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Abstract

Nonlinear H1-controller synthesis is developed and ap-
plied to a regulation problem for mechanical systems with
friction. Due to the nature of the approach, the resulting
controller additionally yields the desired robustness prop-
erties against the discrepancy between the real friction and
that described in the model. To facilitate exposition, the
friction model chosen for treatment is con¯ned to the Dahl
model augmented with viscous friction. Performance is-
sues of the nonlinear H1-regulation controller are illus-
trated in a simulation study made for a two degrees-of-
freedom robot manipulator.

keywords: Nonlinear H1-control; Nonsmooth dynamic
systems; Mechanical manipulator; Friction.

1. Introduction

Robust control of mechanical systems has attracted con-
siderable research interest. However, in spite of the rich
and varied literature on this topic (see, e.g., related sur-
veys compiled by Sage et al. [9]), the following factors,
relevant in practice, are far from apropriately handled in
combination:

1. The system dynamics is nonlinear and, due to fric-
tional e®ects, it is nonsmooth.

2. The motion of the system is a®ected by unknown dis-
turbances. Incomplete and imperfect state measure-
ments are only available.

¤Work partially supported by CONACyT under Grant N35178-A

Thus, it is of interest to develop consistent control meth-
ods that are capable of handling all of the listed factors
and thereby yielding good performance on real systems.

In the present paper the nonlinear H1-control approach
is extended to nonsmooth systems and then applied to reg-
ulation control problems for mechanical manipulators with
friction. Due to the nature of the approach, the resulting
controller is additionally expected to yield the desired ro-
bustness properties against the discrepancy between the
real friction and that described in the model.

The H1-controller design presented here is based on
the game-theoretic approach from [1], and the L2-gain
analysis [7], and [10], providing complete solutions for
nonlinear autonomous systems. Our approach [8] extends
their results to account for nonsmooth friction dynamic
models (the Dahl model, the LuGre model etc.) which
have been brought into play to accurately describe ob-
served frictional e®ects (the stiction behavior, the Stribeck
e®ect etc.). The nonsmooth analysis from Clarke [4] will
also be instrumental in our design.

The paper is outlined as follows. The H1-control
problem for a class of nonsmooth systems is studied in Sec-
tion 2. Su±cient conditions for the existence of a global
solution of the problem are given in terms of solvability of
two Hamilton-Jacobi-Isaacs inequalities which arise in the
state-feedback and, respectively, output-injection design.

In Section 3, the synthesis procedure is extended to
a regulation control problem for mechanical systems with
friction. To facilitate exposition, the friction model cho-
sen for treatment is con¯ned to the Dahl model augmented
with viscous friction. This simplest dynamic model cap-
tures all the essential features of the general treatment
thereby making the extension to other friction dynamic
models straightforward. Since the position is assumed to
be the only available measurement on the system the re-
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sulting nonlinear H1-controller necessarily includes veloc-
ity and friction compensators. Performance issues of the
controller developed are illustrated in a simulation study
made for a two degrees-of-freedom robot manipulator. Fi-
nally, Section 4 presents conclusions.

2. Nonlinear H1-Control Synthesis

2.1. Problem Statement

Consider a nonlinear system of the form

_x = f1(x) + f2(x) + g1(x)w + g2(x)u

z = h1(x) + k12(x)u

y = h2(x) + k21(x)w (1)

where x 2 IRn is the state space vector, u 2 IRm is the
control input, w 2 IRr is the unknown disturbance, z 2 IRl

is the unknown output to be controlled, y 2 IRp is the
only available measurement on the system. The following
assumptions are made throughout.

A1) The functions f1(x); f2(x), g1(x), g2(x), h1(x), h2(x),
k12(x), k21(x) are locally Lipschitz continuous in x.

A2) f1(0) = 0, f2(0) = 0, h1(0) = 0; and h2(0) = 0.

A3)

hT
1 (x)k12(x) = 0; kT

12(x)k12(x) = I

k21(x)gT
1 (x) = 0; k21(x)kT

21(x) = I:

These assumptions are made for technical reasons. As-
sumption A1) guarantees the well-posedness of the above
dynamic system, while being enforced by integrable exo-
geneous inputs. Along with this, Assumption A1) admits
nonsmooth nonlinearities. In the subsequent local analy-
sis nonsmooth nonlinearities are only absorbed into the
term f2(x) whereas the other terms, including f1(x), are
smooth enough. Assumption A2) ensures that the origin is
an equilibrium point of the undriven (u = 0) disturbance-
free (w = 0) dynamic system (1). Assumption A3) is a
simplifying assumption inherited from the standard H1-
control problem.

