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Resumen— In this paper the design of Sensorless
Controllers for Induction Motors is approached from
the perspective of establishing structural properties of
the control law that allow for dealing with the observer
design in a systematic way. In particular it is shown that
sensorless Passivity–based Control (PBC) of this kind of
machines leads to some Input–to–State Stability properties
of the control error dynamics that establish a Separation
principle for the closed–loop composed by the motor,
the PBC and any sensorless observer. Considering this
property a recently reported semiglobal sensorless observer
is numerically evaluated operating together with the PBC.
The dynamical performance that is obtained is remarkable
even for operation conditions that include zero crossing speed
trajectories. Derecho reservado c© UNAM-AMCA.

Palabras clave: Passivity control, Sensorless Control,
Induction motors.

I. I NTRODUCTION

Sensorless Control of Induction Motors (SCIM) is a topic
that has attracted the attention due to its implications in
the use of these kind of devices, namely, cost dropping
and reliability improvement (Rajashekara et al, 1996). The
main feature of this technique is the assumption about the
immeasurability of the mechanical variables (position and
speed) of the machine. This, in addition to the well–known
limitation for using rotor (flux and/or current) sensors,
makes natural to approach this problem from an estima-
tion/observation perspective. However, the nonlinear nature
of the IM makes finding a solution to be far from a trivial
task.

The limitations for obtaining a solution of the SCIM have
been established in the context of the observability prop-
erties of the motor model (Canudas et al, 2000), (Ibarra–
Rojas et al, 2004). Thus, the current knowledge achieved
about this topic allows for recognizing theimpossibility for
solving it in a global waydue to the presence of several
unavoidableobstacles like the existence of indistinguishable
trajectories, i.e. pairs of different state trajectories with the
same input/output behavior.

In order to deal with the complexity for designing sensor-
less controllers there have been some efforts in proposing a
solution from a pure observer design perspective (Besancon
et al, 2003), (Moreno and Espinosa, 2006) and from the

viewpoint of designing, in an embedded way, the speed
observer into the controller design (Marino et al, 2005). As
expected the usefulness of these results is restricted to the
ability for estimating the speed and rotor variables only for
observable trajectories, leading to the fact that the stability
properties are guaranteed only locally.

Another approach that has been followed is based on
the possibility of having globally defined observability
properties of the IM model assuming measurability of rotor
variables (Ibarra, 2005). The objective in this case is to
design globally defined controllers to later on substitute the
unmeasurable rotor variables by some estimates obtained
from open–loop observers. Evidently, the main limitation
of these controllers comes from the lack of robustness
that appears from the use of open–loop estimation schemes
(Feemster et al, 2001), (Marino et al, 2004), (Montanari et
al, 2004).

In spite of the important advances achieved in solving the
sensorless control problem of IM, the main purpose of this
paper is to contribute for improving the dynamic behavior
of this kind of schemes. In this sense, the problem is viewed
from a perspective that has not been considered in previous
results, namely, the establishment of structural properties
of the closed–loop system that allows for dealing with the
observer–based controller design in a systematic way. The
rational behind this approach is to consider that exploiting
generic stability properties of the system composed by the
plant and the control law would lead to observer designs
that can be carried out first in a simpler way but, more
important, in such a way that the desired dynamic response
improvement would be achieved.

Regarding the aforementioned structural properties, the
main contribution of this paper is to prove that the sensorless
version, i.e. without measuring neither rotor variables nor
motor speed and assuming unknown load torque, of the
passivity–based control (PBC) reported in (Espinosa–Perez
and Ortega, 1995) defines a mapping from the observation
error (given as the difference between the actual and the
estimated values of the unmeasurable variables) to the
control error (defined as the difference between the actual
and the desired behavior for the motor state) that is Input
to State Stable (ISS).
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The importance of establishing the ISS property comes
from the well–known fact (Angeli et al, 2004) that for
systems that enjoy it is possible to state (in a relatively
simple way) a separation principle to prove the stability of a
closed–loop system composed by the plant and an observer–
based controller. Hence, the contribution of this paper is the
establishment of a Separation Principle for passivity–based
sensorless controlled induction motors.

