
Metric Complexity for the Problem of Rolling Bodies
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Abstract— We consider in this paper the metric complexity for
non-admissible trajectories of a non linear control systems result-
ing from rolling two bodies without slipping and twisting. This
study is relevant when considering the motion planning problem
for non-holonomic systems including rolling mechanisms.

I. I NTRODUCTION

The problem of two bodies rolling without slipping and
twisting can be formulated as a nonlinear control system affine
in the control parameters, in a five dimensional manifold. Such
a model allows to set the motion planning problem and its
corresponding complexity, both depending, of course, on the
topology and the metric defined on the underlying manifold.

The problem of rolling without slipping and twisting has
been tackled under different approaches in the control theory
literature. R.W. Brockett and L. Dai [1] include the problem as
part of a hierarchy of non-holonomic dynamical system, ob-
tained through nilpotent approximations of non-linear driftless
control systems. The structure theory of low dimensional Lie
algebras together with optimal control techniques are applied
by V. Jurdjevic in [2], for describing trajectories for the so
called plate-and-ball problem. The Gaussian curvature of the
rolling bodies as well as integrability of the adjoint system is
used by A. Agrachev and Y. Sachkov in [3] for studying con-
trollability aspects of the problem. More recently A. Marigo
and A. Bichi [4], have studied reachability and controllability
for regular rigid surfaces, including some planning algorithms.
A. Bichi et al. have introduced in [5] the notion of discrete
non-holonomy for the case of rolling polyhedra having in
mind planning algorithms for dexterous end-effectors. A more
theoretical point of view is adopted by K. Hüpper and F. Silva-
Leite in [6] for tackling the problem in arbitrary dimensions
using interpolation techniques.

The motion planning and its complexity as computational
geometric problems, find their algorithmic foundations in the
so-calledpiano movers problem, exhaustively studied by J.T.
Schwartz and M. Sharir in [14], [15], [16], [17] and [18].

In the control theory formalism, the motion planning prob-
lem is formulated through a controllable control system, to-
gether with an arbitrary non-admissible but feasible (collision-
free) trajectory, determined, for instance, by computational
geometric methods. The motion planning reduces then to the
design of control strategies approximating the reference curve
by means of admissible curves within appropriate tubular
neighborhoods. The complexity of the motion planning prob-
lem consists then, in finding numerical estimations for the
approximation, such estimations rely, as pointed out before,
on the topological and metric nature of the state manifold.

These two problems have been recently studied within the
framework of the geometric nonlinear control theory and the
non-singular differential geometry by F. Jean [7], C. Romero-
Meléndez et al. [8] and J.P Gauthier and V. Zakalyukin [9].

We discuss in this paper the motion planning and its com-
plexity for the rolling without slipping and twisting problem.
We adopt the framework of geometric control theory and the
notion of metric complexity introduced by F. Jean and C.
Romero-Meĺendez et al., in the aforementioned references.

Apart from this introduction the paper contains four sec-
tions, in section II we set the main definitions of motion
planning for driftless affine in controls nonlinear control
systems and provide the main results on the metric complexity.
In section III we write the control system modeling the rolling
without slipping and twisting of two bodies, and specialize
for that system, our approach of motion planning and metric
complexity. In section IV we present numerical simulation
for the so-called plate-and-ball problem, in particular we
approximate non-admissible curves by means of Euler elasticæ
which are known to be the general solutions. In section V we
present conclusions and future work

II. M ETRIC COMPLEXITY

Let N be a smooth, connected, multiply connected mani-
fold, and let

δ = {X1, . . . , Xm}, m < dim N

be a collection of smooth vector fields onN , it is customary
to call δ ⊂ TN , a distribution.

An absolutely continuous curvet 7→ q(t) is said to be
δ−admissible, or simply admissible, iḟq(t) ∈ δ(q(t)), a.e.,
which is equivalent to the existence of a family{u1, . . . , um}
of measurable and bounded real valuated functions, satisfying

q̇ = u1X1(q) + · · ·+ umXm(q). (1)

almost everywhere. Equation (1) determines a drifless control
system onN with admissible controlsui. This system is said
to be controllable, if any two points inN can be connected
by an admissible path.

For Xν , Xµ ∈ δ, [Xν , Xµ], denotes the Lie bracket and
[δ, δ], denotes the family of all possible Lie brackets among the
elements ofδ, similarly the iterated Lie brackets are defined

[δ, δ], [δ, [δ, δ]], [δ, [δ, [δ, δ]]], . . .

The distributionδ is said to be bracket generating, if for
eachq ∈ N the vector space spanned byδ(q) together with
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the evaluation atq of the iterations of the Lie brackets, denoted
L(δ(q)), span the full tangent spaceTqN .

