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Resumen— In this paper we give conditions for the exis-
tence and characterization of weakly overtaking (WO) optimal
policies for a general class of controlled diffusion processes.
Our characterization results are of a “lexicographical” type;
namely, first we identify the class of so-called canonical
policies, and then within this class we search policies with
some special feature —for instance, canonical policies that
in addition maximize the “bias”. Our proofs are based,
in particular, on dynamic programming techniques and an
exponential ergodicity condition obtained from a Lyapunov-
like hypothesis.
Palabras clave: Dynamic programming, Stochastic control.

I. INTRODUCTION

This paper concerns Rn-valued controlled diffusion pro-
cesses

dx(t) = b(x(t), u(t))dt + σ(x(t))dB(t), (1)

for all t ≥ 0, x(0) = x; where B(·) is a d-dimensional
Brownian motion, and the coefficients b(x, u) and σ(x)
satisfy suitable assumptions. Let F be the family of mea-
surable functions f : Rn −→ U , where U ⊂ Rm is a
given “control set”. The control policies u(·) in (1) are of
the form u(t) := f(x(t)) for f ∈ F. (See section II-A for
details.) Our main objective is to give conditions for the
existence and characterization of weakly overtaking (WO)
optimal policies, which are defined as follows.

For each T > 0, x ∈ Rn and f ∈ F, let JT (x, f) be the
expected total reward during the time interval [0, T ], when
using the control policy determined by f ∈ F, given the
initial state x(0) = x (see (5) for a more explicit statement).
A policy f∗ ∈ F is said to be weakly overtaking optimal
in F if for every ε > 0, x ∈ Rn and f ∈ F, there exists
Tε = Tε(x, f∗, f) such that

JT (x, f∗) ≥ JT (x, f)− ε for all T ≥ Tε. (2)

If this holds for ε = 0, f∗ is said to be strongly overtaking
optimal in F.

Strong overtaking optimality is an extremely restrictive
concept originally introduced by the economist Frank P.
Ramsey (Ramsey, 1928). The weaker notion (2) was in-
troduced by C.C. von Weizsäcker (von Weizsäcker, 1965),
another economist. These concepts are quite natural for

optimal control problems on an infinite horizon —such as
problems of economic growth or capital accumulation—
and so they have been studied for many classes of con-
trolled systems, deterministic and stochastic, with discrete
or continuous time parameter. See (Carlson, et al., 1991)
for an overview of results up to 1990, including controlled
diffusions. In the last few years, however, the research
activity on “overtaking” concepts has been considerably
reduced, possibly because of the inherent technical diffi-
culties required for their analysis. Thus, for related papers
during, say, the last decade, we can hardly mention (Le van
and Dana, 2003) for discrete-time deterministic problems,
(Hernández-Lerma and Lasserre, 1999) for discrete-time
stochastic systems, (Prieto-Rumeau and Hernández-Lerma,
2005), (Prieto-Rumeau and Hernández-Lerma, 2006) for
continuous-time Markov decision processes, and (Tan and
Rugh, 1998(a)), (Tan and Rugh, 1998(b)) for continuous-
time deterministic systems.

The remainder of the paper is organized as follows. In
section II we establish our main results in the next order. II-
A introduces the control system and our main assumptions,
which in particular lead to the notion of w-exponential
ergodicity (Theorem 1), a crucial tool for our results. II-
B summarizes some known results on the average reward
optimality equation (AROE), also known as the Hamilton-
Jacobi-Bellman equation (Ghosh, et al., 1997), or simply
as the Bellman equation (Bensoussan and Frehse, 1992),
which is essentially our point of departure to analyze weak
overtaking optimality. Indeed, from the AROE we obtain
the so-called canonical policies, which in turn, with some
additional requirements, give WO optimal policies. The
latter analysis is done in II-C, II-D and II-E. Section III
contains some concluding remarks.

Due to limitations of space most of our results are
presented without proof, but they appear in (Jasso-Fuentes
and Hernández-Lerma, 2006).

II. MAIN RESULTS

II-A. Model definition and ergodic properties

The control system. Consider the control system (1),
where b(·, ·) : Rn × U → Rn and σ(·) : Rn → Rn×d
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are given functions, and B(·) is a d-dimensional Brownian
motion. The set U ⊂ Rm is called the control (or action)
set, and u(·) is a U -valued stochastic process representing
the controller’s action at each time t ≥ 0.

