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ABSTRACT This contribution deals with the
optimization of the chaos suppression via the robust
(low-parametrized) adaptive feedback. The robust
adaptive feedback (RAF) has been proved to be ca-
pable of inducing the chaos suppression in face to
uncertainties and exogenous disturbances. In this
contribution the RAF scheme is accomplished with
an optimal tuning scheme based on Riccatti equa-
tions. Thus a finite horizon can be arbitrarily es-
tablished by ensuring that the chaos suppression is
achieved at an established time. This scheme allows
to account the energy wasted by the controller and
the closed-loop performance on suppression. Ex-
perimental results show the performance of the pro-
posed scheme.

1 Introduction

The studies on the control of chaotic systems are
still interesting from several fields like physics,
chemistry, electronics, biology, and economy. Par-
ticularly, solutions on the chaos suppression prob-
lem exhibit an important advance; i.e., the most
problems have approaches to solutions (see the re-
views [2] and references there in). As matter of fact,
among others, diverse works have been published in
the last decade to deal with stabilization and robust
stabilization [2]. Some of these works exploit the
geometric control theory to obtain a linear (closed-
loop) system [4, 6, 10]; then standard methods of
linear control can be applied on the closed-loop con-
figuration to ensure stability. If the chaotic system
is not fully linearizable, a powerful way to tackle
the problem is the definition of the canonical form
obtained by Lie-based derivative operator [6, 11].

Nevertheless, two current questions are still open
from the chaos suppression problem. The former
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is about how to set an arbitrary time in which the
stabilization of system be successfully done. The
latter concerns to the estimation (and possibly re-
duction) of the the control effort wasted during the
execution of controller. On this point, a research
direction has been recently consolidated. Firstly,
Femat et al. [6, 7] have proposed an approach with
low-parameterization structrure [8, 13]. After that,
Bowong and Kakmeni [4] have reported a scheme
for the computation of the duration time depart-
ing from the robust asymptotic feedback (RAF).
However a drawback is that the control effort has
not been accounted yet. That is, in seeking opti-
mization of the duration time in chaos suppression,
the control energy demanded by the optimization
feedback can be larger than the available energy
by the physical actuator. The present contribution
addresses the optimization by accounting the con-
trol effort departing from the scheme in [4, 6]. An
additional advantage on the previous optimization
schemes is that simpler Riccatti equations are used
to solve the optimization problem. The results show
that the control effort can be accounted under some
conditions to set the time of convergence. Exper-
imental implementation shows that the proposed
optimal algorithm permits the chaos suppression
at the arbitrarily established time by accounting
the control effort. In addition the implementation
shows that suppression is reached despite satura-
tion. The rest of the text is organized as follows.
The problem formulation is presented in next sec-
tion. In section 3 the optimal-robust controller is
constructed. Section 4 is devoted to tackle the sub-
optimal problem under the estimation of the un-
measured states and accounting the energy wasted
by the RAF. The Section 5 shows the performance
of the controller by numerical experiments and the
behavior of a real-time experiments. Finally, the
Section 6 contains the concluding remarks.
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2 Problem Formulation

In general, the most of the continuous-time chaotic
systems can be written in the affine form ˙̃x =
f(x̃) +

∑

i gi(x̃)ui where x̃ ∈ Rn, yi, ui ∈ R for
i = 1, 2, ...,m. The underlying idea is to find the
functions ui = u(x̃) such that desired dynamical be-
havior is induced into the solution x̃(t) ∈ Rn ×R+.
Then, from the Lie-based approach, one can find
the transformation (x, ν) = Φ(x̃),Φ : Rn → Rn

such that the affine form of the chaotic system takes
a canonical form [6, 10, 11]. Without loss of gen-
erality, such a kind of systems can be assumed to
have m = 1 (i.e., a single input and a single out-
put). Thus, the chaotic system in affine form can
be written in the following canonical form:

ẋi = xi+1, i = 1, 2, ..., p− 1,
ẋp = ς(x, υ) + γ(x, υ)u,
υ̇ = ξ(x, υ),
y = x1

(1)

where x ∈ Rp, υ ∈ Rn−p, u ∈ R and y ∈ R are
the state variables, unobservable variables, system
input and output, respectively. ς(x, υ) and γ(x, υ)
are unknown nonlinear smooth functions. It should
be noted that the chaos in (1) can be suppressed if
(i) the uncontrollable dynamics υ̇ = ξ(x, υ) is stable
or (ii) the dimension of the controllable subsystem
ẋi = xi+1, ẋ = ς(x, υ) + γ(x, υ)u is equal to n [10].
The aim of finding the function u ∈ R to suppress
chaos in system (2) has been successfully addressed
even for robust approaches [2]. Currently, the ob-
jective is to design a robust feedback controller for
the system (1) such that the chaos is suppressed by
accounting optimal objective in a finite time.

