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Abstract: We investigate the influence of time-delay in the dynamic behavior of coupled
nonlinear systems. Specifically—by using the Poincaré method of ‘small’ perturbations—we
derive conditions for the existence and stability of synchronous solutions occurring in pairs of
weakly nonlinear systems with delayed dynamic coupling. Two types of synchronization are
investigated as a function of the time-delay, namely in-phase and anti-phase synchronization.
Additionally, the amplitude and frequency of the synchronous solutions are analytically
obtained. The proposed methodology is applied to a pair of pendula driven by a van der Pol
torque and the obtained results are illustrated and supported by means of numerical simulations.
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1. INTRODUCTION

One of the most ubiquitous forms of motion in the universe
is oscillatory motion. Some examples, which are familiar
to everyone are: the ups and downs in economy, a child
in a swing, the waves in the ocean approaching and
receding the shore, just to mention a few. Remarkably,
when the oscillatory motion of a system is influenced by
the oscillations of (an)other system(s), then the interacting
systems may experience a striking phenomenon called
synchronization, i.e. the interacting systems ‘agree on
time’.

It has been found that the main ‘secret’ behind the
synchronization phenomenon is that there exists a com-
munication channel, called coupling, such that a pair
or a network of systems can influence each other. This
coupling can be, for instance, a physical interconnection
(Pena Ramirez et al., 2013) or a certain chemical process
(Epstein, 1990).

An interesting situation occurs when the interaction be-
tween the systems is not instantaneous but occurs after
some (small) time-delay. This is the case in for example bi-
ological oscillators (Kim et al., 2010), neurosystems (Schöll
et al., 2009), mechanical systems (Estrada-Garćıa et al.,
2009) and traffic models (Orosz et al., 2010).

Time-delay systems are infinite dimensional systems,
which are hard to analyze by using classical Nonlinear
Theory. Nevertheless, there exists a vast literature in this
exciting and challenging area. For example, in (Oguchi and
Nijmeijer, 2011; Steur et al., 2014), the influence of time-
delay in the synchronization of coupled systems has been
investigated.

? This work was partly supported by CONACYT Mexico

On the other hand, analytical and computational methods
for analysis, stabilization, and control of time-delayed
systems have been proposed, see e.g. (Kolmanovskii and
Nosov, 1986; Moog et al., 2000; Michiels and Niculescu,
2014; Orlov et al., 2002; Alvarez-Gallegos and Alvarez-
Gallegos, 1994).

Besides the aforementioned efforts, further research in
the field of time-delay systems is still necessary, see for
example, the brief but nice motivation presented in (Jean-
Pierre, 2003). One of the reasons obeys to the fact that,
either there are several unsolved problems, or the current
frameworks of analysis often yield to conservative results.

In this paper, the occurrence of synchronization in non-
linear oscillators with time-delayed coupling is treated.
In the proposed coupling scheme, the systems do not
interact directly but rather through a dynamical system, in
such way that both oscillators receive the same (delayed)
coupling signal.

Necessary and sufficient conditions for synchronization in
the resulting coupled system are derived by using a per-
turbation method, namely the Poincaré method. Likewise,
the amplitude and frequency of the synchronous solutions
are analytically computed. The proposed methodology is
applied to a pair of pendula, which are driven by a van der
Pol torque and numerical simulations are provided.

The paper is organized as follows. First, in Section 2, the
proposed coupling scheme and a mathematical machinery
for analysis of coupled nonlinear systems, are presented.
Next, Section 3 considers a particular example. Namely,
conditions for synchronization of a pair of coupled pendula
driven by van der Pol torque are given.Then, in Section 4,
a numerical analysis is presented. Finally, a discussion of
obtained results and conclusions are formulated in Section
5.
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2. PRELIMINARIES

Consider a pair of identical self-sustained oscillators of the
form

ẋj(t) =Axj(t) + µF (xj(t)) +Bv(t), j = 1, 2, (1)

yj(t) =Cxj(t), (2)

where xj(t) ∈ Rn is the state, A ∈ Rn×n is a constant
matrix, µ ∈ R+ is a ’small’ parameter, i.e. 0 < µ << 1.
The nonlinear function F : Rn → Rn is locally Lipchitz
in xj(t) and describes the internal energy source, i.e. this
term compensates the energy loss in oscillator j. Moreover,
the output of oscillator j is denoted by yj(t), and C ∈
R1×n and B ∈ Rn×1 are constant vectors. The escalar
signal v(t) is the coupling signal, to be designed.

Let the systems (1) interact via the dynamic coupling

z̈(t) = −k1z(t)− k2ż(t) + µ

2∑
j=1

yj(t), (3)

where z(t), ż(t) ∈ R, k1, k2 are positive parameters, and
yj(t) is as given in (2).

