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Resumen— A method for identification of any even number
of parameters of the process transfer function from the test
on the process, which involves application of the modified
twisting algorithm, is proposed. Equations for determining
the unknown parameters can be written separately for the
magnitude and the argument of the transfer function that
simplifies the task of identification. As a result, the problem
can be reduced to the iterative solution of a system algebraic
equations. Examples are provided.
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I. INTRODUCTION

PID control is the main type of control extensively used in
various industrial applications. PID controllers are usually
implemented as configurable software modules within the
distributed control systems (DCS). The DCS configuration
software is constantly evolving giving to the developers
many new features. One of most useful features would
be the controller autotuning feature. This trend can be
seen in the development of new releases of such popular
DCS software as Honeywell Experion PKSr and Emerson
DeltaVr. The autotuning feature heavily relies on iden-
tification algorithms. Nowadays the use of first-order plus
dead time or other low order underlying models may not
be sufficient. Moreover, there is a strong demand in iden-
tification methods that use higher-order underlying models.
One of the most convenient tests on the process in terms
of simplicity and accuracy of the identification is the relay
feedback test proposed in (Astrom and Hagglund, 1984).
This method has received a lot of attention from the
worldwide research community and the industry since then.
In comparison with the original approach, which was aimed
at obtaining the values of the ultimate gain and ultimate
frequency for PID tuning in accordance with the Ziegler-
Nichols rules (Ziegler and Nichols, 1942), in paper ( Luyben
et al., 1987) it was proposed to use the relay feedback test
for process parameters identification. This idea was further
developed and extended to various models and types of

processes. In paper (Kaya and Atherton, 1999), for example,
it was proposed to use the amplitude of the oscillations
in addition to the imaginary part of the Tsypkin’s locus
(Tsypkin, 1984). That resulted in a precise model for two
simple transfer functions. In (Kaya and Atherton, 2001) and
(Kaya and Atherton , 1998), it was shown how the param-
eters of first and second order process transfer functions
with time delay could be found exactly via the use of A-
locus from the measurements of the asymmetric limit cycle.
In paper (Majhi and Atherton, 1999), exact parameters
of first and second-order plus dead time models were
obtained from measurements of the asymmetric limit cycle.
In (Majhi et al., 2001), a relay feedback and wavelet based
method for estimation of unknown processes was proposed.
In (Boiko , 2006), a method of identification of a first-
order plus dead time model from a single relay feedback
test, which is based on the LPRS method (Boiko , 2005),
was proposed. The survey of available tuning methods and
techniques based on the relay feedback test is presented in
(Astrom and Hagglund, 1995). The identification methods
(Astrom and Hagglund, 1995), (Boiko , 2006), (Kaya and
Atherton, 2001), (Kaya and Atherton, 1999), (Kaya and
Atherton , 1998), (Majhi and Atherton, 1999), (Majhi et
al., 2001), (Tsypkin, 1984) use both the describing function
(Atherton, 1975) model and exact models of the oscillations
in the relay feedback system. However, despite the obvious
success of the relay feedback test identification, it is known
that it offers finding only two model parameters from a
single test. To identify a higher number of parameters a
few tests are needed, which is usually done by introducing
and varying hysteresis of the relay. However, it is hard to
predict what the value of the hysteresis should be to make
the test efficient. In that respect, the use of the parameter
that reflects the angle (phase) of the particular point of the
Nyquist plot would be more convenient. In the present pa-
per, an identification method that is based on the use of the
modified twisting algorithm (Levant, 1993) and is proposed.
The proposed method allows for finding any even number
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Figura 1. Diagram of twisting algorithm

of model parameters. The paper is organized as follows.
At first the generalized twisting algorithm and its analysis
in the frequency domain is considered. Then the LPRS
method is considered as a toll of finding the parameter of
periodic oscillation exactly. After that a methodology of
identification is presented. And finally, examples are given.

II. MODIFIED TWISTING ALGORITHM AND ITS
DF ANALYSIS

The twisting algorithm is one of the simplest and popular
algorithms among the second order sliding mode algo-
rithms.

