
)2

x
−

((

δ̃1/2
)

x
e
)2

=
(

δ̃e
)

x
ex (13) be-

comes

2

∫ 1

0

δ̃eexxdx = 2
(

δ̃eex

∣

∣

∣

1

0
+

∫ 1

0

δ̃2
x

2δ̃
e2dx−2

∫ 1

0

(

δ̃1/2e
)2

x
dx .

By virtue of Wirtinger’s inequality (Lemma 1
(a)), we find that ∀ζ ∈ [0, 1]

−2
∫ 1

0

(

δ̃1/2e
)2

x
dx ≤

−ζ
π2

2

∫ 1

0

[

δ̃1/2 (x) e (x, t) − δ̃1/2 (0) e (0, t)
]2

dx+

− (1 − ζ)
π2

2

∫ 1

0

[

δ̃1/2 (x) e (x, t) − δ̃1/2 (1) e (1, t)
]2

dx .

Summarizing, we arrive at

V̇ + 2λV ≤
∫ 1

0
[e (x, t) , ε] Υ (x) [e (x, t) , ε]

T
dx ≤ 0

since Υ (x) (9) satisfies (10). From the comparison
lemma one has

wmin ||e||
2
≤ V (e) ≤ V

(

e0
)

e−2λt ≤ wmax

∣

∣

∣

∣e0
∣

∣

∣

∣

2
e−2λt

that proves (6). For αi = 0, i = 1, 2, the boundary
conditions in (4) reduce to e(0, t) = 0, e(1, t) = 0,
so that (10) reduces to (11), since ε (t) = 0, and we
can use Wirtinger’s inequality (Lemma 1 (b)).

According to Theorem 1, the observer can be
designed as follows: for a given weight func-
tion w (x), solve the MI (10) with respect to
[λ , ζ , l0 , l1 , ld (x)], that is linear in the design
parameters. Since (10) is parameterized by the
space variable x, the MI (10) is more difficult to
solve than its simpler control counterpart drawn
with unit weight [11]. However, as the following
corollary shows, for a given weight function w (x),
the feasibility of (10) is reduced to the existence of
λ > 0 such that the scalar inequality Υ11 (x) ≤ 0 is
satisfied, that is independent of [ζ , l0 , l1 , ld (x)]:

Corollary 1. Let αi 6= 0, i = 0, 1 and w (x) > 0 be
a given C1 weighting function. Suppose that there
exists a constant λ > 0 such that ∀x ∈ [0, 1]

Υ11 (x) =
δ̃2
x (x)

2δ̃ (x)
−

π2

2
δ̃ (x)+κ̃x (x)+2w (x) (λ − sl) ≤ 0 .

(14)
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Then, choosing ζ ∈ [0, 1]

ld0 (x) = ζ π2

2w(x) δ̃
1/2 (0) δ̃1/2 (x) , ld1 (x)

= (1 − ζ) π2

2w(x) δ̃
1/2 (1) δ̃1/2 (x) ,

1
α0

l00 ≤ 1
2δ̃(0)

(

−κ̃ (0) + ζ
π2

2
δ̃ (0)

)

+ β0

α0

,

1
α1

l11 ≥ 1
2δ̃(1)

(

−κ̃ (1) − (1 − ζ)
π2

2
δ̃ (1)

)

+ β1

α1

,

l01 = l10 = 0

provides a (particular) solution of (10), so that (3)
globally exponentially converges according to the in-
equality (6) with a =

√

wmax/wmin.

Moreover, for a given w (x), a solution to inequal-
ity (14) can be found through a maximization prob-
lem for w (x), that is, if

max
0≤x≤1

{

δ̃2
x (x)

2δ̃ (x)
−

π2

2
δ̃ (x) + κ̃x (x) − 2slw (x)

}

< 0

(15)
then there is a λ > 0 such that (14) is satisfied. An
analogous result is also valid for (11).

It must be pointed out that: (i) in comparison
to the case when w (x) in inequality (15) is a de-
gree of freedom, the feasibility of the inequality is
strongly restricted when the weight is constant, and
(ii) when the weight is constant, the amplitude a is
equal to one, meaning that the estimator response
(6) does not have overshooting. In other words: the
choice of a constant weight imposes restrictions on
the observer design, finding an appropriate weight
function is a key step in the observer design, and the
complexity introduced by a space-dependent weight
function is paid off by a higher design flexibility.

3.2. Discussion of results

The proposed design method is rather simple, as
the observer design is reduced to calculating the
output injection gains that render a MI feasible.
It is very flexible, since for the considered class of
semilinear systems, with constant or varying coeffi-
cients, different boundary conditions are included,
and boundary and/ or distributed injection terms
can be used. Point or interval measurements in the
domain (see e.g. [3]), or flux measurements (zx) can
also be considered. In Theorem 1 it was assumed
that the sign of σ is negative, and that the slope
s of σ is bounded from below, but it is possible to
consider the case that the sign of σ is positive and
σ being bounded from above.