The coupling signal v(t), which is the same for each
oscillator, is assumed to be time-delayed and is constructed
as follows

v(t) = kz(t− τ), (4)

where k ∈ R+. Note that the proposed coupling scheme,
which is depicted in Figure 1, is called delayed unidirec-
tional coupling, since only the input to the oscillators is
delayed.

Next, the delayed term in (4) is approximated by a Taylor
series around τ = 0. For the time being, a first-order
expansion is used. This yields

v(t) = k (z(t)− τ ż(t)) . (5)

It should be noted that the reason of using a first or-
der approximation is twofold: to convert the closed-loop
system (1)-(4) into a finite dimensional system and to
facilitate the upcoming analysis. Obviously, this will have
consequences: the analysis will only be valid for ‘small’
delays, i.e. conservative results are expected. At the end
of Section 5, a more detailed discussion about this issue
has been included.

Hence, the closed-loop system (1,3,5) becomes

ẋj(t) =Axj(t) + µF (xj(t)) +Bk (z(t)− τ ż(t)) , (6)

z̈(t) =−k1z(t)− k2ż(t) + µ

2∑
j=1

yj(t), (7)

for j = 1, 2.

By defining the state vector q(t) := [x1(t)T x2(t)T z(t) ż(t)]T ,
the resulting coupled system (6)-(7) takes the form

q̇(t) = Ãq(t) + µΦ(q(t)), (8)

where

Ã =

A 0 B̄
0 A B̄
0 0 ∆

 , Φ(q(t)) =

 F (x1(t))
F (x2(t))

ΓC̄q

 , (9)

Oscillator 1

Oscillator 2

Coupling system
v(t)

τ
v(t− τ )

y1(t)

y2(t)

ẋ1(t) = Ax1(t) + µF (x1(t)) +Bv(t− τ )

ẋ2(t) = Ax2(t) + µF (x2(t)) +Bv(t− τ )

z̈(t) = −k1z(t)− k2ż(t)

+µ(y1(t) + y2(t))

Fig. 1. Time-delayed coupling scheme. The delay is indi-
cated by τ .

with B̄ = [kBT −kτBT ]T , C̄ = [C C 0], ∆ =

[
0 1
−k1 −k2

]
,

Γ = [0 1]T , and 0 can be either a vector or a matrix of
appropriate dimensions.

System (8) can now be analyzed by using a perturbation
technique based on the Poincaré method, which allows
to determine conditions for the existence and stability of
periodic solutions in weakly nonlinear systems of the form
(8). This technique is due to Blekhman (Blekhman, 1988)
and it is summarized in the following lines.

First, the following assumptions are made on system (8).

[A-1] Function Φ(q(t)) is an analytical function in q(t),
i.e. it can be expanded as a power series in q(t).

[A-2] The characteristic equation associated to matrix Ã
has an arbitrary number (different from zero) of purely
imaginary roots of any multiplicity 1 and the remaining
roots are assumed to have negative real part.

Then, by using a nonsingular linear transformation, sys-
tem (8) can be transformed to the canonical form

żr(t) = λrzr(t)+µfr(z1(t), . . . , z2n+2(t)), r = 1, . . . , 2n+2.
(10)

Determining the transformation that leads to obtain the
canonical form (10) is not difficult, because for µ =
0, system (8) becomes a linear system with constant
coefficients. Hereinafter, the analysis is centered around
system (10). The fundamental or generating system, i.e.
µ = 0, associated to (10) is

żr(t) = λrzr(t), r = 1, . . . , 2n+ 2, (11)

which has the solution

z0
r (t) = αre

λrt, r = 1, . . . , 2n+ 2, (12)

where αr, r = 1, . . . , 2n + 2, are arbitrary parameters
determining the amplitude of the solution.

A-3 In accordance with [A-2], it is assumed that the
characteristic exponents λr, r = 1, . . . , 2n + 2, are
categorized as follows

λr =

{
inrω, r = 1, . . . , s,
−ar + ibr, r = s+ 1, . . . , 2n+ 2,

(13)
where i is the imaginary unit, i.e. i =

√
−1, ar > 0, nr

is a positive or negative integer, br is a real constant,
ω = 2π

T is the oscillation frequency associated to system
(11) and T is the period. It will also be assumed that
only real solutions q(t) of (8), are of interest (physical

1 However, it is required that the algebraic multiplicity of these roots
is equal to their geometric multiplicity.
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systems do not have complex solutions!). Therefore,
the characteristic exponents with purely imaginary part
appear as complex conjugate pairs and likewise the
functions fr in (10) appear as complex conjugate pairs.
This implies that s is a positive even number.