In what follows, the functions ς(x, υ) and γ(x, υ)
are assumed to be uncertain, which implies they
are not available for chaos suppression. In addi-
tion, the following assumptions have been proposed
in [6, 7, 8] to design the RAF and taken in [4] to
approach the optimal control problem. Here, these
assumptions on the system (1) are taken in seek of
completeness:

Assumption 1. Only the system output y = x1
is available for feedback, and only a scalar func-
tion is available to act into the system (1).
That is, y, u ∈ R.

Assumption 2. γ(x, υ) is an injective function,
bounded away from zero.

Assumption 3. There exists a scalar func-
tion γ̂(x) available for feedback such that
sgn[γ̂(x)] = sgn[γ(x, υ)] at any (x, υ) ∈ U 0 ⊂
Rn of (x0, υ0) where the map Φ : Rn →

Rn, x̃ 7→ (x, υ) is well posed, where sgn(·)
stands for the sign function. In addition, the
sgn[γ(x, υ)] is known.

Assumption 4. The system (1) is minimum
phase.

Following the idea in [6, 7, 8], the system (1) can
be written in extended form by defining δ(x, υ) =
γ(x, υ) − γ̂(x), Θ(x, υ, u) = ς(x, υ) + δ(x, υ)u, and
η = Θ(x, υ, u). Thus the system (1) takes the form

ẋi = xi+1, i = 1, 2, ..., p− 1,
ẋp = η + γ̂(x)u,
η̇ = Ξ(x, η, υ, u, u̇)
υ̇ = ξ(x, υ),
y = x1

(2)

where Ξ(·) =
∑ρ−1

i=1
∂Θ(·)
∂xi

xi+1 +
∂Θ(·)
∂xρ

(η + γ̂(x)u) +
∑n

i=ρ+1
∂Θ(·)
∂υi

ξi+δ(x, υ)u̇. The scalar function u can
be designed from the system (2). This fact can be
proved because the system (2) is dynamically exter-
nally equivalent to system (1); see [10, 13]. In what
follows, the problem of designing u is addressed in
such a manner that energy wasted by the feedback
is accounted.

Towards the optimization, the first step in our ap-
proach is to consider the transitive of states. To this
end, the following quadratic criterion is defined by
quantifying the transient trajectory of the desired
reference [5]

J(x, u) = x(t)ᵀQfx(t) +

∫ T

t0

x(t)ᵀQx(t)dt (3)

where t0 ≥ 0 is the time which control starts and
T > t0 is the time when the system (2) achieves
the desired trajectory (y = 0); Q > 0, Qf ≥ 0 are
symmetric matrices. Without losing generality, the
desired reference is assumed to be yr = 0. Thus,
the optimization result is stated as follows.

3 Optimal robust control

The chaos suppression via RAF is optimized by de-
parting from the system (2) (see results reported in
[7]). Then, the optimization result is the following:

Proposition 1 Let us consider the state feedback
given by

u(x) =
1

γ̂(x)

[

−η − 1
2B

ᵀP (t)x
]

, t0 ≤ t ≤ T (4)

where T is given, P (t) is a symmetric positive ma-
trix solving the Riccati equation

−Ṗ = AᵀP + PA− PBBᵀP +Q

P (T ) = Qf
(5)
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with A ∈ Rp×p and B ∈ Rp×p defined as

A =











0 1 · · · 0
...

...
. . .

...
0 0 · · · 1
0 0 · · · 0











B =











0
...
0
1











The state feedback (4) stabilizes the system (2)
in the sense that the solution (x(t), η(t), υ(t)) →
(0, η∗, υ∗), where υ∗ and η∗ ,= ς(0, υ∗)+δ(0, υ∗)u∗

are respectively vector and scalar constant, as t →
T < ∞, for any initial condition (x0, η0, υ) ∈
U0 × Ψ ⊂ Rn × R with a suitable matrices Q and
Qf . Moreover, the closed loop performs a value of
the functional (3) J(x, u) = (x0, η0)

ᵀP (0)(x0, η0),
where x0 is the initial condition of system.