Considerer the control system:

ẋ = Ax+Bu
y = Cx (1)

where A and B are matrices of corresponding dimensions,
y can be treated as either the sliding variable or the output
of the plant.

We shall also use the plant description in the form of a
transfer function W(s),

which can be obtained from (1) as follows:

W (s) = C(sI−A)−1B (2)

Considerer the generalized twisting :

u(t) =−c1sign(y)− c2sign(ẏ), c1 > 0. (3)

Let us apply the DF analysis to this system. Replace the
relay functions with the DF, which for the first relay is (DF
for ideal relay):

N1 =
4c1

πA1
,

where A1 is the amplitude of y; and for the second relay:

N2 =
4c2

πA2
,

where A2 is the amplitude of dy/dt.
Also, take into account the relationship between y and

dy/dt in the Laplace domain, which gives the relationship
between the amplitudes A1 and A2: A2 = A1 ∗Ω where Ω

Figura 2. Finding the periodic solution

is the frequency of the oscillation. As a result, the DF of the
twisting algorithm can be given by the following formula:

N = N1 + sN2 =
4c1

πA1
+ jΩ

4c2

πA2
=

4
πA1

(c1 + jc2) (4)

Let us note that the DF of the generalized twisting algorithm
does not contain the frequency and depends only on the
amplitude value. This suggests the technique of finding
the parameters of the limit cycle – via the solution of the
complex equation:

− 1
N(A1)

= W ( jΩ) (5)

where the function at the left-hand side is given by:

− 1
N

=
πA1

4(c2
1 + c2

2)
· (−c1 + jc2) (6)

The graphical illustration of this technique of solving equa-
tion (5) is given in Fig. 2.

The function −1/N is a straight line the slope of which
depends on the c2/c1 ratio. It is located in the second
or third quadrant of the complex plane. The point of the
intersection of this function and of the Nyquist plot W(jω)
provides the solution of the periodic problem. This point
gives the frequency of the oscillation Ω and the amplitude
A1.

The DF analysis provides a very demonstrative proof
of the existence of a periodic solution in the system with
the generalized twisting algorithm the DF method is an
approximate one and a rigorous proof would be desirable.
This can be provided using the LPRS method (Boiko
, 2005).

III. LPRS ANALYSIS OF GENERALIZED
TWISTING ALGORITHM

The LPRS can provide an exact solution of the periodic
problem in a relay feedback system having a plant (1) and
the control being the hysteresis relay function:

u =
{

c i f σ ≥ b or (σ >−b and σ̇ < 0)
−c i f σ ≤−b or (σ < b and σ̇ > 0)

(7)
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where σ is the error signal (σ =f 0− y), f0 is the system
input (subscript “0” denotes the constant input) . The LPRS
for such a system is defined as follows (Boiko , 2005) :

J(ω) =−0.5 lim
f0→0

(σ0/u0)+ jπ/(4c) lim
f0→0

y(t) |t=0 (8)

where t = 0 is the time of the switch of the relay from ”c” to
”+c”, ω is the frequency of the self-excited oscillations var-
ied by changing the hysteresis 2b while all other parameters
of the system are considered constant. σ0, u0 are average
(over the period of the oscillations) values of the error
signal and of the control respectively. σ 0, u0 and y(t) |t=0
are, therefore, functions of ω, u Thus, J(ω) specifies the
response of the linear plant to its non-symmetric pulse
waveform input u(t) subject to f0 → 0 as the frequency ω
is varied. The real part of J(ω) contains information about
the equivalent gain of the relay, and the imaginary part of
J(ω) comprises the condition of the switching of the relay
and, consequently, contains information about the frequency
of the oscillations. It is worth mentioning that although the
LPRS is defined via the parameters of the oscillations, it is
a function of the plant parameters only. A few techniques
of the LPRS computing were developed. One of them (that
will be used further in this paper) offers computing of the
LPRS as a series of the real and imaginary parts of the plant
transfer function:

J(ω) =
∞
∑

k=1
km(−1)k+1Re W (kω)

+ j
∞
∑

k=1
Im W [(2k−1)ω]

/
(2k−1)

(9)

In formula (9), m = 0 for non-integrating plants and m = 1
for integrating plants.