The following conditions will be used, in particular, to
ensure the existence and uniqueness of solutions to (1).

Assumption 1: (a) The control set U is compact.
(b) b is continuous on Rn × U , and there exists a

positive constant K such that, for each x and y in
Rn,

sup
u∈U

|b(x, u)− b(y, u)| ≤ K|x− y|.

(c) There exist positive constants K and γ such that,
for each x and y in Rn,

|σ(x)− σ(y)| ≤ K|x− y|, and

σ(·)σ′(·) ≥ γI (uniform ellipticity).

where σ′ denotes the transpose of σ, and I is the
identity matrix.

Control policies. Let F be the set of all measurable
functions f : Rn −→ U . An element of F is called a
stationary (deterministic) Markovian policy, or simply a
stationary policy.

For our present purposes, the set F is a “sufficient” family
of policies, in the sense that the policies we are interested
in are all contained in F.

Let C2(Rn) be the space of all real-valued continuous
function on Rn with continuous first and second partial
derivatives. For u ∈ U and h ∈ C2(Rn), let

Luh(·) := hx(·)b(·, u) +
1
2
Tr [hxx(·)σ(·)σ′(·)] ,

where hx and hxx represent the gradient vector and the
Hessian matrix of h, respectively, and Tr(A) :=

∑
i aii

denotes the trace of a square matrix A = (aij).
Notation. For each f ∈ F and x ∈ Rn let

b(x, f) := b(x, f(x)), Lfh(x) := Lf(x)h(x). (3)

Under Assumption 1, for each stationary policy f ∈ F,
the equation (1) admits an almost surely unique strong
solution x(·) := {x(t)|t ≥ 0}, which is a Markov-Feller
process with differential generator Lf defined in (3). (See,
for instance, (Ghosh, et al., 1997, Theorem 3.1), or Theorem
2.2.7 in (Arapostathis, et al., 2006).) Sometimes we write
x(·) as xf (·) to emphasize the dependence on f ∈ F.
We shall denote by P f

x (t, ·) the corresponding transition
probability, i.e., P f

x (t, B) = P (xf (t) ∈ B|x(0) = x)
for every Borel set B ⊂ Rn. The associated conditional
expectation is written Ef

x (·).
Recurrence and ergodicity. We will give conditions

to guarantee that, for each f ∈ F, the process xf (·) is
nonexplosive, positive Harris-recurrent, and “exponentially”
ergodic in some sense.

Assumption 2: There exists a function w ≥ 1 in C2(Rn),
and constants d ≥ c > 0 such that

(a) ĺım|x|→∞ w(x) = +∞;
(b) Luw(x) ≤ −cw(x)+d for all u ∈ U and x ∈ Rn.
(c) The functions w and |wx| satisfy polynomial

growth conditions.
Under Assumptions 1 and 2, it follows from Theorem

4.2 in (Meyn and Tweedie, 1993) that, for each f ∈ F,
the corresponding Markov process xf (·) is nonexplosive,
positive Harris recurrent and, furthermore, it has a unique
invariant probability measure µf for which

µf (w) :=
∫

Rn

w(y)µf (dy) < ∞.

We now introduce the concept of w-weighted norms,
where w is the function in Assumption 2.

Definition 1: Bw(Rn) denotes the normed linear space
of real-valued measurable functions v on Rn with finite w-
norm, which is defined as

‖ v ‖w:= sup
x∈Rn

|v(x)|
w(x)

.

We now state an important result concerning w-
exponential ergodicity.

Theorem 1: Suppose that the Assumptions 1 and 2 hold.
Then, for each f ∈ F, the process x(·) ≡ xf (·) is
w-exponentially ergodic; that is, there exist nonnegative
constants R and δ such that

sup
f∈F

∣∣Ef
xv(x(t))− µf (v)

∣∣ ≤ Re−δt ‖ v ‖w w(x) (4)

for all x ∈ Rn, v ∈ Bw(Rn) and t ≥ 0, where µf (v) :=∫
Rn v(y)µf (dy).

The optimization problem. Let r : Rn × U → R be a
measurable function, called the reward rate, which satisfies
the following conditions:

Assumption 3: (a) r(x, u) is continuous on Rn×U ,
and locally Lipschitz in x, uniformly in u ∈ U ,
i.e., for each R > 0, there exists a constant K(R)
such that

sup
u∈U

|r(x, u)− r(y, u)| ≤ K(R)|x− y|,

for all |x|, |y| ≤ R.
(b) r(·, u) is in Bw(Rn) uniformly in u; that is, there

exists M > 0 such that for all x ∈ Rn

sup
u∈U

|r(x, u)| ≤ Mw(x).

