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Abstract−In this note we present a novel stability
analysis method for DC to DC series resonant converters
which relies on the phase plane technique. We compare
our results with those presented in previous works. Our
method gives more insight in the rationale behind the
stability conditions because these are ensured in terms
of geometrical considerations instead of eigenvalues of
linear discrete time approximations as presented in
previous works. Further, this note is motivated because
we have found that several authors avoid the stability
analysis based in eigenvalues because this concept
obscures the comprehension of the stability conditions.
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I. I NTRODUCTION

The phase plane technique has shown to be a powerful
tool for analysis and design of DC to DC series reso-
nant converters since it was introduced in (Oruganti and
Lee, 1985a), (Oruganti and Lee, 1985b), (Kazimierczuk
and Morse, 1989). Based on these ideas an optimal tra-
jectory controller was presented in (Oruganti and Lee,
1985b),(Oruganti et al., 1988) which transfers the converter
from one operating point to another in a minimal interval
of time. Further, two innovative controllers were presented
in (Kim et al., 1991), (Kim and Youn, 1991) which define,
respectively, a line and an ellipse in the phase plane as
the commutation condition. Local stability of the operating
point is determined, in both of these controllers, through
the eigenvalues of the linear discrete time approximation of
the converter dynamical equations. It is also shown that the
eigenvalues locations are functions of the slope of the line
used as the commutation condition in (Kim et al., 1991) and
a parameter related to the shape factor of the ellipse used in
(Kim and Youn, 1991). Further, they specify the conditions
that such eigenvalues have to satisfy in order to obtain the
optimal behavior introduced in (Oruganti and Lee, 1985b),
(Oruganti et al., 1988). On the other hand, in (Rossetto,
1996) and (Oruganti and How, 1993) a line is also used as
the commutation condition for series and parallel resonant
converters, respectively. In both of these works a slope

equal to−1 is proposed as the result of simulations and
experimentation but any stability analysis is not presented
to justify this choice. In spite of this, the controller proposed
in (Rossetto, 1996) is introduced as a strategy which is
intended to behave well in a wide range of operating points.
Curiously, although the commutation conditions used in
(Rossetto, 1996) and (Oruganti and How, 1993) are very
similar to that introduced in (Kim et al., 1991), however
none of those authors do any reference to the stability
analysis presented in the latter work even when it was
known by (Rossetto, 1996). Moreover, in (Rossetto, 1996)
a simulation example is presented where the convergence
rate is close to the optimal behavior introduced in (Oruganti
and Lee, 1985b), (Oruganti et al., 1988) but any explanation
for this performance is not given even when the results of
(Kim et al., 1991), in terms of eigenvalues, were already
known at that time. This suggests that the rationale behind
the stability analysis of controller presented in (Kim et
al., 1991) is not clear yet. We think that the use of a linear
discrete time approximation as an obliged step to determine
stability in (Kim et al., 1991) obscures the comprehension
of the stability result. In the present note we introduce a
new stability analysis method for DC to DC series resonant
converters which does not require any linear discrete time
approximation but just relies on geometrical considerations
providing a clearer rationale behind the stability result.
The only required knowledge about the converter dynamics
is the well known fact that evolution is described by
circles centered at specific points determined by the DC
power supply and the output voltage (Oruganti and Lee,
1985a),(Oruganti and Lee, 1985b),(Kim et al., 1991),(Kim
and Youn, 1991),(Oruganti et al., 1988),(Rossetto, 1996).
After developing the method we apply it to the case study
presented in (Kim et al., 1991) to find identical results. Ex-
tension to the case study presented in (Kim and Youn, 1991)
is straightforward. Further, domains of attraction can be
defined with our method which represents an important
advantage with respect to (Kim et al., 1991), (Kim and
Youn, 1991) where this task is not possible. We provide
a nice geometrical condition to obtain the performance
described in (Kim et al., 1991), (Kim and Youn, 1991) in
terms of zero eigenvalues, i.e. critical parameters, which
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corresponds to the optimal behavior introduced in (Oruganti
and Lee, 1985b), (Oruganti et al., 1988). We also use our
method to analyze the controller presented in (Rossetto,
1996) and the classical capacitor-voltage controller. We
show that controller presented in (Rossetto, 1996) becomes
unstable for output voltages close to unity, hence, showing
that bad performances are expected when large operating
point changes be introduced. This note is organized as
follows. In section II we recall some important features
of the converter evolution on the phase plane. In section
III we develop our stability analysis method whereas some
application examples are presented in section IV and some
concluding remarks are given in section V. Finally, symbol
| · | stands for the absolute value function.

