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Abstract— The trajectory tracking problem is considered
for a general class of nonlinear time-delay systems.
The existence of causal static state feedback solutions is
investigated within an algebraic approach. Two classes of
causal static compensators are considered wether they involve
delayed dynamics or not. Sufficient conditions are derived
which are weaker than the ones existing in the current
literature. These results are innovative for both linear and
nonlinear time-delay systems. The most advanced results do
not imply a maximal loss of observability in opposition to
more standard solutions.

Keywords: Nonlinear systems, Tracking applications,
Time-delay.

I. INTRODUCTION

Time-delay systems represent a class of infinite-
dimensional systems which appear naturally in a great num-
ber of systems such as communication networks, remote
control, mass transport, chemical processes and biological
systems in population dynamics (Beretta et al., 1999). In
recent years, notable advances in their analysis and control
have been obtained within different mathematical frame-
works, such as differential equations on abstract spaces
(Niculescu and Gu, 2004), over rings of operators (Xia
et al., 2002) and functional differential equations (Hale
and Verduyn, 1993). Major results on the stability and
the stabilisation of time-delay systems may be found in
(Kolmanovskii et al., 1999), (Mazenc and Niculescu, 2001),
(Jankovic, 2003), (Popescu et al., 2004) and references
therein. Results on the analysis of structural properties
such as accessibility, controllability, and observability are
reported in (Xia et al., 2002). Additional results include
feedback linearisation (Germani and Manes, 2001), identi-
fication (Orlov et al., 2003), and invertibility (Conte and
Perdon, 2000).

Standard control schemes developed for systems without
delay, generally yield non-causal solutions since they in-
volve future values of state variables.The presence of delays
can detriment the system’s performance and even cause
instability (Tchangani et al., 1998).

One fundamental control issue which is dealt with in this

paper is the problem of tracking a given reference trajectory.
Its solution is of major importance, for instance, in the
remote control of mechanical systems as robots (Chopra
et al., to appear). The trajectory tracking problem (TTP)
for the multi-input multi-output (MIMO) case has been
considered for linear systems in (Conte et al., 2006) and
for nonlinear systems in (Estrada-Garcı́a et al., 2006). In
both works, sufficient conditions are given for designing a
causal compensator with or without delayed dynamics for
fully accessible systems and which yields a maximal loss
of observability.

In this paper, the TTP for nonlinear time-delay
(NLTD) MIMO systems is considered in various situations.
Amongst, sufficient conditions are given to design a causal
compensator that solves the TTP and does not yield a
maximal loss of observability. Some examples illustrate the
various results. The rest of the paper is organized as follows,
in Section II some mathematical preliminaries are given.
The TTP statement and the main results are displayed in
Section III. Section IV is devoted to illustrative examples.
Conclusions and Perspectives are offered in Section V.

II. PRELIMINARIES

Consider a nonlinear square MIMO system Σ with a
finite number s of commensurate delays. Without loss of
generality, assume that all delays are integer. Thus, the
system can be written as

Σ :



ẋ(t) = f
(
x(t), x(t− 1), . . . , x(t− s)

)
+

s∑
j=0

gj

(
x(t), x(t− 1), . . . , x(t− s)

)
u(t− j)

y(t) = h
(
x(t), x(t− 1), . . . , x(t− s)

)
x(t0 + σ) = ϕ(σ), σ ∈ [−s, 0]

(1)

The state x belongs to <n, the input u and the output y
belong to <m. The entries of f , g, and h are meromorphic
functions of their arguments. ϕ(σ) denotes the function of
initial conditions.
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The standard notion of relative degree of a scalar output
is instrumental to solve such control problems as the TTP.
It is easily extended to system Σ:

Definition 1: The relative degree ρi of the output com-
ponent yi is defined as follows.

ρi = min

{
k ∈ N

∣∣∣∣∣ ∂y
(k)
i (t)

∂u(t− j)
6= 0 for some j ∈ N

}
(2)

If for all (j, k) ∈ N2 ∂y
(k)
i (t)/∂u(t−j) ≡ 0, set ρi = ∞.

For systems without delays, the TTP can be solved
by the so-called system inversion methods. The practical
computations require in general the inversion of polynomial
matrices. In the nonlinear setting, this algebraic framework
is briefly defined by the following.

