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Abstract— Based on a novel formulation of the com-
putation of the contact force of haptic interfaces, a new
paradigm for haptic guidance is proposed. Guided kines-
thetic feedback is provided to improve and effectively train
the user with a sliding PID force robot control. Lyapunov
stability theory is used to prove asymptotic stability of
the closed loop system. Nonlinear Differential Algebraic
set of Equations (DAE) arises from the nonlinear Euler
Lagrange dynamics of the robotic haptic device and second
order linear virtual environment. The DAE is solved to
provide the constrained Lagrangian to establish stable
interaction on deformable virtual environments, while the
decentralized controller ensures passivity, in contrast to the
widely used penalty-based method. The system introduces
a training path using potential fields, which can be tuned
according to the handicap score of the user, to gradually
improve the motor skills of the user. Experimental data
validate the proposed scheme, and results are discussed
and analyzed for a complex calligraphy task.

Index Terms— Haptic Interfaces, Deformable Virtual
Environments

I. I NTRODUCTION

Training with visual information is good for trajectory
shape, however, the temporal attributes of this trajectory
are better perceived with haptics. Haptic interfaces al-
lows to feel unreal (virtual) objects, objects created intoa
virtual environment of a computer graphic environment.
This is possible with kinesthetic stimulus at the contact
point. So, the basic issue on haptic interfaces is the
stimulus of the virtual, contact forces to the human
operator, and the correlation of this contact forces to the
visual images, real or virtual, perceived by the human
operator. Certainly, the quality of kinesthetic feedback
does not come only from the contact force, but visual
cues are less important in the perception of virtual
objects. In this paper, we explore a haptic scheme that
allows better perception of temporal and spatial attributes
of kinesthetic interaction to virtual environments for
haptic training.

The application areas of haptic interfaces varies from
typical virtual training stations to entertainment and

We acknowledge support from Conacyt grant 39727
Y and CUDI grant for Internet2 Applications. Email:
(vparra,omar,jmendez)@mail.cinvestav.mx

recently, manipulation of molecular docking of drugs and
molecules. However, a new direction of haptic interfaces
is on guided virtual teleoperators, wherein the haptic
interface is now guided by another real teleoperator. This
scheme mimics the role of a teacher (master teleoperator)
holding virtually the hand of a student (the slave is
holding the haptic interface). This is, the teacher guides
and constraint the motion of the student to train him/her.
Since the system is dynamical, thus a main issue is
to yield dynamic-based contact force, in contrast to
static-based contact forces. The high bandwidth of the
tactile force-pressure physiological sensor of the operator
requires high precision haptic interface to stimulate cor-
rectly the mechanoreceptors of the operator, while low
bandwidth haptic rendering is required for visual stim-
uli. Also, the haptic rendering graphics should convey
deformation of the virtual world accordingly to achieve
bilateral force-pressure stimulus.

Realistic interaction to virtual environment through
a haptic device is established as long as physics-based
immersion is obtained, that is realistic contact force and
realistic haptic rendering. It is evident that Hooke,s Law-
based contact force, or penalty-based method, will render
limited kinesthetic feedback since a static mapping is
used. This is not a realistic contact force.

In [13], we show that the Lagrangian-based control
scheme allows to convey richer stimulus in compari-
son to hugely popular penalty-based method. High-end
kinesthetic coupling that arises using the constrained
Lagrangian method yields a more realistic contact force
as a function on the dynamical properties of the whole
system.

In [14] we propose a haptic guiding and exploration
scheme to train the student using Lagrangian contact
force. In [12] it was shown how to reproduce objects
attributes such as shape, texture and roughness to allow
a more realist compliant contacts and recreate real sen-
sations of remote exploration.

A. The problem

How can we guarantee that the closed-loop system of
a manipulator immersed in a guided virtual environment
yields a static or dynamic virtual object? We show in
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this paper the design of a control input that guarantees
that the closed-loop equation produces the equation of
the object, the properties of the object. When the object
is a training task, training of motor skills is obtained.
When there is a path to be followed over, or away of,
the object, then a haptic guided scheme appears.1

B. The contribution

In this paper, we prove from the point of view of
control how a Lagrangian-based guided haptic interface
produces effectively dynamic kinesthetic stimulus, that is
the closed-loop equation shows that the haptic display, or
manipulator, is in contact to a given virtual object, and
force feedback is established with simultaneous control
of position and velocity along the surface of this object,
either static of dynamic. In this way, it is very easy
to reproduce objects attributes such as shape, texture
and roughness to allow a more realist contact force
compliant to the real sensations of remote exploration.
The PHANToM haptic interface is programmed to obtain
real time experimental results to validate the proposed
scheme.