From the above assumption it follows that system (11) will
have periodic solutions of period T , i.e. (12) can be written
as

z0
r (t) =

{
αre

λrt = αre
inrωt, r = 1, . . . , s,

0, r = s+ 1, . . . , 2n+ 2.
(14)

The problem now is to determine the values of αr, r =
1, . . . , s, such that the periodic solutions of (10) reduce,
for µ = 0, to the generating solutions (14) of period T .
Moreover, the periodic solutions of (10) will have a period
different from T , i.e. T ∗(µ) = T + τc(µ). Therefore, it is
also necessary to determine the “correction” τc(µ) of the
period. The following theorem addresses these issues and
also provides conditions for the existence and stability of
the periodic solutions of (10).

Theorem 1. ((Blekhman, 1988)). Periodic solutions with
period T ∗(µ) = T +τc(µ) for the autonomous system (10),
becoming at µ = 0 periodic (period T ) solutions (14) of
the fundamental system (11), can correspond only to such
values of constants α1, . . . , αs−2, αs−1 = αs, which satisfy
equations

Qr(α1, . . . , αs) := αsnsPr−αrnrPs = 0, r = 1, . . . , s−1,
(15)

where

Pr(α1, . . . , αs) =

∫ T

0

fr(y
0
1 , . . . , y

0
2n+2)e−inrωtdt, r = 1, . . . , s.

(16)

=

∫ T

0

fr(α1e
in1ωt, . . . , αse

insωt, 0, . . . , 0)e−inrωtdt,

If for a certain set of constants α1 = α∗1, . . . , αs−2 =
α∗s−2, αs−1 = αs = α∗s which satisfy equations (15), the
real parts of all roots λ of the following characteristic
equation are negative 2

P (λ) = det

(
∂Q

∂α

∣∣∣∣
α=α∗

− α∗snsλI
)

= 0, (17)

then, for sufficiently small µ, this set of constants will
indeed correspond to a unique, analytically w.r.t. µ, stable
periodic solution of system (10) with period T ∗(µ) = T +
τc(µ). At µ = 0, it becomes a periodic (period T ) solution
(14) of the fundamental system (11). If the real part of
at least one root of equation (17) is positive, then the
corresponding solution is unstable. With accuracy up to
terms of order µ, the period correction τc(µ) is determined
by

τc(µ) = −µPs(α
∗
1, . . . , α

∗
s−2, α

∗
s , α
∗
s)

λsα∗s
. (18)

2 ∂Q
∂α

∣∣
α=α∗ =


∂Q1

∂α1
· · ·

∂Q1

∂αs−1

..

.
. . .

...
∂Qs−1

∂α1
· · ·

∂Qs−1

∂αs−1


∣∣∣∣∣∣∣∣∣
α1=α∗

1
,...,αs−1=α∗

s

and I ∈ Rs−1×s−1 is the identity matrix.

The proof of this theorem is sketched in (Blekhman, 1971)
(in Russian) and fully developed in (Pena Ramirez and
Nijmeijer, 2015).

3. CASE OF STUDY: TWO PENDULA DRIVEN BY A
VAN DER POL TORQUE

In this section, the mathematical machinery presented
in the previous section is applied to a pair of identical
pendula. 3 Each pendulum is driven by a van der Pol
term, which dissipates energy for large oscillations of the
pendulum and generates energy when the amplitude of the
oscillations is small.

Furthermore, each pendulum is modelled by a point mass
of mass m [kg] attached at the lower end of a massless
bar of length l [m] for j=1,2. The rotational damping in
the pendula is also assumed to be viscous and linear with
damping constant d [Nms/rad].

Hence, it can be shown that the dynamic behavior of each
pendulum is described by

θ̈j(t) =−g
l

sin θj(t)−
d

ml2
θ̇j(t) +

ν

ml2
(γ2 − θ2

j (t))θ̇j

+v(t), (19)

yj(t) = θj(t), j = 1, 2, (20)

where θj ∈ S1 in [rad], denotes the rotation angle of
pendulum j, for j = 1, 2, g [m/s2] is the gravitational
acceleration, and v(t) is a coupling signal.

Let the pendula interact via the dynamic coupling

z̈(t) = −k1z(t)− k2ż(t) + µ

2∑
j=1

θi(t) (21)

where µ ∈ R+ is a small parameter, i.e. 0 < µ << 1 and
kj ∈ R+, j = 1, 2, are constants.

A delayed unidirectional coupling scheme, see Figure 1, is
considered. Hence, the coupling signal v(t) is as given in
(4).