Definition 2.1: The system (1) isstrongly accesible fromq0
if the reachable set fromq0 ∈ N at timeT , R(q0, T ), contain
a nonempty open set for anyT sufficiently small.
The following result is well known, see for instance [10].

Theorem 2.1:The system (1) is strongly accesible fromq0
if and only if δ is bracket generating inq0.

A. Metric structure ofN

For the remaining of the paper we shall assume thatδ is
bracket generating. A smooth varying inner productq 7→ 〈·, ·〉q
is defined on each vector spaceδ(q) by declaring the set
{X1(q), . . . , Xm(q)} orthonormal. The length of admissible
trajectoriest 7→ q(t), is defined as follows

`(q) =
∫ √

〈q̇(t), q̇(t)〉q dt

=
∫ √

u2
1 + · · ·+ u2

m dt.

The manifoldN is a metric space by defining the distance
d(a, b) between two pointsa, b ∈ N as theinf{`(q)}, taken
among all admissible curvesq(t) connectinga with b.

B. Metric complexity for the motion planning problem

A smooth curvet 7→ α(t), is said to be transversal toδ if
for all t, one has thaṫα(t) 6= 0, and the set

{α̇(t), X1(α(t)), . . . , Xm(α(t))},

spans the full tangent spaceTα(t)N .
Definition 2.2: A motion planning problem onN is a pair

(δ, α) whereδ is a bracket generating distribution andα is a
smooth curve transversal toδ.

Let σ = (δ, α) be a motion planning problem onN , and
let ε > 0 be small number, a tubular neighborhood forα is
defined as follows

Tε = {a ∈ N | d(a, α) ≤ ε}.

An admissible curvet 7→ q(t) is said to beε−approximating
to α, if it has the same initial and terminal points thanα and
is completely contained in the tubeTε.

Definition 2.3: For a givenε > 0, the metric complexity of
the motion planning problemσ = (δ, α) is

µσ(ε) =
1
ε

inf{`(q)}

where the infimum is taken among all smooth curvest 7→ q(t)
that areε− approximating toα.

Fig. 1. Rolling two bodies

III. M ODELING THE ROLLING

Let B1 andB2 two solid bodies in the 3-dimensional space
that roll each other without slipping and twisting, we assume
that the contact is always a point, see figure 1. We can consider
B1 andB2 as 2-dimensional simply connected sub manifolds
immersed inR3. It is clear that the rolling is completely
described by the evolution of the contact point, that is, by
two smooth paths

t 7→ q1(t) and t 7→ q2(t),

immersed inB1 andB2 respectively, together with an isometry

I : Tq1(t)B1 → Tq2(t)B2.

The state manifold of the problem is then a five dimensional
manifoldN , the non-slipping condition is given byI(q̇1(t)) =
q̇2(t), whereas the non-twisting implies thatI(~v) is parallel
provided~v is parallel.

Let t 7→ µ(t) = (q1, q2, I) ∈ N be an admissible motion for
the rolling bodies. If{e1, e2} and{f1, f2} denote orthonormal
frames for the tangent spacesTq1(t)B1 andTq2(t)B2 respec-
tively , satisfying the structure equations

[e1, e2] = α1e1 + α2e2,

[f1, f2] = β1f1 + β2f2,

andθ denotes the angle among the frames{I(e1), I(e2)} and
{f1, f2} then t 7→ µ(t) turns out to be an admissible curve
for the distributionδ = {X1, X2}, with

X1 = e1 + cos θf1 + sin θf2 + γ1∂θ,

X2 = e2 − sin θf1 + cos θf2 + γ2∂θ,

and
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γ1 = −α1 + β1 cos θ + β2 sin θ,
γ2 = −α2 − β1 sin θ + β2 cos θ,

for details see [3]. Let us recall that the Gaussian curvature
K of B1 is

K(e1, e2) = 〈e1, e1〉〈e2, e2〉 − 〈e1, e2〉2

It is known that if B1 and B2 have different Gaussian
curvatures thenδ is bracket generating, that is,

Lδ(q) = {e1, e2, f1, f2, ∂θ} = TqN .

Under this hypothesis the motion planning problem and its
complexity is well posed for the rolling without slipping and
twisting.

A. Admissible Trajectories

In order to write explicit expressions for admissible trajec-
tories, we consider what is called in the literature a nilpotent
approximation of the distributionδ, see for instance the book
by R. Montgomery [11]. It is shown that a local coordinate
system forN can be chosen in such a way thatδ is equivalent
to a distribution∆ = {Y1, Y2} such that the only non-zero
Lie brackets are the followingY3 = [Y1, Y2], Y4 = [Y1, Y3]
andY5 = [Y2, Y3], that is, the Lie algebra generated by∆ is
nilpotent.