It is important to notice that, as expected, the limitations
imposed by the lack of global observability of the sensorless
induction motor model are not removed by the establish-
ment of the ISS property. Thus, the usefulness of the control
scheme still depends on the observer performance, since
the control error will tend to zero only if the observation
error tends to zero, condition that depends in its turn on the
operation regime considered for the machine. However, it
must also noticed, on the other hand, that the ISS property
indeed states that no matter how the sensorless observer is
designed, stability for the closed–loop system is guaranteed.
In this sense, a second contribution of the paper is the
numerical evaluation of the mentioned above PBC oper-
ating with a recently reported sensorless observer (Moreno
and Espinosa, 2006) that guarantees convergence to zero
of the observation error for distinguishable trajectories
while boundedness of this error when the motor operation
generates undistinguishable trajectories. The performance
exhibited by the motor under these conditions is remarkable,
in spite of the fact that the evaluation considers reference
speed trajectories that includes crossing zero operation.

The paper is organized as follows: The induction motor
model considered for the analysis is presented in Section
II. The sensorless PBC is developed in Section III where
the ISS of the error dynamics is also presented. Section
IV is devoted to quickly present the considered sensorless
observer while the results obtained from the numerical
evaluation are included in Section V. Some concluding
remarks are presented in Section VI.

II. I NDUCTION MOTOR MODEL

In order to develop the proposed sensorless controller, in
this paper it is considered the standard2φ equivalent model
of the unsaturated IM given by (Meisel, 1966)

Dẋ + C(x)x +Rx = Q (1)

with xT =
[
iT , ψT , ω

]
, D = diag {LrσI2, I2, LrJ}

C(x) =




0 0 npMJψ
0 −npωJ 0

−npMψTJ T 0 0


 (2)

R =




LrσγI2 −β3I2 0
−β3I2 β1I2 0

0 0 LrB


 ; Q =




Lru
0

−LrTL




(3)
where iT = [ia, ib] ∈ R2 are the stator currents,ψT =
[ψa, ψb] ∈ R2 are the rotor fluxes,ω ∈ R is the rotor

speed,uT = [ua, ub] ∈ R2 are the stator (control) voltages
andTL is the (externally applied) load torque.

The (all positive) motor parameters are

β1 =
Rr

Lr
; β3 =

RrM

Lr

σ =
LsLr −M2

Lr
; γ =

M2Rr + L2
rRs

σL2
r

with Ls, Lr the stator and rotor inductances,M the mutual
inductance,Rs, Rr the stator and rotor resistances,J the
rotor inertia, B the rotor friction coefficient andnp the
number of pole pairs.

The matricesJ ∈ R2×2, I ∈ R2×2 are given by

J =
[

0 −1
1 0

]
= −J T , I =

[
1 0
0 1

]

Under sensorless operation, the only available for mea-
surement variables are the stator currentsi and the control
voltagesu, i.e. the controller design must be carried out by
assuming that the rotor fluxesψ and the motor speedω can
not be measured. In addition, the external disturbance given
by the load torqueTL is unknown.
Remark 1.Dealing with unknownTL of general shape is a
hard topic. As will be clear latter, the controller proposed
in this paper will be able only to deal with unknown but
constant load torque.

III. SENSORLESSPBC DESIGN

In this section the sensorless version of the PBC reported
in (Espinosa–Perez and Ortega, 1995) is developed to
later on establish the ISS properties of the error dynamics
obtained as a result of this design. Although the followed
methodology is the same as the presented in (Espinosa–
Perez and Ortega, 1995), for the sake of clarity the complete
design is included.

Define thecontrol error as the difference between the
actual and the desired state

e = x− xd =




es

er

eω


 ; xd =




id
ψd

ωd




with xd the desired behavior for the motor state. In terms
of these variables the IM model (1) can be written as

Dė + C(x)e +Re = Φ (4)

with
Φ = Q− {Dẋd + C(x)xd +Rxd} (5)

For classical PBC, the purpose of the design is to exploit
the passivity properties of the error dynamics (4) by defining
the control law in such a way thatΦ = −Ke. This implies
that the error dynamics takes the form

Dė + C(x)e + [R+K] e = 0 (6)

Thus, by applying standard stability arguments, it can be
shown that

ĺım
t→∞

e(t) = 0
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whenever[R+K] became a symmetric positive definite
matrix.