Notation. As in (3), for each x ∈ Rn and f ∈ F, let

r(x, f) = r(x, f(x)).

Using this notation, we define the long-run average
reward as follows.

Definition 2: For each f ∈ F, x ∈ Rn, and T ≥ 0, let

JT (x, f) := Ef
x

[∫ T

0

r(x(t), f)dt

]
. (5)
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The long-run average reward —also known as the gain—
of f , given the initial state x, is

J(x, f) := ĺım inf
T→∞

1
T

JT (x, f). (6)

The function

J∗(x) := sup
f∈F

J(x, f) for x ∈ Rn (7)

is referred to as the optimal gain or optimal average reward.
If there is a policy f∗ ∈ F for which J(x, f∗) = J∗(x) for
all x ∈ Rn, then f∗ is called average optimal.

Given f ∈ F, let

g(f) := µf (r(·, f)) =
∫

Rn

r(y, f)µf (dy).

By (4), the gain (6) becomes

ĺım
T→∞

1
T

JT (x, f) = g(f) for all x ∈ Rn. (8)

The following lemma, which is proved in (Jasso-Fuentes
and Hernández-Lerma, 2006), shows that g(f) is uniformly
bounded in f ∈ F; see (9).

Lemma 1: The conditions (b) and (c) in Assumption 2,
imply that

Ef
xw(x(t)) ≤ e−ctw(x) +

d

c
(1− e−ct)

for every f ∈ F, x ∈ Rn and t ≥ 0. Therefore

|g(f)| ≤ M · µf (w) ≤ M · d

c
for all f ∈ F. (9)

In particular, as a consequence of (9),

g∗ := sup
f∈F

g(f) (10)

has a finite value. By (8), we see that g∗ coincides with the
optimal gain in (7), i.e.,

g∗ = J∗(x) for all x ∈ Rn. (11)

II-B. Canonical policies

In this subsection we summarize some known results
on the existence of solutions to the average reward opti-
mality equation (AROE) (12), which is also known as the
Hamilton-Jacobi-Bellman equation, or the Bellman equa-
tion, or the dynamic programming equation.

Definition 3: (a) A pair (g, h) consisting of a con-
stant g ∈ R and a function h ∈ C2(Rn) is said
to be a solution of the average reward optimality
equation (AROE) if

g = máx
u∈U

[r(x, u) + Luh(x)] for all x ∈ Rn.
(12)

(b) If f ∈ F attains the maximum in (12), that is,

g = r(x, f) + Lfh(x) for all x ∈ Rn, (13)

then f is called a canonical policy and, further-
more, (g, h, f) is called a canonical triplet.

The following theorem provides the (existence and)
uniqueness of a solution to the AROE (12), among other
important facts. The proof is given in (Jasso-Fuentes and
Hernández-Lerma, 2006, Theorem 3.2).

Theorem 2: If Assumptions 1, 2 and 3 hold, then:
(i) The AROE (12) admits a unique solution (g, h),

with h in the class C2(Rn)
⋂

Bw(Rn), satisfying
h(0) = 0.

(ii) There exists a canonical policy.
(iii) The scalar g in (12) equals g∗ in (10)-(11).
(iv) There exists a stationary average optimal policy.
Denote by Fao and Fca the family of average optimal

policies and the family of canonical policies, respectively.
By Theorem 2, Fca is nonempty, and in addition Fca ⊂ Fao.
In general Fca 6= Fao, but in our present case, however, we
have the equality Fca = Fao. The following theorem states
this fact.

Theorem 3: Suppose that Assumptions 1, 2 and 3 hold.
Then a stationary policy is canonical if and only if it is
average optimal; that is, Fca = Fao.

For a proof see (Arapostathis, et al., 2006, Theorem
4.5.2).

II-C. The Poisson equation

For each f ∈ F, we define the bias of f as the function

hf (x) :=
∫ ∞

0

[
Ef

xr(x(t), f)− g(f)
]
dt for x ∈ Rn.