A causal dynamic feedback compensator

u = K(y); (2)

with internal state » 2 IRs; is said to be a globally (locally)
admissible controller if the closed-loop system (1), (2) is
globally (uniformly) asymptotically stable when w = 0.

Given a real number ° > 0, it is said that system (1), (2)
has L2-gain less than ° if the response z, resulting from w
for initial state x(0) = 0; »(0) = 0; satis¯es

Z T

0

kz(t)k2
dt < °2

Z T

0

kw(t)k2
dt (3)

for all T > 0 and all piecewise continuous functions w(t).
The nonsmooth H1-control problem is to ¯nd a glob-

ally admissible controller (2) such that L2 -gain of the
closed-loop system (1), (2) is less than °: In turn, a locally
admissible controller (2) is said to be a local solution of
the H1-control problem if there exists a neighborhood U
of the equilibrium such that inequality (3) is satis¯ed for
all T > 0 and all piecewise continuous functions w(t) for
which the state trajectory of the closed-loop system start-
ing from the initial point (x(0); »(0)) = (0; 0) remains in
U for all t 2 [0; T ]:

2.2. Local State-Space Solution

Our local analysis additionally assumes the following.

A4) The functions f1(x), g1(x), g2(x), h1(x), h2(x),
k12(x), k21(x) are twice continuously di®erentiable in
x locally around the origin x = 0 whereas their ¯rst
and second order state derivatives are piecewise con-
tinuous.

A5) The vector ³ = 0 is a proximal supergradient of the
components f2i(x); i = 1; : : : ; n of the function f2(x)
at x = 0:

Recall that a vector ³(x̂) 2 IRn is a proximal supergradient
of a scalar function f(x) at x̂ 2 IRn+1 if there exists some
¾(x̂) > 0 such that

f(x) · f(x̂) + ³T (x̂)(x ¡ x̂) + ¾(x̂)kx ¡ x̂k2 (4)

for all x in some neighborhood U(x̂) of x̂. The set @P f(x̂)
of proximal supergradients of f at x̂ is referred to as the
proximal superdi®erential of f at x̂.

So, the components f2i(x); i = 1; : : : ; n of the function
f2(x) are such that

0 2 @P f2i(0) (5)

or equivalently,
f2i(x) · ¾kxk2 (6)

for some ¾ > 0; and all x 2 U(0):
Assumptions A1)-A5), coupled together, allow one to

linearize the corresponding Hamilton-Jacobi-Isaacs in-
equalities thereby yielding a local solution of the non-
smooth H1-control problem.

The subsequent local analysis involves the linear H1-
control problem for the system

_x = A1x + B1w + B2u

z = C1x + D12u

y = C2x + D21w (7)

where

A1 =
@f1

@x
(0); B1 = g1(0); B2 = g2(0);
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C1 =
@h1

@x
(0); C2 =

@h2

@x
(0); D12 = k12(0); D21 = k21(0):

(8)
Such a problem is now well-understood if the linear sys-

tem (7) is stabilizable and detectable from u and y, respec-
tively. Under these assumptions, the following conditions
are necessary and su±cient for a solution of the problem
to exist (see, e.g., Doyle et al. [6]):

C1) there exists a bounded positive semide¯nite symmet-
ric solution of the equation

PA1+AT
1 P +CT

1 C1+P [
1

°2
B1B

T
1 ¡B2B

T
2 ]P = 0 (9)

such that the system

_x = [A1 ¡ (B2B
T
2 ¡ °¡2B1B

T
1 )P ]x(t) (10)

is exponentially stable;

C2) there exists a bounded positive semide¯nite symmet-
ric solution to the equation

AZ + ZAT + B1B
T
1 + Z[

1

°2
PB2B

T
2 P ¡ CT

2 C2]Z = 0

(11)
such that the system

_x = [A ¡ Z(CT
2 C2 ¡ °¡2PB2B

T
2 P )]x(t) (12)

is exponentially stable and A = A1 + 1
°2 B1BT

1 P:

According to the bounded real lemma, conditions C1) and
C2) ensure that there exists a positive constant "0 such
that the system of the perturbed Riccati equations

P"A1 +AT
1 P" +CT

1 C1 +P"[
1

°2
B1B

T
1 ¡B2B

T
2 ]P" + "I = 0;

(13)

A"Z" + Z"A
T
" + B1B

T
1 + Z"[

1

°2
P"B2B

T
2 P" ¡ CT

2 C2]Z"

+"I = 0 (14)

has a unique bounded, positive de¯nite symmetric solution
(P"; Z") for each " 2 (0; "0) where A" = A1 + 1

°2 B1B
T
1 P".