For sensorless design, the classical PBC can not be longer
applied since equality (6) is not satisfied. In the next propo-
sition it is presented the structure of the error dynamics that
is obtained when rotor and mechanical variables are not
measurable.

Proposicíon 1: Consider the induction motor model (1).
Assume that
A.1 The only available variables are stator currentsi and

stator voltagesu.
A.2 The load torqueTL is an unknown disturbance.
A.3 The motor parameters are known.
Define the control law as

u = σ
did
dt

+
npM

Lr
J ψ̂ωd + σγid − β3

Lr
ψd − k1

Lr
es (7)

where ψ̂ is the estimate of the rotor fluxesψ while the
desired dynamic behavior for the rotor fluxes satisfies

ψ̇d =
[
npω̂ +

Rr

npβ2
Td

]
Jψd; ψd(0) =

[
β
0

]
(8)

with β = ‖ψd‖ the norm of the desired rotor flux vector.
The desired stator currents are such that

id = β−1
3

[
Rr

npβ2
TdJψd + β1ψd

]
(9)

and the desired generated torque is given by

Td = Jω̇d + Bωd + T̂L − k2(ω̂ − ωd) (10)

with ω̂ and T̂L estimates for the motor speed and the load
torque, respectively.

Under these conditions the error dynamics (4) can be
written as

Dė + C(x)e + R̄e = Mx̃ (11)

with

R̄ =




(Lrσγ + k1)I2 −β3I2 0
−β3I2 β1I2 0

0 −npMiTd J LrB + k2




(12)
and

M =




npMJωd 0 0
0 −npJψd 0
0 −k2 Lr


 ; x̃ =




ψ̃
ω̃

T̃L




Demostracíon: The first two rows of (5) are given by

Φ1 = Lru−
{

Lrσ
did
dt

+ npMJψωd + Lrσγid − β3ψd

}

(13)
which under the definition of the control law (7) takes de
form

Φ1 = npMJ ψ̃ωd − k1es (14)

Regarding the second two rows of (5), they are given by

Φ2 = −{ψ̇d − npωJψd − β3id + β1ψd} (15)

which in terms of the observation error for the rotor speed
ω̃ = ω̂ − ω can be written as

Φ2 = −{ψ̇d − np(ω̂ − ω̃)Jψd − β3id + β1ψd}
Thus, if the dynamic desired behavior for the rotor fluxes

is defined as (8) considering

Td = −np
M

Lr
ψT

d J id

then equation (15) takes the form

Φ2 = −{ Rr

npβ2
TdJψd + npω̃Jψd − β3id + β1ψd}

Hence, substitution of the desired stator currents expres-
sion (9) leads to

Φ2 = −npeωJψd (16)

Finally, the fifth row of equation (5) is given by

Φ3 = −LrTL −
{
LrJω̇d − npMψTJ T id + LrBωd

}
(17)

which, by considering thater = ψ − ψd, can be written as

Φ3 = −Lr

{
TL + Jω̇d − Td − np

M

Lr
eT
r J T id + Bωd

}

If (10) is considered, then equation (17) becomes

Φ3 = −Lr

{
−T̃L − np

M

Lr
eT
r J T id + k2(ω̂ − ωd)

}
(18)

Noting thatω̃ = ω̂−ω equation (18) can be finally written
as

Φ3 = LrT̃L + npMiTd J T er − k2ω̃ − k2eω (19)

The proof is completed by noting that substitution of (14),
(16) and (19) into equation (4) gives as a result expression
(11).

The main result of the paper, i.e. the establishment of
ISS properties for the error equation (11), is presented in
the next

Proposicíon 2: Consider the induction motor model (1)
in closed loop with the output feedback sensorless controller
(7), (8), (9), (10). If the controller gains satisfy

k1 >
β2
3

β1

k2 >
n2

pM2

4Lrβ1

[
1 + β2

3
β1(Lrσγ+k1)

]
‖id‖2

then, the error dynamics (11) defines an input to state stable
mapping considering̃x as input ande as state.