II. PHASE PLANE EVOLUTION

The simplified circuit of a DC to DC series resonant
converter is shown in fig 1, whereQ1, Q2, Q3, Q4 represent
power switches,D1, D2, D3, D4 represent antiparallel
diodes,L andC are, respectively, the resonant inductance
and resonant capacitance,C0 is the output filter capacitance,
R is the load resistance,v and i are, respectively, the
resonant voltage and the resonant electric current,v0 is the
output voltage andE is the constant voltage of the DC
power supply. Similarly to several previous works (Oruganti
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Figura 1. A DC to DC series resonant converter.

and Lee, 1985a),(Kim et al., 1991),(Kim and Youn, 1991),
(Rossetto, 1996) we consider the following assumptions:
A1. C0/C is large, i.e. the output voltage dynamics,v0,
is very slow compared to the resonant dynamics,i and v.
This means that the output voltage can be considered to
remain constant during several oscillations of the resonant
variables.
A2. The quality factor is large, i. e. we assume lossless
operation.
It is not difficult to show that the following normalized
variables are equivalent to those used in (Oruganti and
Lee, 1985a),(Kim et al., 1991),(Kim and Youn, 1991),
(Rossetto, 1996):

z1 =
1

E

√

L

C
i, z2 =

1

E
v, z3 =

1

E
v0, τ =

t√
LC

(1)

where t represents time in seconds. Hence, according to
assumptions A1, A2 and (1) we find that the converter
dynamics can be represented by the piecewise linear system:

(

ż1

ż2

)

=

(

0 −1
1 0

) (

z1

z2

)

+

(

1
0

)

ve (2)

which is also used in (Oruganti and Lee, 1985a),(Kim et
al., 1991),(Kim and Youn, 1991), (Rossetto, 1996), and it
is defined in the following four different regions:

1. D1, D3 conduct:ve = 1 + z3.
2. Q1, Q3 conduct:ve = 1 − z3.
3. D2, D4 conduct:ve = −(1 + z3).
4. Q2, Q4 conduct:ve = −(1 − z3).

Solution of (2) shows that the resonant variables evolution
is described in thez1 − z2 plane by concentric circles
whose centers are defined in each region at points given
as (z2, z1) = (ve, 0) (Oruganti and Lee, 1985a),(Kim et
al., 1991),(Kim and Youn, 1991), (Rossetto, 1996).

III. A NEW STABILITY ANALYSIS METHOD

In (Kim et al., 1991) the following switching rule is
proposed for above resonance operation:Q1, Q3 are turned
on whenz1 becomes positive andQ2, Q4 are turned on
whenz1 becomes negative,D2, D4 start conducting when
the line h1 : z1 = m z2 + Vcont, defined on the first
quadrant, is hit andD1, D3 start conducting when the line
h3 : z1 = m z2 − Vcont, defined on the third quadrant, is
hit. We stress thatVcont > 0 andm are constants. A linear
discrete time approximation for (2) is obtained around an
operating point defined in terms of both the desired steady
state output voltage,z3, and the average output current, i.e.
the steady state power switches conducting angle. Stability
of such operating point is established by checking whether
the corresponding eigenvalues (one of them is always at
the origin) are inside the unit circle. In (Rossetto, 1996) a
result previously presented in (Oruganti and Lee, 1985a), for
above resonance operation, is recalled which establishes that
given any output voltage in the range0 ≤ z3 ≤ 1 a closed
trajectory exists for each frequency, load current and tank
energy level. Further, attention is called to the following.
Consider the commutation boundary between power switch
conduction and antiparallel diode conduction, defined for
each closed trajectory. If we analyze all possible closed
trajectories obtained for a given constant output voltage
and different load current then such commutation boundary
defines two continuous curves laying symmetrically on the
first and third quadrants. Moreover, these curves either
i) become the (vertical)z1 axis asz3 becomes zero or
ii) become the (horizontal)z2 axis asz3 becomes unity.
This means that any line of the formh1 or h3 (with
m < 0) intersects such commuting boundary for any output
voltage in the range0 ≤ z3 ≤ 1. This is the main
motivation in (Rossetto, 1996) to present the controller
introduced in (Kim et al., 1991) from a point of view which
does not require a linear discrete time approximation, by
fixing m = −1. However, although it is recognized in
(Rossetto, 1996) that stability is affected by the operating
point, any stability analysis is not presented at all. In
what follows we present a novel method which allows to
establish conditions for stability of controller presented in
(Kim et al., 1991) without requiring any linear discrete time
approximation and allowing to define a domain of attraction.
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Figura 2. Phase flow on the first and second quadrants.