Proof. Substituting the control law (4) in (2) the
closed-loop can be written as

Σ1 :

{

ẋ =
(

A− 1
2BB

ᵀP (t)
)

x

η̇ = Ξ(x, η, υ, u, u̇)
(6)

Σ2 : υ̇ = ξ(x, υ)

By the Assumption 4, the subsystem Σ2 is stable as
(x, η) → (0, 0) for any (x(0), η(0), υ(0)) in a subset
U0 ⊂ Rn containing the (regular) point x̃0 ∈ Rn.
Therefore, the proof is focused on subsystem Σ1.
The time dependence has been omitted in this proof
for seeking simplicity in notation. Thus, by defining
χ , (x, η − η∗)ᵀ ∈ Rρ+1, where η∗ ∈ R is constant,
a candidate Lyapunov function becomes

V = χᵀPχ (7)

then, by evaluating its time derivative, one has that

V̇ = χ̇ᵀPχ+ χᵀṖχ+ χᵀPχ̇

By substituting (5) and (6) the time derivative is
given by

V̇ = χᵀ
(

A− 1
2BB

ᵀP
)ᵀ

Pχ+ χᵀP
(

A− 1
2BB

ᵀP
)

χ

+χᵀ (−AᵀP − PA+ PBBᵀP −Q)χ

Finally, the time derivative becomes

V̇ (t) = −χ(t)ᵀQχ(t) (8)

which is negative definite. Hence, χ = (x, η)ᵀ con-
verges to zero for all t. This implies that (0, η∗) is
an stable point. In addition, the matrix Q deter-
mines the convergence rate. Then, by integrating
(8) from t0 to T and by using (7), we have

χ(T )ᵀP (T )χ(T )− χ
ᵀ

0P (0)χ0 = −

∫ T

t0

χ(t)ᵀQχ(t)dt

from where J(χ, u) = χ
ᵀ

0P (0)χ0, which completes
the proof.

Note that the feedback (4) is defined for the in-
terval t0 ≤ t ≤ T and the stabilization is achieved
for some matrices Q and Qf if solution of Riccati
equation (5) exist in such interval. Also note that
the proposed feedback requires availability of the
complete state. This can be seen as drawback;
hence an approach to the state feedback is required
to avoid dependence on the full information of the
system. Additionally, other approach to derive re-
sult in Proposition 1 can be stated by introducing
the following definitions B̃ = [0 · · · 0 γ̂(x)]

ᵀ
with

uu = − η
γ̂(x) . The control uu can be named ”the un-

avoidable part” of feedback control because it rep-
resents the force necessary to compensate the non-
linear function η. In this sense, as a second step is
derived to design the feedback such that the control
effort can be accounted.That is, the criterion (3)
can be re-defined to include the ”avoidable” control
effort as follows

J̃(x, ũ) = x(t)ᵀQfx(t)+

∫ T

t0

[x(t)ᵀQx(t) + ũᵀRũ] dt

(9)
with a given symmetric matrix R > 0, ũ := u− uu.
Hence the control law becomes

u =

[

−
η

γ̂(x)
+ ũ

]

(10)

Therefore, the closed loop takes the form

ẋ = Ax+ B̃ũ

η̇ = Ξ(x, η, υ, u, u̇)
υ̇ = ξ(x, υ)

(11)

which allows to set the standard LQ problem as in
[5]

min
u
J̃(x, ũ)

s.t. ẋ = Ax+ B̃ũ

whose solution for controller is given by ũ =
−R−1BᵀP (t)x, t0 ≤ t ≤ T ; where P (t) is now the
solution of the following Riccati equation

−Ṗ = AᵀP + PA− PB̃R−1B̃ᵀ +Q

P (T ) = Qf
(12)

and a value of functional (9) given by J̃(x, ũ) =
x

ᵀ

0P (0)x0.
Notice that, at this point, the full knowledge of

states is required by this approach. Nevertheless,
according to the Assumption 1, only the state x1
is available for feedback. In the next section, the
full knowledge situation is relaxed by using a sate
estimator. The cost to pay is a higher control effort
because of estimation than those due to the use of
all states in feeding back.