The selection of the distributed injection gain
ld (x) is an important design degree of freedom, and
different functions have been considered in the lit-
erature, among them are: eigenfunction combina-
tions in the linear (or linearized) case (e.g. [14]),
particular decaying functions stemming from inte-
gral backstepping-like transformations [6], point in-
jections according to further measurements in the
domain (e.g. [3]), and interval (step-like) injections
(e.g. [5]). The proposed method does not impose
any a priori restriction on ld(x), so that different
alternatives can be explored.

4. Tubular reactor application example

In this section, the proposed observer design
methodology is illustrated and tested with an
isothermal tubular reactor with nonmonotonic ki-
netics (which describe an important class of cat-
alytic, bioprocesses and physiology reactions [4,
15, 17]). The purpose is threefold: (i) to illus-
trate the theoretical developments of the previ-
ous section, (ii) to show the dependency of the
MI (10) or (11), respectively, on the weight func-
tion w(x) of the Lyapunov functional, and (iii)
to illustrate how the resulting solvability condi-
tions are endowed with physical meaning. For this
aim, consider an isothermal tubular reactor [15] of
length L, described by system (1) with concentra-
tion z = c, (γd , γ0 , γ1) = (0 , v , 0), constant
diffusion-flow pair [δ (x) , κ (x)] = (D, v), Danckw-
ert’s boundary conditions [15] αi = D, i = 0, 1 and
β0 = v, β1 = 0, and non-monotonic (Haldane or
Langmuir-Hinshelwood type [16]) reaction rate (k
and kI are the reaction and inhibition constants)

σ (x, t, c) =
kc

(1 + kIc)2
:= kr (c). The resulting re-

actor PDE

ct (x, t) = 1
Pe

cxx (x, t) − cx (x, t) − φr[c (x, t)]

c(x, 0) = c0(x) , 1
Pe

cx (0, t) = c (0, t) + u0 (t)

cx (1, t) = 0 , y(t) = [c (0, t) , c (1, t)]T ,

depends on two dimensionless parameters [15]: the
Peclet number (convection-to-diffusion quotient)
Pe = Lv/D, and the Thiele-like number (reaction-
to-diffusion quotient) φ = kL2/D. In terms of
φ, the lower bound sl (??) is sl = φs̄l, with s̄l

being the minimum slope of r (c). Since r′ (c) =

(1 − kIc) / (1 + kIc)
3
, and r′′ (c) = 0 for c̄ = 2/kI ,

it follows that s̄l = r′ (c̄) = −1/27. At high diffu-
sion regime (Pe → 0) the tubular reactor becomes
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a continuous stirred tank reactor with one or three
critical points, depending on (φ, kI) [17].

To illustrate the role played by the weight func-
tion w (x) on the estimation behavior, a family of
functions w (x) = eθx, parametrized by θ ∈ R,
is considered. Two important weight functions
are included in this family: (i) the constant unit
weight w (x) = 1, and (ii) the classical (convection-
diffusion) Sturm-Liouville function w (x) = e−Pex.
For w (x) = eθx submatrices of Υ (x) in Theorem 1
are given by

Υ11 (x) = eθx

{

2 (λ − sl) −
π2

2Pe
+ θ

(

1 + θ
2Pe

)

}

Υ12 (x) = −eθxlTd (x) + π2

2Pe
eθx/2

[

ζ , (1 − ζ) eθ/2
]

Υ22 =











2l00 − 1 − ζ
π2

2Pe
, l01 −

1
Pe

eθl10

l01 −
1

Pe
eθl10



−2l11−Pe−(1−ζ)
π2

2



eθ

Pe











.

(16)
The application of Corollary 1 yields that if

0 < λ < φs̄l +
π2

4Pe
−

θ

2

(

1 +
θ

2Pe

)

=: µ (Pe, φ, θ)

(17)
and if the injection gains are chosen as ζ ∈ [0, 1]

ld0 (x) =
ζπ2

2Pe
e−θx/2 , ld1 (x) =

(1 − ζ)π2

2Pe
eθ(1−x)/2 ,

l00 ≤
1

2
+ ζ

π2

4Pe
, l11 ≥ −

1

2

(

Pe + (1 − ζ)
π2

2

)

l01 = l10 = 0, then Υ (x) ≤ 0 for all x ∈ [0, 1],
obtaining an exponentially convergent observer.

For a pair (Pe, φ), that characterizes the reactor,
a convergent observer exists, if inequality (17) is
feasible, and this in turn depends on the selection
of the weight function through the parameter θ. In
Figure 1 the level set µ (Pe, φ, θ) = 0 is plotted on
the (Pe, φ)-plane, for three different values of θ =
(−3,−Pe, 0). For values of the parameters (Pe, φ)
between the axis and one of the level curves, the
existence of a convergent observer is assured by the
functional (7) with the corresponding weight func-
tion w (x) = eθx. Figure 1 shows that the largest
set of plant parameters (Pe, φ) for which an ob-
server can be designed is achieved with the Sturm-
Liouville weight function w (x) = e−Pex, a fact
that can be easily proved noting that µ (Pe, φ, θ),
as a function of θ, reaches its unique maximum at
θ = −Pe. Note that for small Peclet numbers both
weight functions w (x) = 1 and w (x) = e−Pex the

two level curves are very close, ensuring the ob-
server convergence for the same set of plants. How-
ever, for high Peclet numbers the Sturm-Liouville
weight function w (x) = e−Pex ensure the observer
convergence for a much larger set of plants than
the unitary weight w (x) = 1. This analysis evi-
dences that the weight function plays a key role in
the convergence assessment of the observer.