In what follows, equations (13) and (14) are utilized to
derive a local solution of the nonlinear H1-control prob-
lem for (1).

Theorem 1. Let conditions C1) and C2) be satis¯ed and
let (P", Z") be the bounded positive de¯nite solution of
(13), (14) under some " > 0: Then hypotheses H1) and H2)
hold locally around the equilibrium (x; ») = (0; 0) with

V (x) = xT P"x; (15)

W (x; ») = °2(x ¡ »)T Z¡1
" (x ¡ »); (16)

F (x) =
"

2
kxk2 ; (17)

G = Z"C
T
2 ; (18)

Q(x; ») =
"

2
°2kZ¡1

" k2kx ¡ »k2; (19)

and the output feedback

_» = f1(») + f2(») +

·
1

°2
g1(»)g

T
1 (») ¡ g2(»)g

T
2 (»)

¸
P"»

+Z"C
T
2 [y ¡ h2(»)]; (20)

u = ¡gT
2 (»)P"» (21)

is a local solution of the H1-control problem.

Proof of Theorem 1 in the smooth case can be found in
[8]. The general proof is nearly the same and it is therefore
ommited.

Thus, conditions C1) and C2) ensure the existence of a
local solution of the nonlinear H1-control problem. Un-
der an appropriate assumption these conditions become
not simply su±cient but also necessary for such a solu-
tion to exist. Indeed, let there exist a local solution of the
nonlinear H1-control problem and let its linear approxi-
mation exponentially stabilize the disturbance-free version
of the linearized system (7). Then following Proposition 6
in [10] one can observe that the above assumptions guar-
antee solvability of the linear H1-control problem for the
linearized system (7), thereby proving that (7) is stabiliz-
able and detectable (from u and y, respectively) and hence
(see Doyle et al. [6]) conditions C1) and C2) are satis¯ed.

3. H1-Position Control of Mechanical Ma-
nipulators with Friction

3.1. Problem Statement

Theoretical results of the previous section are now applied
to a position control problem for friction mechanical ma-
nipulators, whose links are joined together with revolute
joints. A mathematical model for such a manipulator is
given by

M(q)Äq + C (q; _q) _q + G (q) + F ( _q) = ¿ + w1 (22)

where q 2 IRn is a position, ¿ 2 IRn is a control input,
w1 2 IRn is an external disturbance, F ( _q) ; G(q) M(q);
and C(q; _q) are matrix functions of appropriate dimen-
sions. From the physical point of view, q is the vector of
generalized coordinates, ¿ is the vector of external torques,
M(q) is the inertia matrix, symmetric and positive de¯nite
for all q 2 IRn, C(q; _q) _q is the vector of Coriolis and cen-
trifugal torques, G(q) is the vector of gravitational torques,
the components Fi ( _qi) ; i = 1; : : : ; n of F ( _q) are the fric-
tion forces acting independently in each joint and they are
represented as a combination

Fi = fvi _qi + Fdi; i = 1; : : : ; n (23)
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of viscous friction fvi _qi and the Dahl friction Fdi governed
by the following dynamic model (cf. that of Dahl [5]):

_Fdi = ¾1i _qi ¡ ¾1ij _qij
Fdi

FCi
+ w2i (24)

where ¾0i > 0, ¾1i > 0, and FCi > 0 are the viscous
friction coe±cient, the sti®ness, and the Coulomb friction
level, respectively, corresponding to the i-th manipulator
joint; w2i is an external disturbance which is involved to
account for inadequacies of the friction modeling. Clearly,
the above component-wise relations can be rewritten in
the vector form

F = fv _q + Fd (25)

_Fd = ¾1 _q ¡ ¾1diagfj _qijgF ¡1
C Fd + w2 (26)

where F = colfFig, Fd = colfFdig, q = colfqig fv =
diagffvig, ¾1 = diagf¾1ig; FC = diagfFcig; w2 =
colfw2ig, the notations diag and col are used to denote
a diagonal matrix and a column vector, respectively.

Let qd = colfqdig be the desired position. Then if there
were no initial and external disturbances the desired po-
sition would be an equilibrium point of the closed loop
system driven by ¿ = G(qd). Our objective is to design a
controller of the form

¿ = G(qd) + u (27)

that imposes on the disturbance-free manipulator motion
desired stability properties around qd while also locally
attenuating the e®ect of the disturbances. Thus, the con-
troller to be constructed consists of a gravity compensator
and a disturbance attenuator u; internally stabilizing the
closed-loop system around the desired position.