Next, the time is rescaled by t̄ = ωt, with ω =
√
g/l and

the delayed term (4) is replaced by its first-order Taylor
expansion around τ = 0, as given in (5). Consequently, the
resulting coupled system (19, 5, 21) is given by

θ̈j(t̄) =− sin θj(t̄)−
d

ml2ω
θ̇j(t̄)−

ν

ml2ω
(γ2 − θ2

j (t̄))θ̇j(t̄)

+
k

ω2
(z(t̄)− τ̄ ż(t̄)), j = 1, 2. (22)

z̈(t̄) =− k1

ω2
z(t̄)− k2

w
ż(t̄) +

µ

ω2

2∑
j=1

θj(t̄), (23)

where τ̄ = ωτ . Now, the upper dots on the left-hand side
denote differentiation with respect to the dimensionless
time t̄.

At this point, it is also worth to note that the coupled
system (22)-(23), resembles a pair of oscillators with time-
delayed Huygens’ coupling, see e.g. (Pena Ramirez et al.,
2014).

3 Note, however, that the methodology can be applied to arbitrary
self-sustained oscillators of the form (8).
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The analysis continues by assuming the following:

[B-1] Small oscillations, i.e. sin(θj(t̄)) ≈ θj(t̄).
[B-2] Small damping, i.e. d

ml2ω = µp.
[B-3] Small nonlinearities, i.e. ν

ml2ω = µc.

Under these assumptions, the coupled system (22)-(23)
takes the ‘weakly nonlinear’ form, see (8)

q̇(t̄) =


0 1 0 0 0 0
−1 0 0 0 k̄ −k̄τ̄
0 0 0 1 0 0
0 0 −1 0 k̄ −k̄τ̄
0 0 0 0 0 1
0 0 0 0 −a1 −a2


︸ ︷︷ ︸

Ã

q(t̄)+µ


0

(c(γ2 − θ2
1(t̄))− p)θ̇1(t̄)

0

(c(γ2 − θ2
1(t̄))− p)θ̇2(t̄)

0
γ


︸ ︷︷ ︸

Φ(·)
(24)

where q(t̄) =
[
θ1(t̄) θ̇1(t̄) θ2(t̄) θ̇2(t̄) z(t̄) ż(t̄)

]T
, k̄ =

k/ω2, a1 = k1/ω
2, and a2 = k2/ω.

In order to apply Theorem 1, it is necessary to diagonalize
system (24) by means of the transformation

q(t̄) = V w(t̄), (25)

where V is the matrix of eigenvectors associated to matrix
Ã in (24), and w(t̄) = [w1(t̄), . . . , w6(t̄)]T .

Then, (24) is transformed to

ẇ(t̄) =


i 0 0 0 0 0
0 −i 0 0 0 0
0 0 i 0 0 0
0 0 0 −i 0 0
0 0 0 0 σ1 0
0 0 0 0 0 σ2

w(t̄) + µV −1Φ(V w((t̄))),

(26)

where σ1 = −a2/2 −
√

(a2
2 − 4a1) and σ2 = −a2/2 +√

(a2
2 − 4a1).

Clearly, for µ = 0, (26) has the following solutions

w1(t̄) = α1e
2π
T it̄, w2(t̄) = α2e

−2π
T it̄, w3(t̄) = α3e

2π
T it̄,(27)

w4(t̄) = α4e
− 2π
T it̄, w5(t̄) = α5e

σ1 t̄, w6(t̄) = α6e
σ2 t̄, (28)

where T = 2π is the dimensionless period of an uncoupled,
undamped pendulum. Clearly, for µ = 0, the system has
4 periodic solutions and 2 solutions (w5(t̄), w6(t̄)) that
damp out. Hence, in the sequel it will be assumed that
w5(t) ≡ w6(t) ≡ 0.

The next step in the analysis is to determine the values of
αi for i = 1, . . . , 4 such that the periodic solutions of (24)
asymptotically reduce, for µ = 0, to (27). Moreover, the
period of the solutions when 0 < µ << 1 will be different
from T = 2π. Following Theorem 1, it is assumed that the
period is of the form

T̃ = T + µτc = 2π + µτc, (29)

where τc determines the ‘correction’ of the period T .