0 5 10 15 20 25
0

50

100

150

200

Peclet number

T
hi

el
e 

nu
m

be
r

q = −3

q = 0

q = −Pe

Figure 1: Graph of the level set µ (Pe, φ, θ) = 0 on the
(Pe, φ)-plane for three different values of θ: θ = −3 (discon-
tinuous line), θ = −Pe (continuous line), and θ = 0 (dotted
line).

Simulation-based testing

Consider a diffusion-dominated case with
(Pe, φ, kI) = (1, 4, 3), and numerical simulations
with Matlab algorithm pdepe.

The natural observation error convergence (i.e.
with l0 = l1 = ld(x) = 0) is shown in Figure
2, showing that, as expected, the profile is rather

0

0.5

1

0
0.5

1
1.5

2

0

0.1

0.2

0.3

0.4

0.5

Distance xTime t

Figure 2: Natural error convergence for (Pe, φ, kI) = (1, 4, 3)
and constant initial profiles c(x, 0) = 0.2 , ĉ(x, 0) = 0.7.

flat due to the strong diffusion. Due to the small
Peclet number (Pe = 1), the measurement injec-
tion gains are chosen such that Υ (x) (9), (16) sat-
isfies the conditions of Theorem 1 for w = 1. Two
sets of injection gains were obtained: one with only
boundary injection l0 = (−10, 0), l1 = (0, 10) and
ld (x) = (0, 0), and one with boundary and do-
main injections l0 = (−10, 0), l1 = (0, 10) and

5

Congreso Anual 2010 de la Asociación de México de Control Automático. Puerto Vallarta, Jalisco, México.



ld (x) =
(

4e−5x,−e5x
)

, with ld0 (x) [ or ld1 (x)]
reaching its maximum at the entrance (or exit)
boundary measurement. Figure 3 shows the result-

0

0.5

10 0.2 0.4 0.6 0.8 1

0

0.1

0.2

0.3

0.4

0.5

Distance x

Time t

0

0.5

10 0.2 0.4 0.6 0.8 1

0

0.1

0.2

0.3

0.4

0.5

Distance x

Time t

Figure 3: Error convergence for (Pe, φ, kI) = (1, 4, 3), and
constant initial profiles c(x, 0) = 0.2, ĉ(x, 0) = 0.7, for: (i)
only boundary injection (left plot) with l0 = (−10, 0), l1 =
(0, 10) and ld(x) = (0, 0), and (ii) boundary and domain
injections (right plot) with l0 = (−10, 0), l1 = (0, 10) and
ld(x) =

(

4e−5x,−e5x
)

.

ing convergence behavior, showing that: (i) in both
cases the estimator profile converges with a speed
that is about four times faster than the natural
one, (ii) there is a wave-like information propaga-
tion from the boundary towards the reactor interior,
in agreement with the boundary injections and the
diffusive-convective transport, and (iii) the estima-
tor with boundary and domain injections (Figure 3
right) converges about twice faster than the estima-
tor with only boundary injections (Figure 3 left).

5. Conclusions

The problem of designing a globally exponen-
tially convergent observer for a class of distributed
transport-reaction systems has been addressed.
(Linear) MI sufficient convergence conditions with
physical meaning (in terms of the dimensionless pa-
rameter pair which describes the relative impor-
tance of the transport and generation mechanisms)
have been derived. The weight function of the
Lyapunov functional was considered as a design
degree of freedom, leading to an observer design
with MI conditions which capture the interplay be-
tween convergence features, functional weights, sys-
tem characteristics, and observer gains in the light
of a specific estimation objective. The methodology
can be extended to the distributed control problem
case.
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Série I:355–360, 1997.

[9] R.F. Curtain, M.A. Demetriou, and K. Ito. Adap-
tive compensators for perturbed positive real infinite
dimensional systems. Int. J. Appl. Math. Comp. Sci.,
(13)4:441–452, 2003.

[10] J.A. Moreno. Approximate observer error linearization
by dissipativity methods. Control and Observer Design

for Nonlinear Finite and Infinite Dimensional Systems,

Springer LNCIS, pages 35–51, 2005.
[11] E. Fridman and Y. Orlov. An LMI approach to H∞

boundary control of semilinear parabolic and hyperbolic
systems. Automatica, 2009.

[12] G.H. Hardy, J.E. Littlewood, and G. Pólya. Inequali-
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