As explained before an inner product can be defined at
each plane∆(q), in such a way that the motion planning
problem and its complexity are well defined. Furthermore we
can use the Pontryagin Maximum Principle and the associated
Hamiltonian formalism for finding explicit expressions for
energy-minimizing admissible curves for the distribution∆.

Let hi denote the Hamiltonian (momentum function) as-
sociated to the vector fieldYi, a dual nilpotent Lie algebra
is defined by means of the only non-zero Poisson brackets:
h3 = {h1, h2}, h4 = {h1, h3} and h5 = {h2, h3}. Geodesic
paths are then projections of solution of Hamilton’s equations
corresponding to the Hamiltonian

H(u1,u2) =
λ

2
[
u2

1 + u2
2

]
+ u1h1 + u2h2

for details see [2]. We consider here only the caseλ = 1, (the
so-called normal extrema). Optimal controls along extremal
curves are readily given byui = hi, and a normalization of
the cost function allows to introduce polar coordinates to write
u1 = cosψ, u2 = sinψ. Evidently

ḣ4 = {h4,H} = 0 and ḣ5 = {h5,H} = 0,

and straightforward calculation yields

ψ̇ = h3 and ḣ3 = h4 cosψ − h5 sinψ.

The radiusR2 = h2
4 + h2

5 allows the introduction of the
phaseξ throughh4 = R cos ξ andh5 = R sin ξ, to obtain

Fig. 2. A Rolling ball on a plane

ψ̈ +R sin(ψ − ξ) = 0

equation that can be integrated by means of elliptic functions.
In this manner we obtain a family of admissible trajectories
to estimate the complexity

IV. N UMERICAL EXPERIMENTS

To perform some numerical experiments we consider here
the case whenB1 is a plane, andB2 is a sphere, see figure 2.
In the classical mechanics literature this is a very well known
non-holonomic system, that has been introduced in the control
theory framework by R.W. Brockett and L. Dai in [1] and by
V. Jurdjevic in [2], the rolling without slipping and twisting
is obtained by means of a parallel plate, that clearly suggests
the action of a pair of dexterous fingers.

It consist again, of a system in the 5-dimensional manifold
R2 × SO3 (Lie group), an elementg = (x, y,R) represents
the evolution of the center of the sphere(x, y) ,together with a
rotationR describing the evolution of an orthonormal moving
frame attached to the center.

As customaryṘ = r × ω, whereω = (ω1, ω2, ω3) is the
angular velocity always perpendicular to the path traced by
the center, by writingẋ = u1, ẏ = u2 and ω = (u1, u2, 0)
one has that admissible motions of the sphere are precisely
admissible curves for the control system

q̇ = u1X1(g) + u2X2(g)

whereX1 = E1 − A23, X2 = E2 + A12 andEi is the left
invariant vector field whose value at the group identity is
(~ei, 0) whereasAij is the left invariant vector field whose
value at the group identity is

(0, (−1)i+j [~ei ⊗ ~ej − ~ej ⊗ ~ei])

As before, explicit expressions for(x, y) can be written in
terms of elliptic functions. For the purpose of the numerical
experiment we chose a fixed cycloidC as the reference curve,
we perform a numerical approximate forε → 0. By using
the family of admissible inflectional elasticæE explicitly as
follows written:
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Fig. 3. Some type of inflectional elasticæE

Fig. 4. Some type of inflectional elasticæE

E(s) =
L

a
[2(E(as+ b,m)− E(b,m))− as

∓i2(cn(as+ b,m)− cn(b,m))],

wherea, b are constant real numbers,E(x,m) is the elliptic
integral of the second kind, andm ∈ [0, 1], L are the
modulus and the length of the Jacobi elliptic functioncn[x,m],
respectively. For details see [13]. We partitioned the interval of
parametrization ofC and calculated concatenations of different
Ek arcs of E , satisfyingE ⊂ Tε(C). The following table
summarizers the results of the numerical complexity, we
include the number of the elastic arcs of the approximation
for eachε.

ε # of pieces l(E)
0.4 14 0.894
0.3 21 0.9567
0.3 23 1.26
0.2 29 2.03
0.1 35 2.28

V. CONCLUSION AND FUTURE WORK

We have presented the problem of rolling without slipping
and twisting under the perspective of the motion planning
problem and its metric complexity. Under appropriate geomet-
ric conditions on the rolling bodies, the full rank condition is
guaranteed and so the strong accesibility of the system. For
the particular case of a sphere rolling on a plane, numerical
experiments we carried out, estimating the approximation
of a non-admissible curve by means of Euler elasticæ. A
future research has to contemplate some other cases of bodies
with non symmetric geometries. A comparative study with
others definitions of complexity has to be done including
the searching of a Kolmogorov complexity function. The
theoretical results have to be validated with models of links

Fig. 5. An elastic curve approximated forε

of robots such as ball-and-socket as well as motion planning
for dexterous end-effectors.
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