With the LPRS computed analysis of periodic motions
in a relay feedback system becomes an easy task. The fre-
quency of the periodic motion is found from the following
equation:

Im J(Ω) =−πb
4c

(10)

However, to be able to use this method for the generalized
twisting analysis, we need to transform the original problem
into an equivalent one that can be solved with the use of the
LPRS. Let us take a closer look at Fig. 1. We can see that the
functions of the two relays are different. The function of the
first relay is to generate a regular asymptotic sliding mode
control like every relay feedback system. The function of
the second relay in the frequency domain can be described
as providing a phase lead by injecting a control that depends
on the derivative of the output variable. Moreover, c1 is
always greater than c2. This enables us to consider that
the first relay is the main one and the second relay is of
secondary function and to transform the original diagram
(Fig. 1) into the following structure (Fig. 3).

In Fig. 3 we are going to treat the part of the system de-
noted by the dashed line as a new plant of the relay system
(the equivalent plant). This structure completely complies

Figura 3. Transformed system with twisting algorithm

with the relay feedback system structure. The equivalent
plant, however, is nonlinear with the nonlinear function
being the second relay. For that reason, the LPRS method
needs to be modified to accommodate the nonlinearity of
the plant. Let us begin from considering the imaginary part
of the LPRS.

The imaginary part of the LPRS is the value of the output
of the plant at the instant of the relay switch from “-“
to “+” (with a coefficient). This follows from the LPRS
definition (8). Therefore, the imaginary part of the LPRS
can be found as the output of the plant at the switching
instant if a periodic square-wave pulse signal u1 is applied
to the plant input. Note also that the signal u2 is also applied
to the plant input and the output of the plant y can be
considered as a sum of two outputs y1 and y2, each of
them is a response to the control u1 and u2 respectively.
Moreover, y2 can be obtained by time shifting and scaling
of y1. Introduce the following function that can be helpful
for the LPRS computing. Let L(ω,θ) be the function that
denotes a linear plant output (with a coefficient) at the
instant t = θT (with T being half a period) if a periodic
square-wave pulse signal of amplitude c is applied to the
plant:

L(ω,θ) =
π
4c

y(t)
∣∣∣
t=θ 2π

ω
(11)

where θ ∈ [−1,+1], ω ∈ [0,∞].
Positive values of θ correspond to the time following the

switching instant, negative values – to the time preceding
the switching instant. If we compare this formula with
the LPRS definition we would find that: ImJ(ω)= L(ω,0).
Analysis of the Fourier series of a linear plant output leads
to the following expression for L(ω ,θ):

L(ω,θ) =
∞
∑

k=1

1
2k−1 {sin[(2k−1)2πθ ] ·ReW [(2k−1)ω]+

+cos[(2k−1)2πθ ] · ImW [(2k−1)ω ]}
(12)

With the formula of L(ω ,θ) available we can easily write
an expression for Im J(ω) of our system:

ImJ(ω) = L(ω,0)+
c2

c1
L(ω,θ) (13)

In formula (13), the value of time shift θ between the
switching of the first and second relays is unknown. It can
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be found from the following equation:

ẏ(θ) = 0 (14)

which can be expressed via the function L(ω ,θ) as follows:

c1L1(ω,−θ)+ c2L1(ω,0) = 0 (15)

In (15), L1 is the function L(ω ,θ) for which the transfer
function in formula (12) is W1(s)=sW(s) (transfer function
from the control to dy/dt).

Therefore, the methodology of analysis of the periodic
motions in the system with the twisting algorithm is as
follows. At each frequency point of the LPRS, equation (15)
is solved for the time shift θ (in parts of the period) between
the switches of the two relays, where function L(ω ,θ) is
computed as per (12). After that the imaginary part of the
LPRS is computed as per (13). With the imaginary part
available, the frequency of the oscillations is found from
equation (10) with c = c1.