3
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3.1 Suboptimal robust control

There are two basic reasons to relax the optimal
condition in Proposition 1. The former is because of
the Assumption 1. The latter concerns to the con-
troversy on the optimal, the robust and the fragility
notion in feedback interconnections [3]. Then, the
construction of an state-estimator yields in subop-
timal robust approach. The state estimator from
[1, 9] can be taken to estimate the unmeasured state
values of the pair (x, η) ∈ Rn. Thus, the estimator
becomes

˙̂xi = x̂i+1 + Ci
p+1ρ

i(x1 − x̂1),
˙̂xp = η̂ + γ̂(x̂)u+ C

p
p+1ρ

p(x1 − x̂1),
˙̂η = ρp+1(x1 − x̂1)

(13)

where i = 1, 2, ..., p − 1, (x̂,η̂) are estimated values
of (x,η), ρ is the so-called high-gain parameter and

Ci
p+1 =

(p+ 1)!

i!(p+ 1− i)!
(14)

It has been proved that there exists a sufficiently
large value of the high-gain parameter ρ > ρ∗,
the dynamics of estimation error converge exponen-
tially to zero, see for instance [9]. In addition, the
closed-loop is stable [4, 8]. By using the estimate
values, the feedback (4) can be written as

u(x̂) =
1

γ̂(x̂)

[

−η̂ − 1
2B

ᵀP (t)x̂
]

, t0 ≤ t ≤ T (15)

while, after transient, the feedback can be expressed
by

u(x̂) =
1

γ̂(x̂)

[

−η̂ − 1
2B

ᵀP̄ x̂
]

, t > T (16)

where P̄ is a constant positive definite matrix such
that the system (2) still in y = 0 for t > T , thus P̄
is also a tuning parameter. Notice that the control
effort on the suboptimal robust controller is higher
than the ideal one. As matter of fact, the waste of
energy increases due to the estimation due to

J̃(x, ũ) = x
ᵀ

0P (0)x0 +

∫ T

t0

(x− x̂)
ᵀ
Q (x− x̂)

as a consequence, the choice of parameters becomes
important and present a trade-off between opti-
mization and estimation.

4 Implememtation

Two experiments are shown. In the former, the sat-
uration affects to the state estimation (13) while the
signal in (16) is unsaturated. On contrary, during

the second experiment, the signal of controller (16)
is saturated while states in (13) is not saturated.
An electronic circuit is used in order to illustrate
the actual execution of the optimization approach.
The Malasoma’s oscillator [12] is physically imple-
mented by its realization in electronic circuits (See
Figure 1). Here, the main idea is to test the execu-
tion of the RAF under the optimization approach.
Some details about the electronic realization are
in seeking completeness. The dynamical system is
given by [12]

ẋ1 = x2
ẋ2 = x3
ẋ3 = −αx3 − x1 + x1x2 + u

(17)

where α is the unique tuning parameter. In fact
α is such that as 2.08 < α < 2.51 is satisfied, the
system evolves behaves in chaotic manner.
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Figure 1: Electronic realization of the Malasoma’s
oscillator.

In order to have a physical realization of Mala-
soma’s oscillator, a component with four multipliers
is used, IC AD633JN. The inputs X and Y are con-
verted into differential currents by means of internal
voltage-to-currents converters. Thus, the output of
the multiplier is given by

W =
(X1 −X2)(Y1 − Y2)

10

(R9 +R10)

R9
+ Z

where Z is the optional summing input of the mul-
tiplier, X1, and Y1 are the inputs entering to the
multiplier and corresponds to the variables to be
multiplied, the inputs X2, and Y2 are grounded,
R9 and R10 are resistors. The Figure 1 shows the
diagram of the circuit. Note that the chaotic cir-
cuit also includes five amplifiers for integration and
inversion operations The TL082CN and TL084CN
are junction field effect transistors, JFET’s, input
opamp’s. Each operational amplifier incorporates
well-matched high-voltage JFET and bipolar tran-
sistors in the same integrated circuit. The device
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features are high slew rates, low input bias and off-
set currents, and low offset voltage temperature co-
efficient. This is significant to reduce sensitivity to
circuit parameter values. Finally, it should be noted
that the components saturates at 10 V.