Definition 2: Let K be the field of meromorphic func-
tions of a finite number of independent variables in {x(t−
τ), u(k)(t− τ), τ, k ∈ N}, and define the shift operator

∇f(t) := f(t− 1)∇

Then let K[∇] be the (left) ring of polynomials in ∇ with
coefficients in K.

The entries of the so-called decoupling matrix associated
to system Σ belong to K[∇]. The existence of its inverse
will be required in the rest of this paper.

General compensators for time-delay systems split into
several classes depending whether they have their own
dynamics. We restrict our interest to static state feedbacks
with or without delayed dynamics. These compensators are
defined as follows.

Static State Feedback
u(t) = α

(
t
)

Static Feedback with Delayed Dynamics
u(t) = α

(
t
)

+
∑s

j=1 g̃j

(
t
)
u(t− j)

where α(t) and g̃j(t) are meromorphic functions of(
x(t), x(t− 1), · · · , x(t− τ)

)
with τ ∈ N.

III. PROBLEM STATEMENT AND CAUSAL SOLUTIONS

Problem Statement

Given the system Σ described by (1) and a reference
signal yref (t) find, if possible, a causal compensator such
that the error signal e(t) , y(t)− yref (t) is asymptotically
stable.

A. Introductory Example

For systems without delay, whenever the decoupling ma-
trix is full row rank, there always exists a standard solution
to the TTP, known as a static state feedback which yields
a maximal loss of observability. However, when applied to
time-delay systems, this solution yields, in general, a non
causal state feedback, as shown by the following example.

Example 1: Let
ẋ1(t) = −x1(t) + x2(t− 1) + u1(t)
ẋ2(t) = −x2

2(t) + u2(t)
ẋ3(t) = −x2

3(t)
y1(t) = x1(t− 1)
y2(t) = x2(t− 1) + x3(t).

(3)

The static state feedback
u1(t) = −x2(t− 1) + ẏ1ref

(t + 1) + y1ref
(t + 1)

u2(t) = x2
2(t) + x2

3(t + 1)− x2(t)− x3(t + 1)
+ẏ2ref

(t + 1) + y2ref
(t + 1)

(4)

yields the linear stable error dynamics ėi + ei = 0 for
i = 1, 2. Unfortunately it involves a future value of
x3. Thus, it can not be implemented in a straightforward
manner. Further investigation shows that the causal static
state feedback

u1(t) = −x2(t− 1) + ẏ1ref
(t + 1) + y1ref

(t + 1)
u2(t) = x2

2(t)− x2(t) + ẏ2ref
(t + 1) + y2ref

(t + 1)
(5)

yields the following error dynamics:

ė1 + e1 = 0
ė2 + e2 = x2

3(t)− x3(t).
(6)

Since x3(t) is asymptotically stable, both errors are stable
and the TTP is solved.

This motivates the search of non standard solutions,
whenever they exist.

B. Static State Feedback Solution

In this section, sufficient conditions are derived such
that the so-called standard solution –with maximal loss of
observability– is causal. They extend some results by (Conte
et al., 2006) to the nonlinear case. Preliminary results can
be found in (Estrada-Garcı́a et al., 2006).

In the rest of this paper assume that every system output
yi has a finite relative degree ρi for i = 1, · · · ,m. The time
derivative y

(ρi)
i can be written as follows.

y
(ρi)
i (t) = αi(t) +

m∑
j=1

s∑
k=0

g̃ijk(t)uj(t− k) (7)

where αi(t) and g̃ijk(t) are meromorphic functions of(
x(t), · · · , x(t− s)

)
.

Proposition 1: (Estrada-Garcı́a et al., 2006) There exists
a static state feedback which solves the TTP for Σ if all
the output components have finite relative degree ρi , and
the matrix D(∇) is invertible over K[∇], where D(∇) :=∑s

k=0 Dk∇k is a m×m matrix defined by

D(∇) =



s∑
k=0

g̃11k(t)∇k · · ·
s∑

k=0

g̃1mk(t)∇k

...
...

s∑
k=0

g̃m1k(t)∇k · · ·
s∑

k=0

g̃mmk(t)∇k
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with g̃ijk defined by (7).
The following example illustrates the underlaying compu-

tations to solve the TTP with the conditions of Proposition
1.