Demostracíon: Consider the positive definite function

V =
1
2
eTDe

whose time derivative along the trajectories of (11) is given
by

V̇ = −eT R̄se + eTMx̃ (20)
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whereR̄s is the symmetric part of matrix̄R given in (12).
Noting that if the conditions imposed over the controller

gainsk1 andk2 are satisfiedR̄s becomes, by a straightfor-
ward application of the Schur complement, positive definite,
then it can be proved that̃x = 0 implies thate = 0 is
globally exponentially stable since

V̇ = −eT R̄se < 0

On the other hand, if̃x 6= 0 then equation (20) can be
equivalently written as

V̇ = −(1− θ)eT R̄se− θeT R̄se + eTMx̃

with θ a positive constant which belongs to the set(0, 1).
Thus

V̇ ≤ −(1− θ)eT R̄se

for all

‖e‖ ≥ ‖M‖
θλmin(R̄s)

‖x̃‖

proving that the mapΣ : x̃ → e is input to state stable.

The following remarks about the presented result are in
order:
Remark 2.The importance of the obtained ISS property of
the error dynamics (11) can hardly be overestimated. This
result states that no matter how the observer for obtainingx̃
is designed, convergence of this error to zero guarantees that
the control errore will also tend to zero, i.e. a separation
principle for the proposed PBC has been established.
Remark 3.Evidently, although strong, the presented ISS
property does not remove the limitations imposed by the
lack of globally defined observability properties of the in-
duction motor model (1). However an interesting feature of
ISS is related with the fact that if the input is bounded then
the state will be also bounded. This characteristic will be
exploited in the design of the controller evaluated in Section
V by considering a recently reported observer, introduced
in the next section, that guarantees bounded observation
errors when the motor operates under undistinguishable
trajectories.

IV. SENSORLESSOBSERVER

The study of the observability properties of the induc-
tion motor model (1) is a topic that has been recently
developed in a detailed way (Ibarra, 2005). As a result,
it is currently know that this machine, under sensorless
operation, exhibits pairs of plant’s trajectories that are in-
distinguishable, i.e. pairs of different state trajectories with
the same input/output behavior. In fact, it has been shown
in (Ibarra–Rojas et al, 2004) that the IM indistinguishable
trajectories are not convergent, so that this machine is
neither observable nor detectable foreverytrajectory.

The situation described above represents an obstacle to
the existence of (global) observers, since no observer can
converge for every plant’s trajectory. Indeed, convergence
of any observer could be guaranteed only for a subset of

the plant’s trajectories that excludes the diverging indistin-
guishable ones.

Although several observer structures can be found in
the literature for dealing with the limitations imposed by
the aforementioned lack of observability, in (Moreno and
Espinosa, 2006) it is presented a study developed to identify
the properties of an observer whose structure is given by
a copy of the plant corrected with an output injection
to stabilize the error dynamics. Interestingly enough, the
analysis is carried out by exploiting – again – the passivity
properties of the motor model.

The observer described above is presented in the next
proposition since it will be used in Section V to illustrate
how the ISS properties of the Sensorless PBC can be
exploited to ensemble this controller with a given ob-
server. The interested reader is referred to (Moreno and
Espinosa, 2006) for a detailed analysis of its convergence
properties.

Proposicíon 3: Consider the IM model (1). Assume
O.1 The only measurable signals are(i, u).
O.2 The load torque is constant but unknown.
O.3 All parameters are known andB > 0.

Under these conditions, the sensorless observer defined
by

dı̂

dt
= β

[
(aI+npω̂J) ψ̂ − (Ma + b) i + cu

]
−Ki (̂ı− i) ,

·
ω̂ = −B

J
ω̂ + αψ̂T Ji− T̂L

J
−Kω (̂ı− i) , (21)

·
ψ̂ = − (aI+npω̂J) ψ̂ + Mai−Kψ (̂ı− i) ,
·
T̂L = −KT (̂ı− i) ,

with output injection gains given as

Ki=kiI; ki ≥ 0

Kω=
α

β
iTJ + k

[
npβ

(
1 + gT (t) g (t)

)
ψ̂TJ T +

− gT
1 (t)