(14)
This function is finite-valued because, by (4) and the
Assumption 3(b),

|Ef
xr(x(t), f)− g(f)| ≤ Re−δtMw(x) for all t ≥ 0,

and so
|hf (x)| ≤ δ−1RMw(x). (15)

It follows that hf is in Bw(Rn) and also that its w-norm
is uniformly bounded in f ∈ F, because

‖ hf ‖w≤ δ−1RM.

The following proposition establishes that the bias (14) is
a solution of the so-called Poisson equation (16)-(17). For
the proof of the next two propositions, see (Jasso-Fuentes
and Hernández-Lerma, 2006).

Proposition 1: For each f ∈ F, the pair (g(f), hf ) is the
unique solution of the Poisson equation

g(f) = r(x, f) + Lfhf (x) for x ∈ Rn, (16)

for which the µf -expectation of the bias hf is zero:
∫

Rn

hf (y)µf (dy) = 0. (17)

Moreover, hf is in C2(Rn); hence, by (15), hf is in
C2(Rn)

⋂
Bw(Rn).

The following result is crucial for our characterization of
overtaking optimality.
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Proposition 2: If f ∈ F is average optimal, then its bias
hf and any function h in the AROE (12) are equal up to
an additive constant; in fact,

hf (x) = h(x)− µf (h) for all x ∈ Rn. (18)

II-D. Bias optimality

In this subsection we introduce the concept of bias
optimality. Our objective is to guarantee the existence of
bias optimal policies and also to relate these policies with
a special class of canonical policies. In II-E we establish a
relationship between bias optimality and weak overtaking
optimality.

Definition 4 (Bias optimality): The function ĥ(x) in
Bw(Rn) defined as

ĥ(x) := sup
f∈Fao

hf (x) for x ∈ Rn (19)

is called the optimal bias function. Moreover, a stationary
average optimal policy f̂ is said to be bias optimal if it
attains the maximum in (19), i.e.

hf̂ (x) = ĥ(x). (20)
Notice that if f̂ is bias optimal, then by Proposition 1,

the optimal bias function ĥ = hf̂ is in C2(Rn)
⋂

Bw(Rn).
We shall denote by Fbias the family of bias optimal

policies. By definition of bias optimality, Fbias is a subset
of Fao = Fca, i.e., Fbias ⊂ Fao = Fca.

For each x ∈ Rn, let U∗(x) be the set attaining the
maximum in (12), i.e.,

U∗(x) := {u ∈ U | g = r(x, u) + Luh(x)}.
The next proposition gives some properties of U∗(x).

Proposition 3: The multifunction x 7−→ U∗(x) satisfies
the following:

(a) For each x ∈ Rn, U∗(x) is a nonempty compact
set.

(b) U∗(·) is upper semicontinuous, i.e., if {xk} ⊂ Rn

converges to x ∈ Rn, and uk ∈ U∗(xk) converges
to u ∈ U , then u is in U∗(x).

(c) U∗(·) is Borel-measurable.
Remark 1: By Theorem 2(i) the function h in the AROE

(12) belongs, in particular, to C2(Rn) and so it is locally
Lipschitz. This fact is used in the following proof.

Theorem 4: Under Assumptions 1, 2, and 3:
(a) There exists a bias optimal policy — that is, Fbias

is nonempty.
(b) The following statements are equivalent:

(b1) f̂ ∈ F is bias optimal.
(b2) f̂ ∈ F is a canonical policy and µf̂ (ĥ) =

0.
Proof. (a) Using (18) we may rewrite (19) as

ĥ(x) = h(x) + sup
f∈Fao

∫

Rn

[−h(y)]µf (dy). (21)

This means that finding bias optimal policies reduces to
solve a new average reward control problem with reward
rate

r′(x, u) = −h(x) (22)

This new control problem, which will be referred to as the
“bias problem”, has the following components:

The dynamic system (1),
the action sets U∗(x) for each state x ∈ Rn, and
the reward rate (22).

Notice that f is in Fca if and only of f(x) is in U∗(x)
for all x ∈ Rn.