Example 2: Let
ẋ1(t) = x1(t− 1) + u1(t)
ẋ2(t) = x2(t− 1) + u2(t)
y1(t) = x1(t)
y2(t) = x2

1(t− 1) + x2(t)

Since
ẏ1(t) = x1(t− 1) + u1(t)
ẏ2(t) = 2x1(t− 1)x1(t− 2) + x2(t− 1) + u2(t)

+2x1(t− 1)u1(t− 1)

both output components y1 and y2 have finite relative degree
ρ1 = ρ2 = 1. Conditions of Proposition 1 are fulfilled, since
the matrix

D(∇) =
[

1 0
2x1(t− 1)∇ 1

]
is invertible and

D(∇)−1 =
[

1 0
−2x1(t− 1)∇ 1

]
Pick the following stable dynamics for the error signal

ėi(t) + 2ei(t) = 0

for i = 1, 2, or, equivalently

x1(t− 1) + u1(t)− ẏ1ref
(t) + 2x1(t)− 2y1ref

(t) = 0

2x1(t− 1) [x1(t− 1) + x1(t− 2)] + 2x1(t− 1)u1(t− 1)
+x2(t− 1) + 2x2(t) + u2(t)− ẏ2ref

(t)− 2y2ref
(t) = 0.

(8)
Since the decoupling matrix D(∇) has a polynomial in-
verse, then (8) can be solved in u(t):

u1(t) = ẏ1ref
(t) + 2y1ref

(t)− x1(t− 1)− 2x1(t)
u2(t) = ẏ2ref

(t) + 2y2ref
(t)− 2x1(t− 1)ẏ1ref

(t− 1)
+2x2

1(t− 1)− 4x1(t− 1)y1ref
(t− 1)

−x2(t− 1)− 2x2(t),

which is the causal state feedback which was sought and
solving the TTP.

C. Static State Feedback Solution with Delayed Dynamics
Whenever the condition in Proposition 1 is not fulfilled,

it is interesting to search for a more sophisticated solution.
This is done next within the class of static state feedbacks
with delayed dynamics.

More insight in the system structure is required; as in
(Moog et al., 2002), define µi as the smallest delay existing
between y

(ρi)
i (t) and u(t):

µi , min{k ∈ N|∂y
(ρi)
i (t)/∂u(t− k) 6≡ 0} (9)

From the definition of ρi, such an integer µi always exists.
Let

Di
0 = ∂y

(ρi)
i (t + µi)/∂u(t) for i = 1, · · · ,m. (10)

Solution with Maximal Loss of Observability:
Proposition 2: (Estrada-Garcı́a et al., 2006) Given a sys-

tem Σ of the form (1), there exists a static state feedback
with delayed dynamics which solves the TTP if

(i) ∂y
(ρi)
i (t)/∂x(t− k) ≡ 0 ∀k ∈ {0, . . . , µi − 1}.

(ii) D̃0 ,

 D1
0

...
Dm

0

 is invertible.

Proof. Let s(ρi) +
∑ρi−1

j=0 λijs
(j)(t) = 0 be Hurwitz

polynomials and ei(t) = yi(t)− yiref
(t) for i = 1, · · · ,m.

Then the equations

e
(ρi)
i (t + µi) +

ρi−1∑
j=0

λije
(j)
i (t + µi) = 0 i = 1,. . . ,m (11)

are equivalent to:
α1(t + µ1)− y

(ρ1)
1ref

(t + µ1)
...

αm(t + µm)− y
(ρm)
mref (t + µm)

 + D̃0u(t)

+



m∑
j=1

s∑
k=µi+1

g̃1jk(t + µ1)uj(t− k + µ1)

...
m∑

j=1

s∑
k=µm+1

g̃mjk(t + µm)uj(t− k + µm)



+



ρ1−1∑
j=0

λ1j

(
y
(j)
1 (t + µ1)

)
− y

(j)
1ref

(t + µ1)
)

...
ρm−1∑
j=0

λmj

(
y(j)

m (t + µm)− y(j)
mref

(t + µm)
)


= 0.