For certainty, we con¯ne our investigation to the posi-
tion regulation control problem where

1. the output to be controlled is given by

z = ½

·
0
q ¡ qd

¸
+

·
1
0

¸
u (28)

with a positive weight coe±cient ½; and

2. the position measurements

y = q + w0; (29)

corrupted by the error vector w0(t) 2 IRn, are only
available.

The extension to a general case is straightforward.
The H1 position control problem for robot manipula-

tors with friction can formally be stated as follows. Given
a mechanical system (22)-(29), a desired position qd, and
a real number ° > 0, it is required to ¯nd (if any) a
causal dynamic feedback controller (2) with internal state
» 2 IRs such that the undisturbed closed-loop system is

uniformly asymptotically stable around the desired posi-
tion and its L2-gain is locally less than °, i.e., inequal-
ity (3) is satis¯ed for all T > 0 and all piecewise con-
tinuous functions w = ((w0; w1; w2)T for which the state
trajectory of the closed-loop system starting from the ini-
tial point (q(0); _q(0); Fd(0); »(0)) = (qd; 0; 0; 0) remains in
some neighborhood of this point.

3.2. H1 Synthesis

To begin with, let us introduce the state deviation vector
x = (x1; x2; x3)

T where x1 = qd ¡ q is the position devi-
ation from the desired position qd, x2 = _q is the velocity,
and x3 = Fd is the Dahl friction. After that let us rewrite
the state equations (22)-(29) in terms of the state vector
x:

_x1 = x2

_x2 = ¡M¡1(qd ¡ x1)[C(qd ¡ x1; x2)x2

+G(qd ¡ x1) ¡ G(qd) + fvx2 + x3 ¡ u ¡ w1]

_x3 = ¾1x2 ¡ ¾1diagfjx2ijgF ¡1
C x3 ¡ w2 (30)

Clearly, the H1 regulation problem in question is noth-
ing else than the earlied studied nonlinear H1 control
problem for the nonsmooth system (1) speci¯ed as follows:

f1(x) =
2
4

x2

¡M¡1(qd ¡ x1)[C(qd ¡ x1; x2)x2 ¡ G(qd ¡ x1)]
¾1x2

3
5

+

2
4

0
¡M¡1(qd ¡ x1)[G(qd) + fvx2 + x3]
0

3
5 ;

f2(x) =

2
4

0
0

¡¾1diagfjx2ijgF¡1
C x3

3
5 ; (31)

g1(x) =

2
4

0 0 0
0 ¡M¡1(qd ¡ x1) 0
0 0 ¡1

3
5 ;

g2(x) =

2
4

0
¡M¡1(qd ¡ x1)

0

3
5 ;

h1(x) = ½

·
0
x1

¸
; h2(x) = x1;

k12(x) =

·
1
0

¸
; k21(x) = [ 1 0 0 ] (32)

where by virtue of the well-known inequality

2jajb · a2 + b2; a; b 2 IR

the function f2(x) satis¯es (6) for ¾ = 0:5 maxi ¾1iF
¡1
ci

and all x 2 IRn. Now by applying Theorem 1 to system
(1) thus speci¯ed, we derive a local solution of the H1
regulation control problem.
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Theorem 2. Let conditions C1) and C2) hold for the ma-
trix functions A; B1;B2; C1, C2, governed by (8),(31), (32),
and let (P", Z") be the corresponding positive de¯nite so-
lution of (13), (14) under some " > 0: Then the output
feedback

:

»= f1(») + f2(») + [
1

°2
g1(»)gT

1 (») ¡ g2(»)g
T
2 (»)]P"»

+Z"C
T
2 (t)[y(t) ¡ h2(»)]; (33)

u = ¡gT
2 (»)P"» (34)

subject to (31), (32) is a local solution of the H1-position
regulation problem.