Consequently, we are looking for periodic solutions of (24)
in the form

θ1(t̄) =−iα1e
2π
T̃
it̄ + iα2e

− 2π
T̃
it̄, (30)

θ2(t̄) =−iα3e
2π
T̃
it̄ + iα4e

− 2π
T̃
it̄, (31)

where we have used the transformation (25) with wj(t̄),
j = 1, . . . , 6, as defined in (27),(28), with period (29). Since

θ1(t̄) and θ2(t̄) must be real, it follows that α1 = α2 and
α3 = α4. Hence, solutions (30) and (31) become

θ1(t̄) = 2α1 sin

(
2π

T̃
t̄

)
, (32)

θ2(t̄) = 2α3 sin

(
2π

T̃
t̄

)
. (33)

3.1 The amplitude of the solutions

The values of α1 and α3 denote the amplitude of solutions
(32)-(33) and are computed by using (15) in Theorem 1.
This requires to solve the following periodicity conditions

Q1 = π (α1 (α4ψ3 − ψ1) + α3 (α1ψ4 − ψ2)) = 0, (34)

Q2 = π
(
α2

1 − α2
3

)
(α1α3c+ ψ5) = 0, (35)

Q3 = π (α3 (α4ψ3 − ψ1) + α3 (α3ψ3 − ψ2)) = 0, (36)

where

ψ1 =
k̄(α2 + α4)(τ − i)
ω2(1 + a2i− a1)

, (37)

ψ2 =
k̄(α1 + α3)(τ + i)i

ω2(a2 − a1i+ i)
, (38)

ψ3 = p− cγ2 + α3α4c, (39)

ψ4 = ψ3 − α3α4c+ α1α2c, (40)

ψ5 =
ψ1

(α2 + α4)
. (41)

From (35), it is clear that (besides α1 = α3 = 0) the right-
hand side is satisfied if

α3 = α1, in-phase synchronization. (42)

α3 =−α1, anti-phase synchronization. (43)

Substitution of (42) in (34) or (36) yields

α1 =

√(
γ2 − p

c

)
− 2k̄ϑ

cω2
, (44)

where ϑ = (a2 − τ + a1τ) /
(

(a1 − 1)
2

+ a2
2

)
.

Similarly, by substitution of (43) in (34) or (36) we obtain

α1 =

√
γ2 − p

c
. (45)

Thus, the (approximated) solutions (32) and (33) of sys-
tem (24) become

θ1(t̄) = θ2(t̄) = 2

√(
γ2 − p

c

)
− 2k̄ϑ

cω2
sin

(
2π

T̃
t̄

)
, (46)

θ1(t̄) =−θ2(t̄) = 2

√
γ2 − p

c
sin

(
2π

T̃
t̄

)
, (47)

where (46) and (47) denote the in-phase and anti-phase
synchronous solutions, respectively.

3.2 The existence of the solutions

Conditions for the existence of the in-phase synchronous
solution (46) can easily be obtained from (44) by realizing
that α1 must be real and different from zero.
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Hence, if

γ2 >
pω2 + 2k̄ϑ

cω2
, (48)

then the in-phase solution exists.

Moreover, it should be noted that this condition can be
written in terms of the time-delay by replacing the value
of ϑ in the above equation. Consequently, condition (48)
becomes

τ >
cω2

(
p
c − γ2

) (
(a1 − 1)

2
+ a2

2

)
+ a2

2k̄ (1− a1)
. (49)

On the other hand, from (47) it follows that the anti-phase
solution exists if

γ2 >
p

c
. (50)

3.3 The stability of the solutions

The stability conditions of the synchronous solutions (46)
and (47) are determined using (17) in Theorem 1, from
which it follows that the synchronous solutions are asymp-
totically stable if and only if the roots of the following
characteristic equation have negative real parts

P (λ) = det




∂P1

∂α1
+ α4λ

∂P1

∂α2

∂P1

∂α3
∂P2

∂α1

∂P2

∂α2
+ α4λ

∂P2

∂α3
∂P3

∂α1

∂P3

∂α2

∂P3

∂α3
+ α4λ


∣∣∣∣∣∣∣∣∣ α∗

1

α∗
2

α∗
3

α∗
4


= 0,

(51)

where

Pj = παj(p− cγ2 + Ξj) + ζj , j = 1, . . . , 4, (52)

and

Ξ1 = Ξ2 = α1α2c,

Ξ3 = Ξ4 = α3α4c,

ζ1 = ζ3 =
(πk̄(α1 + α3)(τ + i)i)

(ω2(a2 − a1i+ i))
,

ζ2 = ζ4 =
(πk̄(α2 + α4)(τ − i))
(ω2(1 + a2i− a1))

.

For the stability of the in-phase synchronized motion, (51)

is evaluated at α∗1 = α∗2 = α∗3 = α∗4 =
√(

γ2 − p
c

)
− 2k̄ϑ

cω2 ,

see (44). Consequently, the characteristic equation associ-
ated to the in-phase solution is given by

P (λ) = (λ+ ρ1)(ρ2λ
2 + ρ3λ+ ρ4) = 0, (53)

where

ρ1 = 2π
(
p− cγ2

)
+

4πk̄ (a2 − τ + a1τ)

ω2σ
, (54)

ρ2 = ω4σ2, (55)

ρ3 =−2πω2
[
ω2
(
p− cγ2

)
σ2 (56)

+4k̄σ (a2 − τ + a1τ) ] , (57)

ρ4 = 4π2k̄
{
k̄
(
3a2

1 − 6a1 + a2
2 + 3

)
τ2

+
(
4a2k̄(a1 − 1)− ω2(1− a1)(p− cγ2)σ

)
τ

+k̄(a2
1 − 2a1 + 1 + 3a2

2) + a2ω
2(p− cγ2)σ } ,(58)

and σ = ((a1 − 1)2 + a2
2).