(12)
From condition (ii), (12) can be solved in u(t) as

u(t) = −D̃−1
0


α1(t + µ1)− y

(ρ1)
1ref

(t + µ1)
...

αm(t + µm)− y
(ρm)
mref (t + µm)



−D̃−1
0



m∑
j=1

s∑
k=µi+1

g̃1jk(t + µ1)uj(t− k + µ1)

...
m∑

j=1

s∑
k=µm+1

g̃mjk(t + µm)uj(t− k + µm)



−D̃−1
0



ρ1−1∑
j=0

λ1j

(
y
(j)
1 (t + µ1)− y

(j)
1ref

(t + µ1)
)

...
ρm−1∑
j=0

λmj

(
y(j)

m (t + µm)− y(j)
mref

(t + µm)
)


,

(13)
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which is a causal state feedback from condition (i) of
Proposition 2 and solves the TTP for system (1). The
following example illustrates Proposition 2.

Example 3: Consider the system:
ẋ1(t) = x2

2(t− 1) + u1(t)
ẋ2(t) = x1(t)u2(t) + x1(t)
y1(t) = x1(t)
y2(t) = x2(t− 1).

We have

ẏ1(t) = x2
2(t− 1) + u1(t)

ẏ2(t) = x1(t− 1)u2(t− 1) + x1(t− 1).

Both output components y1 and y2 have finite relative
degree ρ1 = ρ2 = 1. Then, the matrix

D(∇) =
[

1 0
0 x1(t− 1)∇

]
has no polynomial inverse and condition of Proposition 1
is not fulfilled. Apply Proposition 2 and compute

D1
0 =

[
1 0

]
D2

0 =
[

0 x1(t)
]

Matrix D̃0 is invertible and

u1(t) = ẏ1ref
(t)−

[
x1(t)− y1ref

(t)
]

u2(t) = 1
x1(t)

[
ẏ2ref

(t + 1)

−x1(t)− x2(t) + y2ref
(t + 1)

]
is a local causal feedback which yields the following error

dynamics
ėi(t) + ei(t) = 0

for i = 1, 2. This results is valid for all x1(t) except x1(t) =
0.

Proposition 1 and 2 are applied to fully accessible sys-
tems. A system may contain non-controllable dynamics
which do not require to be cancelled in the TTP. No
constrains of causality should be attached to these terms.
This is now investigated and it is shown that it yields a
weaker condition than Proposition 1 and 2, and weaker than
the existing results.

General Solution: Consider a NLTD System (1) which
displays autonomous dynamics η as follows

Σd :



ẋ(t) = f
(
x(t), . . . , x(t− s), η(t), · · · , η(t− s)

)
+

s∑
j=0

gj

(
x(t), x(t− 1), . . . , x(t− s)

)
u(t− j)

η̇(t) = ζ
(
η(t), · · · , η(t− s)

)
y(t) = h

(
x(t), x(t− 1), . . . , x(t− s),

, η(t), · · · , η(t− s)
)

x(t0 + σ) = ϕ(σ), σ ∈ [−s, 0]
(14)

The decomposition of a general NLTD system into (14)
may be obtained computing the submodule of autonomous

differential forms H∞ as in (Xia et al., 2002), since dη ∈
H∞. Assume futhermore that ζ(0) = 0 and the dynamics
η̇ = ζ

(
η(t), · · · , η(t − s)

)
is exponencially stable around

the origin.
Again, assume that all the output components have a

finite relative degree ρi for i = 1, ...,m. Consider Hurwitz
polynomials s(ρi) + λi,ρi−1s

(ρi−1) + · · ·+ λi,0

Φi(t) , e
(ρi)
i (t) +λi,ρi−1e

(ρi−1)
i (t) + · · ·+λi,0ei(t) (15)

where Φ(t) stands for Φ
(
yiref

(t), · · · , y
(ρi)
iref

(t), x(t), · · · ,

x(t− s), η(t), · · · , η(t− s), u(t), · · · , u(t− s)
)

.
Let βi(t) be a function of {x(t), . . . , x(t − µi + 1),

η(t), · · · , η(t− s)} such that

∂βi(t)
∂x?

=
∂Φi(t)
∂x?