We shall now develop a technique of computing of the
real part of the LPRS. Although the real part is not explicitly
used in our analysis it would be useful to see how the
addition of the second relay changes the location of the
LPRS on the complex plane. Assume that the plant transfer
function does not contain integrators (poles with zero real
part) and m in formula (9) is zero. Formula (9) consists
of two converging series in which every next term adds
accuracy to the LPRS computing. Usually the convergence
at high frequencies (close to the frequency of the periodic
solution) is very fast and even the first term provides a
relatively high accuracy. Using only the first terms in (9)
would be equivalent to the DF method formula. For the
objectives stated in this paper the use of only first term
of (9) for the real part computing would be a reasonable
approach. We should note also that the frequency of the
oscillations is computed exactly. Therefore, the real part of
the LPRS can be computed as follows:

ReJ(ω)≈ Re
[

W ( jω)
1+ jω ·q2(A2) ·W ( jω)

]
(16)

Where q2 = 4c2
πA2

, A2 = 4c1
π ω |W ( jω)|

IV. PARAMETERS IDENTIFICATION VIA
GENERALIZED TWISTING SYSTEM

Varying c1 and c2 we can change the parameters of the
oscillations. From each values of c1 and c2 we can obtain
the magnitudes and frequencies of periodic solutions .
Therefore, we need n tests to identify 2n process parameters.

A possible way of choosing the relay amplitudes is to use
c1/c2 ratio of the same magnitude and different signs for
two different tests. This would allow us to identify the plant
(process) at the phase characteristic equally distances from
-180◦. For example if be need to identify six parameters
be can select the values of c2

c1
= 1

2 , 0 and − 1
2 correspond

angle 153◦, 180◦ and 207◦ respectively.
Suppose that after test we have receive Ai, and Ωi .

(i = 1, ...n) which we can measure, suppose that m < k,

m + k = 2n− 1 need to identify the parameter of the
linear plant of the form:

W (s) =
K(ϒ1s+1)...(ϒms+1)
(T1s+1)...(Tks+1)

(17)

As we see it is a function with k poles, m zeros and gain
K. From the describing function (5), rewriting equation
(6) and (5) we obtain the equation of harmonic balance

for each point test. W ( jΩi)N(Ai) =−1, replacing for each
test point we have the following set of equations:

W ( jΩi) =−N(Ai)−1 (18)

separating the equation in its respective magnitude and
argument part

|W ( jΩi)|=
∣∣−N(Ai)−1

∣∣ =
A1i π

4
√

c2
1i+c2

2i
(19)

∠W ( jΩi) = π− arctan
(

c2i
c1i

)
(20)

by the property of the logarithms and expressing the
magnitude of the plant (19).

ln |W ( jΩi)|= ln
∣∣∣K(ϒ1iΩi+1)...(ϒmiΩi+1)

(T1iΩi+1)...(TkiΩi+1)

∣∣∣ (21)

Expressing in form of logarithm and by its properties, we
obtain

ln |W ( jΩi)|= lnK +
m
∑

l=1
ln

√
ϒ2

l Ω2
i +1−

k
∑

l=1
ln

√
T 2

l Ω2
i +1 = ln

A1i π

4
√

c2
1i+c2

2i

(22)

which yields:

lnK + 1
2

m
∑

l=1
ln

(
ϒ2

l Ω2
i +1

)−
1
2

k
∑

l=1
ln

(
T 2

l Ω2
i +1

)
= ln 1

4
A1i π√
c2

1i+c2
2i

(23)

We can write for the arguments of (18):

m

∑
l=1

φ(ϒl jΩi +1)−
k

∑
l=1

φ(Tl jΩi +1) = π− arctan
(

c2i

c1i

)

(24)
Evaluating the angle for each test point, and simplifying we
obtain

m

∑
l=1

arctanϒlΩi−
k

∑
l=1

arctanTlΩi = π− arctan
(

c2i

c1i

)
(25)

Solving set of equations (23) and (25) it is possible to
obtain the unknown parameters K, ϒ1,...ϒm, T1,... Tk.

A disadvantage of use the DF technique to identify
parameters is that we can not obtain exact results. The
LPRS technique can be used to obtain an exact solution.
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Once we know the amplitude and frequencies of oscilla-
tions at each test point, we can solve the equations for the
imaginary part (13) and the real part of the LPRS (16) and
find the parameters of the plant (17).