On the other hand, the bias problem satisfies Assumptions
1, 2 and 3 (recall Remark 1), and thus, by the first part
of Theorem 2, there exist (g̃, h̃) where g̃ ∈ R and h̃ ∈
C2(Rn)

⋂
Bw(Rn) that satisfy the AROE

g̃ = máx
u∈U∗(x)

[−h(x) + Luh̃(x)] for each x ∈ Rn. (23)

Observe that, for each x ∈ Rn, u 7−→ Luh̃(x) is
continuous on U∗(x) and, furthermore, by Proposition 3, the
multifunction x 7−→ U∗(x) is compact-valued and Borel-
measurable. Therefore, by well-known measurable selection
theorems (Schäl, 1975), there exists a policy f̂ ∈ F that
attains the maximum in (23). Finally, by Theorem 2(ii)-(iv),
f̂ is optimal for the bias problem, i.e., f̂ is in Fbias.

(b) To prove that (b1) implies (b2), suppose that f̂ is bias
optimal. Then by definition, f̂ is canonical and (20) holds.
Integrating this expression with respect to µf̂ gives

0 =
∫

Rn

hf̂ (y)µf̂ (dy) (by (17))

=
∫

Rn

ĥ(y)µf̂ (dy) (by (20))

=: µf̂ (ĥ).

Hence (b1) implies (b2).
Conversely, suppose that f̂ ∈ F satisfies (b2), i.e., (i) f̂ is

canonical, and (ii) µf̂ (ĥ) = 0. By (i), f̂ satisfies (13), i.e.,

g∗ = r(x, f̂) + Lf̂h(x),

which can be written as

g(f̂) = r(x, f̂) + Lf̂ ĥ(x),

because g∗ = g(f̂) and the functions h and ĥ differ only
by a constant —see (21). Thus, (ii) and the uniqueness in
Proposition 1 imply that ĥ = hf̂ , and so (b1) follows. ¤

II-E. Weak overtaking optimality

We finally arrive at our main subject of interest, the
existence and characterization of weakly overtaking (WO)
optimal policies. Our first main result in this subsection,
Theorem 5, establishes that bias optimality and WO opti-
mality are equivalent. This gives a first characterization of

76



WO optimality, and a second one follows from Theorem
4(b); it also gives, by Theorem 4(a) the existence of WO
optimal policies. A third characterization of WO optimality
is given in Theorem 6.

Observe that the definition (2) of WO optimality is
equivalent to the following: f̂ ∈ F is WO optimal in F
if and only if

ĺım inf
T→∞

[JT (x, f̂)− JT (x, f)] ≥ 0 (24)

for all x ∈ Rn, f ∈ F. Throughout this subsection we
suppose that the Assumptions 1, 2, and 3 are satisfied.

Theorem 5: A policy in F is bias optimal if and only if
it is WO optimal.

Proof. Let us first note that by Dynkin’s formula, for each
T > 0 we have

Ef
xhf (x(T )) = hf (x) + Ef

x

[∫ T

0

Lfhf (x(r))dr

]
.

Combining the above equation with (16) and (5), we get

JT (x, f) = T · g(f) + hf (x)− Ef
xhf (x(T )), (25)

for each f ∈ F, x ∈ Rn, T > 0. Moreover, w-exponential
ergodicity (4) gives

Ef
xhf (x(T )) → µf (hf ) = 0 as T →∞.

Now let f̂ ∈ F be some stationary policy. Then subtracting
equation (25) using f̂ and the same equation using any other
policy f ∈ F, we obtain

JT (x, f̂)− JT (x, f) = T [g(f̂)− g(f)]
+[hf̂ (x)− hf (x)]− [Eπ

x hf̂ (x(T ))− Eπ
x hf (x(T ))] (26)

Now, to prove the theorem itself, suppose that f̂ is bias
optimal. Then for any f ∈ F, either g(f̂) = g∗ ≥ g(f) or
g(f̂) = g(f) and hf̂ (·) ≥ hf (·). Therefore, letting T →∞
in (26) we get (24), i.e., f̂ is WO optimal.

Conversely, suppose that f̂ satisfies (24), but is not bias
optimal. Since Fbias is nonempty, there exists f ∈ Fbias

such that g(f) > g(f̂) or g(f) = g(f̂) and hf (·) > hf̂ (·).
In either case we obtain

ĺım
T→∞

[JT (x, f)− JT (x, f̂)] > 0,

contradicting (24). ¤

WO optimality equations. We shall introduce another
characterization of WO optimality, based on the following
definition.