(
aI + npω̂J T

)]
,

Kz = k
(
−npβg1 (t) ψ̂TJ T + aJ + npω̂J T

)
,

KT = −knpβg2 (t) ψ̂TJ T .

where

g (t) =
[

g1 (t)
g2 (t)

]

= exp
(
−B

J
t

) ∫ t

0

exp
(

B

J
τ

)[ α
βJ T i (τ)

1
J

]
dτ

and

a = β1; β =
β3

σRr
; α =

npβ3

JRr
; b =

RrRs

β3
; c =

Rr

β3

satisfies:
1. For every pair(r, ε), such thatr > ε > 0, and

any trajectory of the plant with bounded state, if
the initial estimation error belongs to the setCr =
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{
|ω̃| ≤ r ,

∥∥∥ψ̃ − βĩ
∥∥∥ ≤ r

}
, bounded iñω andψ̃−βĩ,

it will converge to the compact setCε =
{∥∥ĩ

∥∥ ≤ ε
}∩

Cr, and will stay there for all future times.
2. If the trajectory is distinguishable the observation

error is finally and uniformly bounded.
3. Moreover, if the distinguishable trajectory is far

enough from an indistinguishable one, the observation
error converges uniformly and asymptotically.

In the next section the presented observer will be nu-
merically evaluated operating in closed–loop with the PBC
developed in Section III.

V. SIMULATION RESULTS

The usefulness of the proposed controller was validated
via numerical simulations. To this end, there were con-
sidered the following motor parameters:Lr = 0,076 H,
Ls = 0,142 H, Rr = 0,93 Ω, Rs = 1,633 Ω, M = 0,099
H, np = 2, J = 0,029 Kg m2, f = 0,13 s−1. Theunknown
Load Torque applied was constant of valueTL = 5 Nm.

Regarding the controller structure, the speed reference
was set toωd(t) = 300 sin(0,25t) with a desired value
for the rotor flux norm equal toβ = 0,8Wb. This kind
of reference establishes a challenge for the control scheme
since it starts in a well-known unobservable trajectory, i.e
zero motor speed. The experiment is further complicated by
considering that the motor is at standstill at the beginning,
condition that implies that the initial motor speed indeed
corresponds with this unobservable trajectory.

Regarding the observer information, the considered initial
values were:̂ω(0) = 50rpm for the estimated motor speed,
ψ̂(0) = 0,09Wb for the estimated rotor fluxes and̂i(0) =
1A for the estimated stator currents. The observer gains
were set toki = 1000 andk = 20.

Under the conditions described above, in Figure 1 the
motor speed response is presented. In this picture three
important elements must be noticed. First, how the transient
response due to uncertainty in the motor variables is quickly
compensated. Second, that the control error is very small,
and, third, that even that the reference trajectory crosses the
zero level, the control objective is still achieved.
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Figura 1. Motor speed response.

In order to illustrate the internal stability properties and,
at the same time, the fact that the controller does not
demand stringent requirements for its operation, in Figure
2 the rotor fluxes are presented while the stator currents
are shown in Figure 3. The control signals are depicted
in Figure 4. Notice that besides their boundedness, the
maximum values that they reach correspond to a physical
achievable operation.
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Figura 2. Rotor fluxes response.
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Figura 3. Stator currents response.

Finally, to illustrate the observer performance, in Figure
5, Figure 6 and Figure 7 the observation errors for the
rotor fluxes, stator currents and load torque, respectively, are
presented. From these figures, it is clear how the the actual
value for the motor variables is achieved very quickly.

VI. CONCLUDING REMARKS

In this paper a separation principle for a passivity–
based sensorless controller for induction motors has been
established. This contribution was obtained by finding some
Input–to–State Stability properties of the error dynamics
that results from the closed–loop composed by the induction
motor and the controller. The importance of this result lies
in the fact that the separation principle is valid for every
sensorless observer, although convergence of the control
error still depends on the observer performance. The advan-
tage of having this property was exploited to numerically
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Figura 4. Stator voltages response.
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Figura 5. Rotor fluxes observation error response.

evaluate a semiglobal sensorless observer operating together
with the proposed passivity–based controller. Remarkable
performances were obtained even in the presence of zero
crossing speed references.
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