It can easily be shown that the above characteristic equa-
tion will have roots with negative real part if and only
if

ρj > 0, j = 1, . . . , 4. (59)

Consequently, if (59) holds, the in-phase synchronized
solutions (46) are asymptotically stable.

Likewise, for anti-phase synchronization, (51) is evaluated
at α∗1 = α∗2 = −α∗3 = −α∗4 =

√
γ2 − p

c , see (45). This
yields

P (λ) = (λ+ χ1)(χ2λ
2 + χ3λ+ χ4) = 0, (60)

where

χ1 =−2π(cγ2 − p), (61)

χ2 = ω4σ, (62)

χ3 = 2πω2
(
(cγ2 − p)σω + 2a2k̄ − 2k̄(1− a1)τ

)
, (63)

χ4 = 4π2k̄
(
k̄τ2 + (cγ2 − p)(a1 − 1)ω2τ + a2(cγ2 − p)ω2

+k̄
)
. (64)

Therefore, the anti-phase synchronous solution will be
asymptotically stable if and only if the roots of (60) have
negative real parts, i.e. if and only if

χj > 0, j = 1, . . . , 4. (65)

3.4 The frequency of the solutions

The next step is to determine the frequency (rather the
period) of solutions (46) and (47). Note that we have

assumed T̃ = T + τc = 2π + τc, see (29), where τc can
be obtained by using (18) in Theorem 1.

Straightforward computations reveal that the correction
period for the in-phase solution verifies

τc = −µ P4

−iα1
= −2πk̄µ

(a2τ − a1 + 1)

ω2σ
. (66)

Hence, the period of the in-phase solution (46) is given by

Tin−phase = T + τc = 2π

(
1− µk̄ (a2τ − a1 + 1)

ω2σ

)
(67)

Similarly, the correction period of the anti-phase solution
is computed by using (18). This yields

τc = 0 +O(µ2). (68)

Consequently, the anti-phase synchronous solution (47)
has period

Tanti−phase = T + τc = 2π +O(µ2). (69)

Remark 1. Note that the amplitude (47) and period (69)
of the anti-phase solution are not affected by the dynamic
coupling, i.e. they are independent of the time-delay τ .
The reason is simple: when the oscillators synchronize
in anti-phase, the coupling variable z(t) vanishes and
consequently, in the limit, the oscillators run uncoupled
but synchronized.

The aforementioned analysis can be summarized as fol-
lows.
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Theorem 2. (In-phase synchronization). Consider the
coupled system (19, 4, 21). Let the system satisfy assump-
tions [B-1] to [B-3]. Moreover, assume 0 < µ << 1 and
0 <= τ << 1. Then, if the parameter values satisfy
conditions (49) and (59), in-phase synchronized solutions
exist in system (19, 4, 21) and these solutions are asymp-
totically stable, i.e.

lim
t→∞

ein(t) := θ1(t)− θ2(t) = 0. (70)

Moreover, the amplitude and frequency of these solutions
are as given in (46) and (67), respectively.

Theorem 3. (Anti-phase synchronization). Consider the
coupled system (19, 4, 21). Let the system satisfy assump-
tions [B-1] to [B-3]. Moreover, assume 0 < µ << 1 and
0 <= τ << 1. Then, if the parameter values satisfy
conditions (50) and (65), anti-phase synchronized solu-
tions exist in system (19, 4, 21) and these solutions are
asymptotically stable, i.e.

lim
t→∞

ein(t) := θ1(t) + θ2(t) = 0. (71)

Moreover, the amplitude and frequency of these solutions
are as given in (47) and (69), respectively.

Corollary 1. If for a given set of parameter values, the
assumptions and conditions of Theorem 2 and Theorem 3
hold, then in-phase and anti-phase synchronous solutions
co-exist in system (19, 4, 21), i.e. both solutions are locally
asymptotically stable.

4. NUMERICAL ANALYSIS

In this section, the above analytical results are illustrated
and supported by means of computer simulations. For the
analysis, we consider system (19, 4, 21) with parameter
values as given in Table 1. Some of these values have been
obtained from (Pena Ramirez et al., 2014). The parameter
values of the van der Pol term have been chosen such that
each pendulum exhibits self-sustained oscillations with
amplitude ±0.11 [rad].