Definition 5: A pair (g, φ) that consists of a constant g ∈
R and a function φ ∈ C2(Rn) is said to verify the WO
optimality equations if it is a solution of the AROE, i.e.,

g = máx
u∈U

[r(x, u) + Luφ(x)], (27)

and in addition there exists a function ψ ∈ C2(Rn) such
that

φ(x) = máx
u∈U∗(x)

Luψ(x) for all x ∈ Rn, (28)

with U∗(x) as in subsection II-D.
Theorem 6: (g∗, ĥ) is the unique pair that verifies the

WO optimality equations. Moreover, a policy f ∈ F is WO
optimal if and only if, for all x ∈ Rn, f(x) attains the
maximum in the two equations (27) and (28).

Proof. Define the constant ĝ := supf∈Fao
µf (−h). Then,

by (21), the optimal bias function (19) can be written as

ĥ(·) = h(·) + ĝ. (29)

It follows that the AROE (12) can be expressed as

g∗ = máx
u∈U

[r(x, u) + Luĥ(x)] for x ∈ Rn;

that is, the pair (g∗, ĥ) satisfies the first WO optimality
equation (27)

On the other hand, Theorem 2 ensures the existence of a
function, say, ψ ∈ C2(Rn)

⋂
Bw(Rn) such that (ĝ, ψ) is a

solution to the AROE for the bias problem, i.e.,

ĝ = máx
u∈U∗(x)

[r′(x, u) + Luψ(x)] (30)

= máx
u∈U∗(x)

[−h(x) + Luψ(x)]

= −h(x) + máx
u∈U∗(x)

[Luψ(x)].

Equivalently, by (29), we see that ĥ satisfies (28), that is,
(g∗, ĥ) is solution of the second WO optimality equation
(28).

Also (recalling the uniqueness in Theorem 2), from (27)-
(29) it follows that g∗ and ĥ form a unique pair that satisfies
(27) and (28). This proves the first part of the theorem.

Now, to prove the second part, suppose that f̂ ∈ F attains
the maximum in (27). Then, by definition, f̂ is canonical.
On the other hand, by (30), ĝ is the optimal value for the
bias problem. Moreover, if f̂ ∈ F attains the maximum in
(28), then it attains the maximum in (30) too. This gives
that f̂ is a canonical policy (hence average optimal) for the
bias problem, i.e.,

ĝ := sup
f∈Fao

µf (r′) = sup
f∈Fao

µf (−h) = µf̂ (−h)

i.e., µf̂ (h) + ĝ = 0. Thus integrating with respect to µf̂ in
(29) we obtain

µf̂ (ĥ) = 0;

that is, f̂ satisfies Theorem 4(b2), and so by Theorem 5, f̂
is WO optimal.

Conversely, suppose that f̂ ∈ F is WO optimal. Then, by
Theorems 5 and 4(b), f̂ is canonical and µf̂ (ĥ) = 0. Hence
f̂ maximizes (27) and, in addition, by (29),

µf̂ (−h) = ĝ;
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that is, f̂ is optimal for the bias problem. Hence, by
Theorem 3, f̂ is canonical for the bias problem and so there
exists ψ ∈ C2(Rn)

⋂
Bw(Rn) such that

ĝ = máx
u∈U∗(x)

[r′(x, u) + Luψ(x)]

= r′(x, f̂) + Lf̂ψ(x),

= −h(x) + Lf̂ψ(x),

or equivalently, by (29)

ĥ(x) = Lf̂ψ(x).

Therefore, we conclude that f̂ ∈ F attains the maximum in
both (27) and (28). ¤

III. CONCLUDING REMARKS

We have presented in this paper a fairly complete analysis
of WO optimality for stochastic differential systems of
the form (1), including several interesting characterizations.
As can been seen from Theorems 4, 5 and 6, these
characterizations are all of a “lexicographical” type in the
sense that, first, we identify the set of canonical policies
and then, within this set, we look for policies with some
special property— for instance, the equations (27)-(28) or
the condition (b2) in Theorem 4. This is not really surprising
because, by (2), a WO optimal policy is necessarily average
optimal.

Our analysis was simplified, of course, by hypotheses
such as the uniform ellipticity in Assumption 1(c) and
the Lyapunov-like condition in Assumption 2(b), which
at the same time impose some restrictions. For instance,
uniform ellipticity excludes singular diffusions and, in par-
ticular, deterministic systems (with σ(·) ≡ 0 in (1)), as in
(Carlson, et al., 1991), (Tan and Rugh, 1998(a)) and (Tan
and Rugh, 1998(b)). Thus an interesting open question is
whether (at least some of) our results can be obtained under
weaker assumptions.
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