(16)

Define χi(t) as

χi(t) , Φi(t)− βi(t) (17)

with

x? =


x(t)

x(t− 1)
...

x(t− µi + 1)


and µi defined as in (9). Compute χ1(t + µ1)

...
χm(t + µm)

 =

 f̃1(t + µ1)
...

f̃m(t + µm)

 + g̃0(t)u(t)

+



m∑
j=1

s∑
k=µ1+1

g̃1jk(t)uj(t− k)

...
m∑

j=1

s∑
k=µm+1

g̃mjk(t)uj(t− k)


(18)

with g̃0(t) defined by

g̃o(t) =

 ∂χ1(t + µ1)/∂u(t)
...

∂χm(t + µm)/∂u(t)

 (19)

We are now able to state our main result.
Proposition 3: There exists a static feedback with de-

layed dynamics which solves the TTP if the following
conditions are satisfied for i = 1, . . . ,m:

1) dβi(t) ∈ span {dη}
2) βi(0) = 0 and β(t) is exponentially stable around the

origin.
3) g̃0 is invertible.
4) ∂χi(t)/∂ (x(t− k), η(t− k)) ≡ 0, ∀k ∈

{0, · · · , µi − 1}.
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Proof. The equation χi(t + µi) = 0, can be written as

 f̃1(t + µ1)
...

f̃m(t + µm)

 + g̃0(t)u(t)

+



m∑
j=1

s∑
k=µ1+1

g̃1jk(t + µ1)uj(t− k + µ1)

...
m∑

j=1

s∑
k=µm+1

g̃mjk(t + µm)uj(t− k + µm)


= 0.

(20)
From condition 3) of Proposition 3, the feedback (20)

can be solved in u(t):

u(t) = −g̃−1
0 (t)

 f̃1(t + µ1)
...

f̃m(t + µm)



−g̃−1
0 (t)



m∑
j=1

s∑
k=µ1+1

g̃1jk(t)uj(t− k + µ1)

...
m∑

j=1

s∑
k=µm+1

g̃mjk(t)uj(t− k + µm)


(21)

from condition 4), equation (21) is causal.
Using the static feedback (21), the closed loop system

yields the following error dynamics

e
(ρi)
i (t) + λρi−1e

(ρi−1)
i (t) + · · ·+ λ0ei(t) = βi(t) (22)

and, since βi(t) is exponentially stable, the trajectory
ei(t) of (22) is exponentially stable too.

IV. EXAMPLES

In this section we show some examples to illustrate the
characteristics of the NLTD systems and the solution of the
TTP.

Example 4:

ẋ(t) = η(t− 1)− u(t)
η(t) = − 1

2η(t− 1)
y(t) = sin

(
η(t)

)
+ x(t− 1)

(23)

Pick the following stable dynamics

ė(t) + e(t) = 0 (24)

with

e(t) = y(t)− yref (t) and ė(t) = ẏ(t)− ẏref (t) (25)

therefore

ė(t) + e(t) = − 1
2η(t− 1)cos

(
η(t)

)
+ η(t− 2)−

u(t− 1) + sin
(
η(t)

)
+ x(t− 1)− ẏref (t)− yref (t) = 0.

(26)

Solving for u(t)

u(t) = − 1
2η(t)cos

(
η(t + 1)

)
+ η(t− 1)

+sin
(
η(t + 1)

)
+ x(t)− ẏref (t + 1)− yref (t + 1)

(27)
which is a non causal solution for the TTP.

System (23) does not fulfill the conditions of Proposition
2, but we can find a causal solution using Proposition 3.
Let

Φ(t) = − 1
2η(t− 1)cos

(
η(t)

)
+ η(t− 2)

−u(t− 1) + sin
(
η(t)

)
+ x(t− 1)− ẏref (t)− yref (t).

(28)
which fulfils the conditions of the Proposition 3. From (16)
we can choose β(t) and obtain:

β(t) = − 1
2η(t− 1)cos

(
η(t)

)
+ sin

(
η(t)

)
χ(t) = η(t− 2)− u(t− 1) + x(t− 1)− ẏref (t)

−yref (t)
(29)

Now, solving for u(t) the equation χ(t + 1) = 0, one gets

u(t) = η(t− 1) + x(t)− ẏref (t + 1)− yref (t + 1) (30)

using (30) in (28)

ė(t) + e(t) = −1
2
η(t− 1)cos

(
η(t)

)
+ sin

(
η(t)

)
(31)

where we can see that (31) tends to zero exponentially as
t →∞ and we obtain a causal solution for the TTP.