First, the stability regions—in terms of the time-delay τ̄
and the parameter a1 of the dynamic coupling—are de-
termined by using conditions (59) and (65). All parameter
values are as given in Table 1, except a1, which is given
by a1 ∈ [0.1, 0.7] [-] (increased in steps of 0.001 [-]) and
τ̄ ∈ [0, 0.5] (increased in steps of 0.001 [-]).

The obtained results are depicted in Figure 2. The light
gray region denotes stable anti-phase synchronization, i.e.
in this region condition (60) is satisfied. Likewise, the white
region indicates stable in-phase synchronization, i.e. in
this region condition (53) is fulfilled. Figure 2 also reveals
that there exists co-existence of synchronous solutions.
Specifically, in the dark gray region, both conditions (53)
and (60) hold and consequently both solutions (in-phase
and anti-phase) are locally stable. Note that the anti-phase
solution seems to be dominant.

In order to verify these results, the behavior of system (19,
4, 21) is numerically studied as a function of the time-
delay τ and the initial condition θ2(0) [rad] of pendulum
2, see Figure 3. In particular, the results depicted in
Figure 2 are verified for the combination a1 = 0.1 and
τ̄ ∈ [0, 0.5]. Hence, k1 = 0.1ω2 [-] and τ = τ̄

ω =
[0.0113, 0.0564] [s] and the remaining parameter values are
as given in Table 1.The initial condition θ2(0) is varied

Table 1. Parameter values for system (19,4,
21).

Pendulum j for j = 1, 2 Dynamic coupling

m=0.1 [kg] k1 = .1ω2 = 7.84 [-]
d=5e-6 [Nms/rad] k2= 1.42 [-]
g=9.81 [m/s2] µ=0.1 [-]
l=0.125 [m] -

ω =
√

g
l

= 8.85 [rad/s]

γ =0.07 [rad] -
ν=2.8e-3 [kgm2/rad3s] -

Parameter values delayed term.
τ ∈ [0, 0.056] [s] -
k = 100 [-]

Parameter values according to model (24).

µ = 0.1 [-]
c = ν

ml2ωµ
= 2.0589 [-]

p = d
ml2ωµ

=3.6e-3 [-]

a1 = k1
ω2 = 0.1 [-]

a2 = k2
ω

= 0.1603 [-]

τ̄ ∈ [0.1, 0.5] [-]

k̄ = k
ω2 = 1.2742 [-]

a
1
 [−]

τ̄

 

 

0.1 0.2 0.3 0.4 0.5 0.6 0.7
0

0.1

0.2

0.3

0.4

0.5

anti−phase

in−phase

co−existence

Fig. 2. Stability regions in the (τ̄ , a1)-plane. White: in-
phase synchronization. Light gray: anti-phase syn-
chronization. Dark gray: co-existence of stable syn-
chronous solutions.

in the interval [−0.145, 0.145] [rad] in steps of 0.01 [rad]
and the remaining initial conditions are θ1 = 0.15 [rad],

θ̇1(0) = θ̇2(0) = z = ż = 0.

From the results presented in Figure 2, one would expect
the following: anti-phase synchronization for 0 ≤ τ̄ ≤
0.085 (or equivalently for 0 ≤ τ ≤ 0.0096); in-phase
synchronization for τ̄ ≥ 0.364 (τ ≥ 0.0411); co-existence
of solutions for 0.085 < τ̄ < 0.364 (0.0096 < τ < 0.0411).
However, as can bee seen from Figure 3, the analytic
results are conservative, because the solutions co-exists in
the interval 0.0034 < τ < 0.0418. The conservativeness
of the results may come from the fact that a first-order
approximation is being used in the analysis and from
assumption [B-1]. Moreover, it should be noted that the
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Fig. 3. Limit response of system (19, 4, 21) as a function
of the delay τ and the initial condition θ2(0). For
τ ≤ 0.0034, only stable anti-phase synchronization
exists, whereas for τ ≥ 0.0418, stable in-phase syn-
chronization is the unique solution. In the interval
0.0034 < τ < 0.0418 both solutions co-exist and are
locally stable.

use of perturbations techniques, including the Poincaré
method, often yield to conservative results.