C. Organization

First, we introduces in Section II the robot and object
dynamics, then the controller is proposed in Section III,
with the stability analysis is presented. The guidance
scheme is proposed in IV, and discussion on training
motors skills are given in VI, with experimental data
discussed in VIII.

II. ROBOT AND OBJECTDYNAMICS

A. Robot dynamics

Consider a mechanism of articulate links, withn
revolute joints described in generalized joint coordinates
(qT , q̇T )T ∈ R2n. Physically, the robot is never in touch
with a physical object, thus robot dynamics are the usual
dynamics in free motion describe properly the haptic
device, as follows

M(q)q̈ + C(q, q̇)q̇ + g(q) = τ (1)

1Haptic training involves two robotic systems, one robot, the
master, guides remotely the other robot, the haptic system, in turn
the haptic system is immersed into a virtual environment in a haptic
guidance scheme. In the remote station, the remote robot can be
a passive linkage robotic arm exploring the real object in contact;
this remote arm is equipped with angular position sensors and force
sensor to measure angular displacement and real contact forces with
the object. At the local station, a haptic display is required to generate
the force contact coming from the real contact at the remote station.
In this paper, we consider that two Phantoms are involved in each
side. In the master side, desired trajectories are generated on line, so
without loss of generality we discuss only one haptic device.

where M (q) ∈ <3×3 denotes a symmetric positive
definite inertial matrix,C (q, q̇) ∈ <3×3 is a Coriolis and
centripetal forces matrix,g (q) ∈ <3 models the gravity
forces,B ∈ <3×3 denotes the viscous coefficient, and
τ ∈ <3 stands for the torque input

B. Virtual object dynamics

1) Static virtual object:Usually a static, motionless,
object is modelled in terms of the universal or the fixed
inertial frame. It is easy then to express the object as
an implicit equation of robot generalized coordinates as
follows

ϕ(q) = 0 (2)

Using the inverse kinematic, equation (2) can be ex-
pressed in term of operational coordinatesX by q =
f−1(X) asϕx(X) = 0. When the haptic device contacts
to the object (2), then a contact force equivalent to the
restitution forceK∆X is transmitted to haptic interface.
Intrinsically, this contact force model assumes deforma-
tion with plastic index1. For stiff objects, which is
usually the case,K can be very large and provokes high
frequencies as well as numerical instabilities, besides
that colliding with stiff object produces high impact
collision forces.

2) Dynamic virtual object:A second order system,
mass-spring-damper system, is considered as follows

mϕ̈(q) + bϕ̇(q) + kϕ(q) = 0 (3)

where m is the mass,b is damper andk is spring. It
is considered that the lumped model (3) is a pointwise
model. Note that the lumped model (3) can be casted
easily as a FEM model.

III. C ONTROL DESIGN

A haptic interface moves around intermittently be-
tween non-contact and contact regime. Non-contact
regime is when the gimbal (end-effector of the haptic
device) is moving without any constraint, without touch-
ing anything in the virtual environment, while contact
regime arises when the gimbal virtually touches the
virtual object. Thus, physically, the control of the robot
arm (5) switches between a gravity and friction free
controller (free motion) to-from constrained controller
(constrained motion).

A. Free motion control

When moving freely in the virtual environment, in this
regime the user must not feel any opposing force. Thus
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the controller must only compensate for nonconservative
forces as follows

τ = g(q) + B0q̇ (4)

The closed loop system is then

M(q)q̈ + C(q, q̇)q̇ = 0 (5)

whose equilibrium is the whole reachable workspaceRn.