Example 5: Consider the MIMO system
ẋ1(t) = u1(t)
ẋ2(t) = u2(t) + x1(t)
η̇(t) = −η(t)
y1(t) = x2

1(t− 1) + η(t)
y2(t) = x2(t− 2) + η2(t− 1)

(32)

Defining a stable dynamics ė(t) + e(t) = 0 and differen-
tiating the output up to the relative degree, thus, µ1 = 1 and
µ2 = 2, and the decoupling matrix D(∇) is not invertible.
But if we take

Φ1(t) = 2x1(t− 1)u1(t− 1) + x2
1(t− 1)

−ẏ1ref
(t)− y1ref

(t)
Φ2(t) = x2(t− 2) + u2(t− 2) + x1(t− 2)− η2(t− 1)

−ẏ2ref
(t)− y2ref

(t)
(33)

Chosen
β1(t) = 0

β2(t) = −η2(t− 1) (34)

and

χ1(t) = 2x1(t− 1)u1(t− 1) + x2
1(t− 1)

χ2(t) = u2(t− 2) + x1(t− 2) + x2(t− 2) (35)

Equation χi(t + µi) = 0 is equivalent to

2x1(t)u1(t) = −x2
1(t) + ẏ1ref

(t + 1) + y1ref
(t + 1)

u2(t) = −x1(t)− x2(t) + ẏ2ref
(t + 2)

+y2ref
(t + 2)

(36)
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and its local solution u(t) reads

u1(t) = 1
2x1(t)

[
−x2

1(t) + ẏ1ref
(t + 1) + y1ref

(t + 1)
]

u2(t) = −x1(t)− x2(t) + ẏ2ref
(t + 2) + y2ref

(t + 2)
(37)

we obtain a causal compensator for all x1(t) 6= 0. The
closed-loop error dynamics is

ė1(t) + e1(t) = 0
ė2(t) + e2(t) = −η2(t− 1) (38)

therefore, since η(t) is exponentially stable, the error signals
ei(t) tends to zero and (37) solves the TTP.

Example 6: Given yr(t) ≡ 0 and the system

ẋ1(t) = u(t)x2(t− 2) + x1(t− 1)
ẋ2(t) = −x2(t) + u(t− 1)x2(t− 3) + x1(t− 2)

+x1(t− 1)
y(t) = x1(t− 1) + x2

2(t)

(39)

the standard solution to the error dynamics ė(t) + e(t) =
ẏ(t) + y(t) = 0, yields a non-causal solution

u(t) = 1
1+2x2(t+1)x2(t−2)

[
x2

2(t + 1)− x1(t)− x1(t− 1)

−2x2(t + 1)x1(t− 1)− 2x2(t + 1)x1(t)
]

also we can see that the conditions on Proposition 3 are not
fulfilled. But if we define ỹ(t) = x1(t − 1), a local causal
solution is obtained as

u(t) =
−x1(t)− x1(t− 1)

x2(t− 2)

for all x2(t− 2) 6= 0, with the stable closed-loop dynamics

ẋ1(t) = −x1(t)
ẋ2(t) = −x2(t)

Then y(t) → 0 as t → ∞. This example shows that the
conditions in Proposition 3 are not necessary.

V. CONCLUSIONS

The analysis of NLTD systems is complex since they
consist of a special class of infinite dimensional systems. It
has been shown that the TTP for NLTD MIMO systems can
be solved by different methods. Fully constructive sufficient
conditions have been derived to obtain causal feedback so-
lutions with or without maximal loss of observability. They
yield linear delay free dynamic error equations which may
be autonomous or non autonomous. These conditions are
weaker than the ones existing in the current literature and
are innovative in the case of nonlinear as well as linear time
delay systems. Amongst open problems, these contributions
suggest the following issues for further research
• TTP with stable linear time delay error equations,
• TTP with stable non linear time delay error equations,
• the search of non restrictive necessary conditions.
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