Proof. Since by inspection Assumptions A1)-A5) hold
for the system (30), which represents the manipulator
equations (22)-(29) in terms of the state deviation with
respect to the desired position qd, the validity of Theorem
2 is concluded by applying Theorem 1. ¥

3.3. Simulation Results

The controller performance was studied by simulation
made for a two-degrees-of-freedom robot manipulator
moving in the vertical plane. The dynamics of the ma-
nipulator satis¯es (22) and it is a®ected by viscous and
Dahl frictions (23), (24) where the model parameters

M(q) =

·
8:77 + 1:02 cos (q2) 0:76 + 0:51 cos (q2)
0:76 + 0:51 cos (q2) 0:62

¸
;

C(q; _q) =

·
¡0:51 sin(q2) _q2 ¡0:51 sin(q2)( _q1 + _q2)
0:51 sin (q2) _q1 0

¸
;

G(q) =

·
74:48 sin (q1) + 6:174 sin (q1 + q2)

6:174 sin (q1 + q2)

¸
;

fv =

·
1 0
0 1:2

¸
; ¾1 =

·
1 0
0 1

¸
; FC =

·
5 0
0 1

¸

are drawn from [2] (cf. also that of Berghuis and Nijmeijer
[3] for the friction-free robot manipulator model).

In the simulation, performed with MATLAB, the ma-
nipulator was required to move from the origin qT (0) =
[0; 0] to the desired endpoint qT

d = [0:1; 0:3](rad). The de-
sired endpoint has been prespeci¯ed close enough to the
origin to ensure that the initial state deviation xi(0) =
qdi ¡ qi(0) = qdi; i = 1; 2 is within the attraction domain
of the H1-regulator to be constructed. The initial veloc-
ity _q(0), Dahl friction force Fd(0), and compensator state
»(0) were equivalent to zero for all simulations.

The control goal was achieved by simulating the H1-
regulator (20), (21) and (27) with the weight parameter
½ = 1:45. By iterating on ° we found the in¯mal achiev-
able level °¤ ' 100. However, in the subsequel simulation
° = 350 was selected to avoid an undesirable high-gain
controller design that would appear for a value of ° close to
the optimum. With ° = 350 we obtained that for " = 0:8

the corresponding Riccati equations (13), (14) have the
following positive de¯nite solutions:

P" =

2
6666664

6:129 0:0 0:743 0:0 0:0
0:0 9:93 2:977 0:0 1:952 0:758
0:0 2:977 1:466 0:0 0:795 0:352

0:743 0:0 0:0 0:182 0:0 0:0
0:0 1:952 0:795 0:0 0:495 0:203
0:0 0:758 0:352 0:0 0:203 0:088

3
7777775

;

Z" =
2
6666664

40:55 0:0 0:0 139:69 0:0 0:0
0:0 890:83 234:12 0:0 313:53 92:61
0:0 234:12 152:61 0:0 51:22 95:02

139:69 0:0 0:0 504:28 0:0 0:0
0:0 313:53 51:22 0:0 132:20 ¡13:57
0:0 92:61 95:02 0:0 ¡13:57 117:59

3
7777775

:

By Theorem 1, these solutions result in the control law
(20)-(21) solving the regulation problem. We simulated
two cases of the H1-regulator thus constructed, with-
out disturbance and with both permanent disturbances
wij = 0:1; i = 1; 2; j = 0; 1; 2 and 5% parameter vari-
ations. The resulting trajectories are depicted in Figure
1. This ¯gure demonstrates that the regulator stabilizes
the disturbance-free system motion around the desired po-
sition and attenuates permanent external disturbances as
well as parametric uncertainties.

4. Conclusions

A Nonlinear H1-synthesis is developed for a class of non-
smooth control systems. In contrast to the standard tech-
niques (cf. that of Basar and Bernhard, [1]; Isidori and As-
tol¯ [7]; Van der Schaft, [10]), the corresponding Hamilton-
Jacobi-Isaacs expressions are now required to be negative
de¯nite rather than semide¯nite. This feature has allowed
us to develop an H1-design procedure with no apriori-
imposed stabilizability-detectability conditions on the con-
trol system (note that in the nonlinear case, veri¯cation
of these conditions becomes a formiddable problem in it-
self). Although the design procedure results in an in¯nite-
dimensional problem we have circumvented this di±culty
by solving the problem locally. Implementation of the con-
troller thus constructed remains of the same level of sim-
plicity as that in the linear case.

The afore-mentioned design procedure has been shown
to be eminently suited to solving position regulation prob-
lem for friction mechanical systems. To facilitate exposi-
tion, the friction model chosen for treatment has been con-
¯ned to the Dahl model augmented with viscous friction.
E®ectiveness of the design procedure has been supported
by the simulations made for a two degrees-of-freedom ro-
bot manipulator.
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Figure 1: Robustness of the H1-regulator against exter-
nal disturbances and parametric variations: left column
for the no disturbance case, right column for both the per-
manent disturbance and parametric variations.
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