B. Constrained lagrangian motion control

1) Static object:When the gimbal touches the virtual
object, actuatorτ should produce a joint torque at
each joint equivalent to produce the contact forcesλ
generated in the gimbal. That is,τ should establish stable
interaction, while providingλ. To this end, consider the
following

τ =

∥

∥

∥JϕJT
ϕ

∥

∥

∥

JϕM (q)−1 JT
ϕ

λ (6)

λ = −mJ̇ϕq̇ + mJϕM(q)−1(C(q, q̇)q + g(q)) (7)

when contact to a undeformable object (2). The closed
loop equation between (6)-(7) into (2) is, after some
algebraic manipulations,

ϕ̈(q) = 0 (8)

which, for consistency to DAE equations,ϕ(q) = 0 when
a rigid arm is in contact to a rigid object, theṅϕ(q) = 0
and ϕ̈(q) = 0, that is equation (8) becomes

ϕ(q) = 0 (9)

which is nothing but the virtual object (2). This is,
mathematically we prove that controller (6)-(7) yields
contact to the virtual static object (8) with a contact force
λ computed dynamically.

2) Dynamic object:Now, when there is virtual con-
tact to a undeformable object, the controller is

τ =

∥

∥

∥JϕJT
ϕ

∥

∥

∥

mJϕM(q)−1JT
ϕ

λ (10)

λ = −bϕ̇(q) − kϕ(q) − mJ̇ϕq̇ +

mJϕM(q)−1(C(q, q̇)q + G(q)) (11)

The closed loop equation between (5) and (10)-(11) is,
after some algebraic manipulation,

mϕ̈(q) + bϕ̇(q) + kϕ(q) = 0 (12)

which is nothing but the dynamics of virtual object (3).
Similar to previous subsection, we prove mathematically
that controller (10)-(11) yields stable contact to the
virtual dynamical object (12) with a contact forceλ.

Comments 1. The controllers (6)-(7) and (10)-(11)
guarantee that the closed loop yields the object geometry,
that is the gimbal, end effector of the haptic device is in
contact to the object, without exerting any force on the
object.

Fig. 1. Remote exploration of a real object through a haptic interface
with haptic guidance controller

IV. GUIDANCE CONTROL

So far, we have proposed three motion controller for
three operational regimes. These controllers create a free
floating haptic device in interaction. Notice that there
are not desired trajectories, the human operator carries
out the position control, whileτ implements a force
control loop in the orthogonal direction of the subspace
spanned byq̇. This allows decoupling of position and
force control, namely decoupling between motor control
and the human control.

Now in order to achieve guidance or training motor
skills of a human user holding the haptic device, de-
sired trajectories need to be introduced in the previous
controllers, and by tuning feedback gains, the allowable
training error can be controlled. In this way, as training
is improved, the allowable training error can be reduced.
Also, during the initial stage it is expected that the trainee
delivers the task with larger errors, so in order to help
during the initial training phase, it is proposed potential
fields to further control and improve the task.

Haptic guidance schemes are employed in tasks of
remote training. The haptic device defines, in the master
station, the position references (free motion) or position
and forces (constrained motion) that will be reproduced
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in the remote device (remote station). The switching
algorithm over time is as follows, forε ¿ 1 a threshold

• Phase a: Without interaction ϕ (q) >
ε → Free Motion Control

• Phase b: Collision detection −ε ≤
ϕ(q) ≤ ε → Constrained Motion Control

• Phase c: Stable interaction with
deformation ϕ (q) < −ε → Constrained
Motion Control

Remark 1. It can be seen that applying the constrained
Lagrangian method, in contrast to the penalty-based
method, involves low or null frequencies over the virtual
object. This allows a stable interaction without trembling
for deformable objects.

A. Guidance for free motion regime

A nonlinear PID control [7] is proposal for haptic
guidance task in free movement. This control compen-
sate the nonlinear dynamics in continuous mechanical
plants with tracking capability. The nonlinear PID con-
troller given by

τ =

∥

∥

∥JϕJT
ϕ

∥

∥

∥

JϕM (q)−1 JT
ϕ

λ (13)

λ = −mJ̇ϕq̇ + mJϕM(q)−1(C(q, q̇)q + g(q) + τc)

τc = −kp∆ϕ − kv∆ϕ̇ + kdSd −

ki

∫ t

t0

sgn(∆ϕ̇ + α∆ϕ − Sd)dς (14)

where Sd = (∆ϕ̇(t0) + α∆ϕ(t0)) exp−k(t−t0), for
kp, kv, k, α > 0, are positive feedback gains of ap-
propriate dimensions. Tracking errors are defined as
∆ϕ = ϕ − ϕd, ∆ϕ̇ = ϕ̇ − ϕ̇d for position and velocity,
respectively. Desired values are the positionϕd and
velocity ϕ̇d generated by the master or teacher. This
controller guarantees exponential tracking with using the
model, similar to [7]. For dynamic object is similar, the
proposal is similar along the lines of subsection III-B.2
and this section, and is therefore omitted.