For each test point i, c2i and c1i, the following equation
has be to solved:

L(Ωi,0)+
c2i

c1i
L(Ωi,θ) = 0 (26)

Substituting (12) in (13) we have
∞
∑

k=1

1
2k−1 · ImW [(2k−1)Ωi+

c2i
c1i

∞
∑

k=1

1
2k−1 {sin[(2k−1)2πθ ] ·ReW [(2k−1)Ωi]+

cos[(2k−1)2πθ ] · ImW [(2k−1)Ωi ]}= 0

(27)

Solving (16) for the amplitude Ai and frequency Ωi of
the test point, we can write:

ReJ(Ωi)≈ Re

[
W ( jΩi)

1+ jΩ2
1·

16·c1i·c2i
π2·A20i

|W ( jΩi)|·W ( jΩi)

]
(28)

where
A20i =

4c1i

π
Ωi |W ( jΩi)| (29)

and W ( jΩi) is given by (17). For each test we will have
a system of equations that allow us to find the exact plant
parameters.

V. EXAMPLES

Consider the following plant

W (s) = 1
(0.001s+1)(0.01s+1)(0.1s+1)

= 1.0×106

(s+1000.0)(s+100.0)(s+10.0)
(30)

Run the test for two different combinations of c1 and c2
as shown in the following table.

Test point Frequency rad/s Amplitude
i c1 c2 Ωi A
1 2 1 699.5 4.56×10−3

2 1 0 320.24 0.011
If we analyze the system with plant (30) by means of DF

and LPRS the values of frequency and amplitude would be:
Analysis by DF

Test point Frequency rad/s Amplitude
i c1 c2 Ωi A
1 2 1 710.27 4.5556×10−3

2 1 0 333.16 1.0419×10−2

Analysis by LPRS
Test point Frequency rad/s Amplitude

i c1 c2 Ωi A
1 2 1 700.04 1.6547×10−3

2 1 0 320.41 8.8506×10−3

Replacing the frequency and the amplitude in (23) and
(25) for the first test point we have with c2 = 1, c1 = 2

lnK− 1
2

3

∑
l=1

ln
(
699.52 ·T 2

l +1
)

= ln
4.56×10−3π

4
√

22 +12
(31)

−
3

∑
l=1

arctan(699.5 ·Tl)−π + arctan
(

1
2

)
= 0 (32)

for the second test point c1 = 1, c2 = 0.

lnK− 1
2

3

∑
l=1

ln
(
320.242 ·T 2

l +1
)

= ln
0.011π

4
√

12 +02
(33)

−
3

∑
l=1

arctan(320.24 ·Tl) = π (34)

The set of equations (31)-(34) can be solved by means of

Figura 4. LPRS and Nyquist plot for example 1 identification

the Newton-Raphson method:

x j+1 = x j−α · J ( f (x j))
−1 · f (x j) (35)

where f ( K, T0, T1, T2) = 0, J ( f (x j)) , is the Jacobian of
f , at the points x j = [K j,T1 j,T2 j,T3 j]T , α is parameter
determine the speed of convergence. Proposed algorithm
converges, if det

∣∣J ( f (x j))
∣∣ 6= 0.

For α = 0.001 and x0 = [1, 0.001, 0.01, 0.1]T , the ob-
tained parameters are K=0.61014, T1=9.9114×10−4 , T2=
1.2415× 10−2, T3=5.1176× 10−2. Therefore, the transfer
function of the identified plant is:

WId(s) =
9.6888×105

(s+1008.9)(s+80.544)(s+19.54)
(36)

For the second example we will consider the plant

W (s) = 1
(0.001s+1)(0.005s+1)(0.01s+1)

= 2.0×107

(s+1000.0)(s+200.0)(s+100.0)
(37)

Considering the same values of c1 and c2 as in the previous
example, we have:

Test point Frequency rad/s Amplitude
i c1 c2 Ωi A
1 2 1 960.07 0.0423
2 1 0 552.7 0.0668.
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If we analyzed system (30) by means of DF and LPRS
the values of frequency and amplitude would be:

Analysis by DF
Test point Frequency rad/s Amplitude

i c1 c2 Ωi A
1 2 1 969.43 4.2380×10−2

2 1 0 565.69 6.4302×10−2

Analysis by LPRS
Test point Frequency rad/s Amplitude

i c1 c2 Ωi A
1 2 1 959.90 1.5247×10−2

2 1 0 552.21 5.3119×10−2

The obtained parameters are K=1.2925, T1=9.5496×
10−4 , T2=4.9232×10−3, T3=1.3476×10−2, therefore, the
transfer function of the identified plant is:

WId2(s) =
2.0399×107

(s+1047.2)(s+203.12)(s+74.205)
(38)

Figura 5. LPRS and Nyquist plot for example 2 identification

VI. CONCLUSIONS

It is proposed that the generalized twisting algorithm
be used for process identification. The advantage of the
proposed approach is excitation of the oscillations while
running the test at a given argument (phase lag) of the pro-
cess transfer function. It is demonstrated that the proposed
technique is feasible and provides a satisfactory accuracy
of identification.

ACKNOWLEDGMENT

L. Fridman and M. Castellanos gratefully acknowledges
the financial support from the CONACyT (Consejo Na-
cional de Ciencia y Tecnologı́a), grant no. 43807-Y, and
from the Programa de Apoyo a Proyectos de Investigacion
e Innovacion Tecnologica (PAPIIT), UNAM, grant no.
117103.

REFERENCES

K.J. Astrom and T. Hagglund, PID Controllers: Theory, Design and
Tuning, second ed. Research Triangle Park, NC: Instrument Society
America, 1995.

K. I. Astrom and T. Hagglund, “Automatic Tuning of Simple Regulators
with Specifications on Phase and Amplitude Margins,” Autornatica,
20, p. 645-65 I, 1984.

D.P. Atherton, Nonlinear Control Engineering - Describing Function Anal-
ysis and Design, Workingham, Berks, UK: Van Nostrand Company
Limited, 1975.

I. Boiko, Method and apparatus for tuning a PID controller, US Patent No.
7035695, 2006.

I. Boiko, “Oscillations and transfer properties of relay servo systems –
the locus of a perturbed relay system approach,” Automatica, 41, pp.
677-683, 2005.

I. Kaya and D.P. Atherton, “Parameter estimation from relay autotuning
with asymmetric limit cycle data,” J. Process Control, No. 11, pp.
429-439, 2001.

Kaya and D. P. Atherton, “A PI-PD Controller Design for Integrating
Processes,” in Proc. 1999 American Control Conference, San Diego,
CA, USA, pp. 258-262, 1999.

I. Kaya and D.P. Atherton, “An improved parameter estimation method
using limit cycle data,” UKACC Internat. Conf. on Control, IEE, pp.
682- 687, 1998.

A. Levant (Levantovsky, L.V.), ”Sliding order and sliding accuracy in
sliding mode control”. International Journal of Control, 58 (6).
pp.1247-1263, 1993.

Luyben et al., Derivation of Transfer Functions For Highly Nonlinear
Distillation Columns. Ind. Eng. Chem. Res. 26,2490-2495, 1987.

S. Majhi and D.P. Atherton, “Autotuning and controller design for pro-
cesses with small time delays,” IEE Proc. – Control Theory Appl,
Vol. 146, No. 5, pp. 415-425, 1999.

S. Majhi, J.S. Sahmbi, and D.P. Atherton, “Relay feedback and wavelet
based estimation of plant model parameters,” Proc. 40 IEEE Conf.
on Decision and Control, Florida, USA, pp. 3326-3331, 2001.

Ya.Z. Tsypkin, Relay Control Systems, Cambridge, England, 1984.
J.G. Ziegler and N.B. Nichols, ”Optimum settings for automatic con-

trollers,” Trans. Amer. Soc. Mech. Eng., Vol. 64, pp. 759-768, 1942.

368


	Portada
	Programa
	Índice Temático
	Índice de Autores