For the control implementation, the state esti-
mator is turned on before the control acts thus the
control law takes the form

u(x̂) =







0
1

γ̂(x̂)

[

−η̂ − 1
2B

ᵀP (t)x̂
]

1
γ̂(x̂)

[

−η̂ − 1
2B

ᵀP̄ x̂
]

t < t0
t0 ≤ t ≤ T

t > T

(18)
where P̄ is defined as in (16). A dSpace Real Time
Interface CP1104 was used to measure the state x1
and to enter the control signal into the circuit. In
both experiments the state estimator (13) is turned
on at t = 0 and the controller at t0 = 10 with a finite
horizon of 0.1, that is the control time is established
at T = 10.1. The weighting matrices are given by

Q =

[

0.1 0
0 0.1

]

, Qf =

[

0.1 0
0 0.1

]

and the observer gain as ρ = 135. Finally, the cor-
responding tuning parameter for t > T becomes

P̄ =

[

1× 10−5 1× 10−5

1× 10−5 1× 10−5

]

First experiment (only estimated states are
saturated): A saturation function was imposed into
the pair of the estimated values as follows

Sat(x̂, η̂) =







(10.0, 0.5) if(x̂, η̂) ≥ (10.0, 0.5)
(x̂(t), η̂(t)) if‖(x̂, η̂)‖ < (10.0, 0.5)
(10.0, 0.5) if(x̂, η̂) ≤ (10.0, 0.5)

(19)
where the pair (x̂(t), η̂(t)) ∈ Rp+1R is the solution
of the state estimator (13) and p = 3 for the system
(17).

The Figure 2 shows the chaos suppression under
saturation (19) of the estimated values. Note that
the chaos suppression around the origin is achieved
in the given horizon. A detail on the time evolution
of the measured state x1(t) is plotted In the Fig-
ure 3 for the established time horizon. The reader
can note the acceptable behavior of the suppres-
sion. Also the Figure 3 shows the control action
in the scale of the time horizon. Note that after
t = 10.1 the control signal is used only for confine
near to zero the state. Finally, from equation of
system (17), if x1(t) = 0 for all finite time t ≥ t0
(where t0 stands for the activation of the control),
then ẋ1 = 0 holds for all t which implies that x2 is
also zero. Hence, ẋ2 = 0 and x3 is zero. Thus, the
chaos is suppressed. In addition, ẋ3 = 0 and, from

the third equation in (17), the unavoidable control
U0 = is derived. However, the state x1(t) is not
exactly zero under control actions due to noisy en-
vironment, parasites currents in circuit, model mis-
matches y parametric uncertainties, and effects of
the saturation. As a consequence, x2(t), x3(t) and
u(t) are not zero. Thus, the chaotic behavior of the
circuit realization of (17) is suppressed in a practical
sense (i.e., the trajectories x(t) hold in a neighbor-
hood arbitrarily small containing the origin).
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Figure 2: Results of first experiment: The chaos
suppression into the Malasoma’s Oscillator (17) by
implementation in the circuit of Figure 1.

Second experiment (saturation on control not
on estimation): Contrarily to experiment in Figure
3, in the the second experiment the saturation of the
controller is taken while the estimated sated (x̂, η̂)
are not saturated. The saturation in controller ac-
cording to the following (arbitrary) saturation func-
tion

Sat(u) =







4 if u > 4
u(x̂) if − 4 ≤ u ≤ 4
−4 if u < −4

(20)

where u(x̂) is given by (18). The Figure 4 shows
the chaos suppression when the estimated values
of states are unsaturated but the controller is sat-
urated. Notice that stabilization around the ori-
gin is also achieved in the established time horizon.
Note that the performance of the controller is im-
proved as the saturation only affects the control ac-
tion. This is attributable to the fact that the states
(x̂, η̂) of the estimator (13) achieves the actual value
of (x, η) at the time horizon. This fact permits that
the feedback u(x̂) has more information about x(t)
and a more exact compensatin of the dynamics can
be induced by the RAF.
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Figure 3: Results of second experiment: The chaos
suppression into the Malasoma’s Oscillator (17) by
implementation in circuit of Figure 1.

5 Conclusions

In this contribution, a sub-optimal robust feedback
control is designed departing from the RAF. The
feedback scheme is used to suppress chaotic behav-
ior on low-dimensional dynamical systems. The
proposed scheme takes into account the behavior
of transient response and the feedback effort (i.e.,
the energy wasted by control action). Thus, the
proposed strategy allows to set specifically the time
horizon for the suppression of the chaotic behavior.
The execution of the proposed controller is shown
by two examples: simulation and physical (circuits).
The numerical experiment shown that convergence
is improved respect to a previous approach. The
circuits experiments have permitted to observe the
effect of saturation in the suppression scheme. Fi-
nally, it should be noted that the construction of
the controller requires lack information of the sys-
tem; and have several tuning parameters which are
derived by solving algebraic Riccatti equations.
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