B. Guidance for constrained motion regime

For this case, the controlτc of (12) is based on the
control law [11] to ensure simultaneous tracking of force
and position trajectories

τc = −τp − τf − τd (15)

where

τp = −Kp(t)∆q − Kv(t)∆q̇ − Kip(t)Ip

τp = KF (t)∆F + Kλ(t)∆λ − KiF (t)If

τd = KgN + ζ(t) (16)

and Kp(t), Kv(t), Kip(t), KiF (t), KF (t), Kλ(t), İF , İp,
Kg(t),N , ζ(t) are time varying feedback gains that

depends on matrixQ (q) = I−JT
ϕ (q)

(

Jϕ (q) JT
ϕ (q)

)

−1

stands for the orthogonal projection of the normal of a
matrix Jϕ ∈ <1x3, and onJT

ϕ . Gainsα, β are positive
constants,∆F =

∫

(λsd − λs)dt, Kd = KT
d ∈ <3x3

are positive gains. Desired contact forceλsd is the
commanded force by the master or teacher, whileλs

is the contact force being generated in the virtual envi-
ronment by the trainee. This controller guarantees fast
simultaneous tracking of position and force trajectories
defined by the master operator. See [11]. For dynamic
object is similar, the proposal is similar along the lines
of subsection IV-B and is therefore omitted.

V. PERCEPTION OFOBJECTPROPERTIES

Training is better realized under a realistic physics-
based environment. On one hand, lagrangian based
contact force allows more realistic interaction. On the
other hand, even more realistic virtual contact can be
obtained if object properties could be felt by the user,
such as texture, roughness, and the shape of the object.
Perception of object properties might be carried out with
the real or virtual object, in any case, haptic rendering
(visual images) must be consistent to what the user feels.

Parameterization of roughness, shape and texture
properties arises in normal and tangential subspaces at
the contact point. This in turn can be reproduced by the
actuators of the real haptic device operational contact
forces[fx, fy, fz]

T along each unitary axisi, j, k. In this
case, the master is physically in contact to the object,
and moves in its surface to feel[fx, fy, fz], and with it,
the roughness, shape and texture through force sensor.
Now, how to reproduce object properties with only
joint torques? In this section, along [12], we discuss an
approach that synthesizes texture, roughness, and shape
from fx, fy, and fz measurements. In this way, better
and more realistic kinesthetic coupling is established to
be able to better train motor skills.

A. Roughness Perception

The sliding friction between two different materials
with contact area defined byA, is equal to the loadW
divided by the flow stressPm of the weaker of the two
solids in contact. At this region of contact, the solid form
a number of junctions as if they were welded together.
Friction F represents the force required to shear these
junctions apart. Mathematically, the theory is expressed
as A = W

Pm
, F = As, µ = F

W
= s

Pm
, where s is the

shear stress. Thus, the coefficient of frictionµ ¿ 1
may be represented by the ratio of shear stress to flow
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stress of the material, and becomes its intrinsic property.
Roughness arises as function of the sliding motion over
the surface of the object, thus roughness is function
of the tangential frictionfT . Since fT arises at the
tangential plane at the contact point, it is then function
of joint velocity.q̇, in terms ofẊ = Jq̇ as follows

fT = µ
√

(f2
x + f2

z )Ẋ (17)

where, ~fx, ~fz ∈ St. Ẋ = Jq̇, with J as the Phantom
jacobian matrix. The torques based on the tangential
friction force is defined by the equation,

τc = JT fT

= µ
√

(f2
x + f2

z )JT Jq̇ (18)

In this way, we can model the roughness by simply
assigning roughness properties throughfx, fz.

B. Texture Perception

The perception of surface texture is a specific de-
sign issue in force feedback interfaces. Manipulation
of everyday objects, the perception of surface texture
is fundamental to accurate identify contact points and
apply the correct internal contact force. In a virtual
environment also, haptic texture information can both
increase the sense of realism of an object as well as
convey information about what the object is and where
it is. Phantom haptic device convey texture by actuating
kinesthetic forces on the users fingers. In this work we
model the texture property as a periodic function

τc = Amp (sin (2πft) + 1) (19)

where Amp stands for half of the maximum value of
texture torque,f stand for the frequency in hertz andt
is the time in seconds.