Moreover, this method allows to analyze the stability of the
idea presented in (Rossetto, 1996). Further, more insight
is provided in the stability study of resonant converters
because this method is based on geometrical considerations
instead of eigenvalues of a linear approximation. Suppose
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Figura 3. Phase flow at the commutation condition.

that B̄Q1 is the phase flow starting at the initial conditions
represented by a segment of widthdx1 laying on the−z2

axis, i.e. whenQ1, Q3 conduct. We recall that in this
case system evolution is described by circles centered at
(z2, z1) = (1 − z3, 0), i.e. dx1 represents the flow width
which is always perpendicular tōBQ1 (see fig. 2) and
constant untilh1 is hit. Conditions when the phase flow
B̄Q1 hits the lineh1 are shown in fig. 3. Afterh1 is reached
D2, D4 conduct and the phase flow becomesB̄D1, whose
width is represented bydy1 (perpendicular toB̄D1). We
stress thatdā represents a vector perpendicular to lineh1

and the Euclidian normda =
∥

∥dā
∥

∥ represents the length
of the segment ofh1 which is hit bydx1, the width of the
phase flowB̄Q1. Using geometric considerations we realize
that dx1 anddy1 are related through:

dy1 =
cos δ1

cos θ1

dx1, dx1 → 0, dy1 → 0 (3)

as long asdx1 anddy1 are small. Subindex “1” means that
commutation occurs on the first quadrant. From figs. 2 and
3 we realize thatδ1 > θ1. We stress that̄BD1 describes
circles centered at(z2, z1) = (−(1 + z3), 0) and, hence, a
segment of widthdy1 is reached on the+z2 axis. In fig. 4
we can see several interesting facts:

C1.
∣

∣

∣

cos δ1

cos θ1

∣

∣

∣
< 1, if αm = θ1 + δ1

2
∈ (0, 90o) and−90o <

θ1 < +90o.
C2. cos δ1

cos θ1

> 0, if δ1 < +90o.
C3. cos δ1

cos θ1

< 0, if δ1 > +90o.
C4. cos δ1

cos θ1

= 0, if δ1 = +90o.

where superindex “o ” means degrees. It is not difficult to
show that similar situations as those shown in figs. 2, 3,
4 hold when phase flow evolves in the third and fourth
quadrants and the commutation condition is represented
by line h3 (on the third quadrant). We obtain a similar
expression to (3) for this case:

dy3 =
cos δ3

cos θ3

dx3, dx3 → 0, dy3 → 0 (4)

whereδ3, θ3 are defined on the third quadrant similarly as
δ1, θ1 are defined in figs. 2, 3, 4 on the first quadrant. We
stress thatdx3 is the phase flow width on the+z2 axis
whereasdy3 represents the phase flow width intersecting
the −z2 axis once an oscillation is completed (see fig. 2).
Further, identical conditions to C1-C4 are also valid forδ3

andθ3. Thus, using the fact thatdx3 = dy1 at the+z2 axis
together with (3), (4) we can write:

dy3 =
cos δ3

cos θ3

cos δ1

cos θ1

dx1 (5)

Suppose thatP1 = (z21, 0) and P2 = (z22, 0) define a
segment of line,E, on the−z2 axis. LetP3 = (z23, 0) and
P4 = (z24, 0) be the boundaries of the segment of line,I,
obtained on the−z2 axis once the phase flow starting at
E completes an oscillation. We recall that circles and lines
are continuous functions and that composition of continuous
functions is also continuous. Hence, given any point onE
and linesh1, h3 defined on the first and third quadrants
then anglesδ1, θ1, δ3, θ3 can be expressed as continuous
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Figura 4. Relationship betweencos δ1 and cos θ1 as bothδ1 and θ1

change. Recall thatδ1 > θ1.
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Figura 5. A closed trajectoryΓ and two possible transitory responses: 1)
commutation conditionsh1 and h3, underdamped case, 2) commutation
conditionsh′

1
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3
, overdamped case.

functions of points onE. Further, we know that the image
of a connected set obtained through a continuous function is
also connected, i.e.I is connected becauseE is connected.
Let S2 be the length ofI, i.e. compute:

S2 =

∫ z24

z23

dy3 > 0 (6)

where the integral limits have to be chosen such that once
defined the senses fordx1 and dy3 in fig. 2 and given a
sign for cos δ3

cos θ3

cos δ1

cos θ1

, S2 > 0 be ensured. On the other hand,
we know that we can use (5) to write (6) in terms of the
segmentE. Although several points inE may correspond
to each point inI, however we can use (5) to boundS2 as:

S2 =

∫ z24

z23

dy3 <

∫ z22

z21

dx1 = S1 (7)

if
∣

∣

∣

cos δ1

cos θ1

∣

∣

∣
< 1 and

∣

∣

∣

cos δ3

cos θ3

∣

∣

∣
< 1 for all points belonging to

the segment of lineE, whereS1 is the length ofE. Again,
integral limits in (7) have to be chosen such thatS1 > 0
be ensured. We stress that (7) and the connectedness ofI
ensure that distance between any couple of points inI are
less thanS1. In fig. 5 we show a closed trajectory,Γ, and
two possible transitory responses. Consider the case when
the commutation conditionsh′

1 and h′

3 are used. Suppose
that Pk+1 is the point where the phase flow starting atPk

hits the−z2 axis again once an oscillation is completed. We
stress thatk is intended to represent the discrete time. Let
Pf be the point where the closed trajectoryΓ hits the−z2

axis. Note that we can always divide the segment between

Pk and Pf into subsegments wherecos δ3

cos θ3

cos δ1

cos θ1

is either
only positive or only negative and proceed as in (6), (7) to
find that distance betweenPk+1 andPf is less than distance
betweenPk andPf , which means thatPk → Pf ask → ∞,

if
∣

∣

∣

cos δ1

cos θ1

∣

∣

∣
< 1 and

∣

∣

∣

cos δ3

cos θ3

∣

∣

∣
< 1 stand for all points on the

−z2 axis betweenPk andPf . These results are summarized
as follows.

Proposition 1: The closed trajectoryΓ shown in fig. 5 is
locally asymptotically stable if C1 stands for subindex “1”
and “3”, for all points in a segment of line on the−z2 axis
located between one point on the left ofPf and another
point on the right ofPf .
From figs. 2 and 5 we can realize thatC2 andC3 corres-
pond, respectively, to the overdamped and underdamped
responses reported in (Kim et al., 1991). Note that according
to (7) the closer iscos δ3

cos θ3

cos δ1

cos θ1

to zero the faster con-
vergence to the closed trajectory is obtained. This means
that the case of zero eigenvalues in (Kim et al., 1991), is
obtained ifC4 is true. We recall that this is equivalent to
the optimal behavior reported in (Oruganti and Lee, 1985b)
and (Oruganti et al., 1988). Further, note thatC4 means that
the commutation conditionh1 is perpendicular to the line
passing through(−1− z3, 0) andOp, i.e. the commutation
condition is parallel toB̄D1. In the next section we give
some application examples of this stability analysis method.

IV. SOME APPLICATION EXAMPLES

• Controller presented in (Kim et al., 1991). In fig. 6 we
present graphically the application of our stability analysis
method to the steady state condition defined asz3 = 0,5
and power switch conducting angle equal to100o. We stress
that parametersn defined in (Kim et al., 1991) is related to
lines h1 : z1 = m z2 + Vcont andh3 : z1 = m z2 − Vcont

throughm = −1/sn. We use the notationh1, h′

1, h′′

1 , to
define three different commutation conditions. We recall
that sn = 0,943 (m = −1,03, i.e. h′

1) is the critical value
of sn in (Kim et al., 1991), i.e. the case when the fastest
convergence to the desired operating point is obtained
from any small initial deviation. According to (5), (6), (7)
the fastest convergence is obtained whencos δ3

cos θ3

cos δ1

cos θ1

= 0,
i.e. δ1 = δ3 = +90o, which means that linesh′

1 and
h′

3 are tangent to the phase flows̄BD1 and B̄D3 (in the
third quadrant), respectively. Once the operating point,Op,
is located the corresponding valuem = −1,03 can be
computed by noticing that̄BD1 is perpendicular to the line
passing through points(z2, z1) = (−1−z3, 0) andOp. The
stability range lays betweenm = 1,854 (sn = −0,54, i.e.
h′′

1 ) and m = −0,54 (sn = 1,854, i.e. h1). These slopes
can be computed as follows. Once the operating point,Op,
is located the directions of̄BQ1 and B̄D1 can be known
by means of geometrical measurements. Then, it is easy to
compute the slope ofh1 as the middle direction between
B̄Q1 and B̄D1 (recall C1). According to C1 the stability
range limitsh′′