Finally, the analytical results regarding amplitude and
phase of the synchronous solutions are numerically vali-
dated. Consequently, system (19, 4, 21) is again numer-
ically integrated by using the parameter values of Table
1, τ̄ = .03 [-], i.e. τ = τ̄

ω = 0.0034 [s], and initial
conditions θ1(0) = 0.15 [rad], θ2(0) = 0.14 [rad]. For
these parameter values conditions of Theorem 2 apply
and consequently, anti-phase synchronization is expected
to occur. Figure 4 shows the obtained results. Although
the oscillators are initialized close to in-phase, see Figure
4b), after transient behavior the oscillators synchronize in
anti-phase as depicted in Figures 4c). By using (47) the
limit amplitude of the anti-phase synchronized solution is
computed. It follows that for the given parameter values
the amplitude is 2α1 = 0.1122 [rad]. This value and its
negative counterpart are denoted by horizontal solid lines
in Figure 4c). The agreement between the analytical and
numerical results is evident. In fact, the actual difference
between the predicted amplitude and the real amplitude
is 0.53%. Additionally, the period of the anti-phase syn-
chronous solution is computed by using (69). This yields
Tanti−phase = 0.7093 [s], Again, this result is very close
(with an error of 0.01%) to the obtained result by numer-
ical integration, as depicted in Figure 4c) (vertical solid
lines).

Similarly, for the case of in-phase synchronization, we have
repeated the previous simulation but now for τ̄ = 0.4 [-
], i.e. τ = τ̄

ω = 0.0452 [s] and θ2(0) = −0.14 [rad]. In
this case, conditions of Theorem 3 are fulfilled and in-
phase synchronization should appear. Figure 5 visualizes
the corresponding time series. Initially, the pendula are
released close to in-phase motion, as shown in Figure 5b),
however, after a transient time, the pendula synchronize
in-phase, see Figure 5c). From (46), the analytic value of
the amplitude corresponding to the in-phase synchronized
solutions is 2α1 = 0.1663 [rad], whereas the actual ampli-
tude is 0.1659 [rad]. The analytic value of the amplitude
and its negative counterpart are denoted by two horizontal

0 3000 6000
−0.2

0

0.2

time [s]

θ 1, θ
2 [

ra
d]

0 2.5 5
−0.2

0

0.2

time [s]

θ 1, θ
2 [

ra
d]

5997 5998.1949 5998.9047 6000
−0.1122

0

0.1122

time [s]

θ 1, θ
2 [

ra
d]

a)

b)

c)

Fig. 4. Anti-phase synchronization. a) Time series for θ1(t)
(black) and θ2(t) (gray). b) Initial behavior. c) Limit
behavior. The horizontal lines indicate the predicted
value, see (47), of the amplitude for the synchronous
solution, whereas the vertical lines denote the pre-
dicted period, see (69).

0 2000 4000
−0.2

0

0.2

time[s]

θ 1, θ
2 [

ra
d]

0 2.5 5
−0.2

0

0.2

time [s]

θ 1, θ
2 [

ra
d]

3997 3998.2005 3998.9099 4000
−0.1663

0

0.1663

time [s]

θ 1, θ
2 [

ra
d]

a)

b)

c)

Fig. 5. In-phase synchronization. a) After a long tran-
sient time, the pendula synchronize in in-phase. θ1(t):
black. θ2(t): gray. b) Initial behavior. c) Limit behav-
ior. The analytic value of the amplitude, computed
from (46), is indicated by two horizontal lines. The
period, obtained from (67), is denoted by two vertical
lines.

lines in Figure 5c). The period of the in-phase solution,
according to (67) is Tin−phase = 0.7080 [s], see the two
vertical lines in Figure 5c). The period of the numerical
solution is 0.7094 [s].

5. DISCUSSION AND CONCLUSIONS

Our contributions are summarized as follows. A coupling
scheme for synchronizing nonlinear oscillators, which is
based on a time-delayed dynamic coupling, has been
presented. In this scheme, the interaction between the
systems is indirect.
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Under some (mild) assumptions, sufficient and necessary
conditions for the existence of synchronous behavior, oc-
curring in a pair of coupled nonlinear oscillators interact-
ing via delayed dynamic coupling, have been derived by
using the Poincaré method of perturbation.

It has been found that two types of synchronization may
occur. Namely, in-phase and anti-phase synchronization.
Furthermore, the obtained results have revealed that the
limit behavior of the resulting coupled system is strongly
affected by the size of time-delay and by the parameters
of the dynamic coupling.

Likewise, it has been shown that the analytic results are
in good agreement with numerical simulations.

As a final note, we want to stress the following. For the
analysis, the delayed term has been approximated by its
first-order Taylor series expansion. However, we want to
stress the fact that there exist cases where Taylor series
expansion of the delayed term do not preserve the stability
properties of the original delay-differential equation, see
for example the results presented in (Insperger, 2015;
Mazanov and Tognetti, 1974). In these references, the
authors have shown several examples, which demonstrate
that the Taylor series expansion of the delayed term
may lead to wrong results.Consequently, the mathematical
machinery presented here should be used cautiously.
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