C. Shape Perception

Shape is perceived by the normal contact force of an
object. Thus, equation (7) directly provides this percep-
tion in absence of roughness and texture.

VI. T RAINING MOTOR SKILLS

For training tasks, it is required to generate on line
the desired trajectory simply by substitutingϕd(t) as
the desired temporal and spatial tasks. Controlling the
feedback gains, it is possible to control the error of
the task. For an excellent review of the subject, see the
unique paper and reference in it.
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Fig. 2. Haptic control, with friction.

VII. E XPERIMENTS

The conditions of the experiments are defined in a
parallel planeSt to the plane XZ, the human operator of
the remote station develops a circular trajectory on the
planeSt with texture and ruggedness (in way emulated
by means of references to the controller of force and
position in the local station). The constraint surface is
ϕ (q) = l2 − l2 cos (q3) + l1 sin (q2) − y0, where l1 =
l2 = 139.7 mm. The parametric equations that define
the trajectory arex = h + r cos(wt), y = y0, z = k +
r sin(wt). This equations correspond to a circumference
in the planeSt, with center inC (h, y0, k) and radior.
The Jacobian of PHANToM is given by

J =







l1c1c2 + l2s3c1 −l1s1s2 l2s1c3

0 l1c2 l2s3

− (l1s1c2 + l2s1s3) −l1s2c1 l2c1c3






(20)

wherec∗ = cos (∗) ands∗ = sin (∗). The time in all the
experiments is oft = 5 seconds

A. Experimental Setup

In all the experiments, the following parameters
were used,h = −25.0mm, y0 = 20.0 mm, k =
0.0 mm, w = 2π/5 Texture properties arefx =

R sin (2πfRt)

[

Jϕ11

‖JϕJT
ϕ ‖

]

, fz = R sin (2πfRt)

[

Jϕ13

‖JϕJT
ϕ ‖

]

In the table I presents the parameters used in each one
of the experiments,

Memorias del Congreso Nacional de Control Automático 2003

184



0 1 2 3 4 5
−20

−15

−10

−5

0

Haptic Colision Detection
F

e
e

(t
)

t(seg)
0 1 2 3 4 5

0

1

2

3

4

5
Reaction Force (Constrained Lagrangian)

F
r(

N
e

w
to

n
s
)

t(seg)

0 1 2 3 4 5
0

0.5

1

1.5

2

2.5
Force that define the Texture

F
te

x
(N

e
w

to
n

s
)

t(seg)
0 1 2 3 4 5

0

0.1

0.2

0.3

0.4

Tangential Friction: Ruggedness

F
t(

N
e

w
to

n
s
)

t(seg)

−50 −40 −30 −20 −10 0
0

5

10

15

20

25
Tracking in X−Y Plane

y
(m

m
)

x(mm)
−50

0
50

−50
0

50
0

20

40

x(mm)

Workspace

z(mm)

y
(m

m
)

Fig. 3. Object properties.

Experiment Amp f µ R fR

1 0 0 0 0 0

2 150 0.5 0.015 50 0.5

3 150 1.5 0.015 50 1.5

4 − deformation 150 0.5 0.015 50 0.5

TABLE I

PARAMETERS USED IN EXPERIMENTS

B. Experiments

The figures that describe the experiments 1, 2, 3 and
4 are defined in Fig. 2, Fig. 3, Fig. 4 and Fig. 5.

VIII. D ISCUSSIONS

A scheme to train motor skills of a trainee has been
proposed. It is argued that a realistic, physics-based,
haptic interface provides a better understanding of the
attributes of the motor tasks. A general framework based
on constrained robot dynamics renders a Lagrangian-
based contact force controllers within a systematic way
to produce contact to static and dynamic objects, and its
attributes of shape, roughness and texture. The system
is stable for free, collision and constrained motion by
using a novel decentralized class of force-position robot
control. This result has been supported theoretically, and
experimental evidence suggest a successful training is
easily achieved when desired trajectories are supervised
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Fig. 4. Remote guidance with roughness properties.

on line. The computational cost is quite low, and simple,
yet formal stability arguments guarantee the stability
of the closed-loop system convenient for remote virtual
training.
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