1 andh1 are perpendicular, hence, the slope
of h′′

1 is computed as the inverse of the slope of lineh1

and its sign is adjusted suitably to ensure thath′′

1 and h1
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are perpendicular (m = −1/(−0,54) = 1,854). Hence, our
method gives results which are identical to those presented
in (Kim et al., 1991). Further, using proposition 1 we can
define a domain of attraction as those points laying in the
segment of line between some pointsa1, a2 on the−z2

axis if anglesδ3, θ3, δ1, θ1 satisfy C1 for any point in that
segment of line. These points,a1, a2, can be determined
by drawing circles intersecting linesh′′

1 and h1 to define
B̄Q1 and B̄D1 and measuring anglesθ1, δ1, θ3 and δ3.
On the other hand, in fig. 6 we can also see that use of a
circle, e, instead of a line as the commutation condition
is not a good choice because the line tangent to this
circle at the operating point,Op, is outside the stability
range, i.e. it is not steeper thanh1. Further, although an
ellipse having its main axis on the vertical direction can be
used instead of a circle, however better results than those
obtained using a line are not expected because slopes of
lines tangent to such ellipse go to zero, i.e. abandone the
stability range, for points closer to the+z1 axis. We can
use these arguments to explain why an ellipse is not used
in (Kim et al., 1991). On the other hand, straightforward
application of our method to the case study presented in
(Kim and Youn, 1991) shows that an ellipse do is a good
choice for below resonance operation. This analysis is not
presented here because of space limitations.
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Figura 6. Application to the steady state presented in (Kim et al., 1991).

In fig. 7 we show how the middle angleαm = θ1+δ1

2

changes as a function of location on the phase plane. From

this figure we can analyze the stability conditions for a
given specific slopem by recalling that, in steady state,
the commutation condition is hit close to thez2 axis as
the output voltage is close to unity whereas output voltages
close to zero correspond to a commutation condition which
is hit, in steady state, close to thez1 axis (see section III).
• m = −1 proposed in (Rossetto, 1996). We realize that: 1)
on the+z1 axis αm has small variations located between
+45o and a number less than+90o, 2) αm > +90o on
the +z2 axis for z2 > 1 − z3 and 3) αm changes from
a number larger than+90o to +45o as the output voltage
z3 changes from unity to zero. Using C1 to analyze these
cases we conclude that instability is expected for output
voltages close to unity whereas stability is expected for
output voltages far from unity. Further, using C4 we also
conclude that the fastest convergence to the steady state is
expected whenh1 be tangent tōBD1, i.e. whenδ1 = +90o,
which will always occur for some output voltage far from
unity.
• m = −∞ or capacitor-voltage control. We realize that: 1)
on the+z1 axis αm has small variations located between
+0o and a number less than+45o, 2) δ1 = θ1 and
αm = +90o on the+z2 axis for z2 > 1 − z3 and 3)αm

changes from+90o to +0o as the output voltagez3 changes
from unity to zero. Using condition C1 we conclude the
following: i) for output voltages close to zero,cos δ3

cos θ3

cos δ1

cos θ1

is far from zero (case 1)), i.e. according to (7) slow system
responses are expected andii) the response improves as
higher output voltages are used as stated in (Oruganti and
Lee, 1985b). However, according to 2) slow responses are
expected again for output voltages close to unity.
• m > 0. We realize that: 1)αm may be negative on the
+z1 axis, 2)αm < +90o on the+z2 axis for z2 > 1 − z3

and 3) δ1 < +90o always. Because of 3) the fastest
response conditionC4 is never achieved and, hence, only
slow responses are expected. Although stability is improved,
with respect to them = −∞ case for output voltages close
to unity, i.e. 2), however, instability is now expected for
output voltages close to zero, i.e. 1).

V. CONCLUSIONS

In this note we introduce a novel stability analysis method
for DC to DC series resonant converters. This method
represents a new approach for the stability analysis of
several controllers presented in the past. We use our ideas
to show that these controllers only ensure local stability,
when they achieve very good behavior this is true only
within a reduced region of the output voltage and a bad
behavior or even instability is expected when very large
changes in the operation point be required. Further, contrary
to previous works we can also define a domain of attraction
for asymptotically stable closed trajectories. Finally, let us
say that this method gives a new and clearer insight in
the performance of DC to DC series resonant converters
because it is based on simple geometrical considerations.
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Figura 7. a) Direction ofB̄Q1 andB̄D1 on the phase plane. From this plot
it is easy to find the middle direction between these phase flowsand, from
it, to compute the middle angleαm. b), c), d) three different possibilities
for m are analyzed.
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