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Abstract: Microalgae are photosynthetic organisms capable of CO2 mitigation, yielding high
biomass leading to the production of cosmetics and healthy foods, and under some stress
conditions, achieving copious amounts of lipids to be transformed into biofuel. Microalgae
are meant to be a renewable energy source for the near future and as such, it is imperative
to have a proper know-how of their mechanisms. Therefore, modelling serves as a starting
point for understanding the uncoupling behaviour of microalgae with other microorganisms in
bioprocesses. Even when the literature offers several models, there is still scarce information
regarding the effect of light on a photoacclimated culture. In the present work, we use a model
that takes into account the aforementioned effect and system identification techniques to obtain
the best set of parameters that define it, followed by sensitivity analysis. At last, with the aid
of the Fisher information matrix we are able to quantify the effect of uncertainties among four
experiments with different inputs and test the hypothesis on whether or not there is a need for
an optimized experimental design.
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1. INTRODUCTION

As time goes by, everything evolves. Demographic changes
account for numerous transitions regarding the way hu-
mans live. Everything tries to be embedded and easier, but
still mankind has found itself in the situation of reaching
more complex goals which still require large amounts of en-
ergy. Despite being the major energy source over the past
centuries, fossil fuels still account for more than 80% of the
primary energy consumption in the World. Even though
it has been possible to achieve high efficiency through
them, they are also considered the main reason for global
warming. The carbon dioxide (CO2) accumulation in the
atmosphere raises some critical issues not only on humans
but on all living species. Notwithstanding, humans keep on
giving them rampant use and struggling more and more to
find ways to satisfy industrial demands. It is no surprise
that fossil fuels are considered an unsustainable energy
source via their fast depletion rate together with the time
they take to form. There must be solutions to be met
for decreasing the greenhouse effect: alternative energy
sources with minimum-to-low environmental impact.

One can find a suitable alternative in microalgae, which
are photosynthetic organisms with several applications.
Given their capability to fix CO2, they can be used to
mitigate those emissions caused by fossil fuels. Also, due to
their high biomass yield (100 tonnes ha−1 year−1), we can
find them today at our convenience as healthy products

like food (e.g. proteins and vitamins) and cosmetics as
well. Worth noticing is their application in wastewater
treatment; they can be used as tertiary treatment and
their physiology is being exploited for microalgae-bacteria
systems for biorefinery purposes (Vanthoor–Koopmans
et al., 2012). On the other hand, research has shown that
under stress conditions imposed by nutrient limitation,
microalgae can store substantial amounts of lipids (80%
dw) which through transesterification can be transformed
into ethanol and bio-diesel (Molina–Grima et al., 1998),
thus constituting a sustainable and attractive alternative
to conventional fossil fuels.

Aside from the microorganisms usually tested in biopro-
cesses (e.g. bacteria and animal cells) microalgae exhibit
an uncoupling behaviour between biomass growth and
substrate uptake due to a strong interaction between
their biological and physical parts. Biotechnological pro-
cessses are dificult to understand since there are no ac-
tual laws that govern them; all there is are empirical
rules/approximations, and a priori ideas for understand-
ing their dynamics. Microalgae dynamics cannot be easily
predicted and hence the need for models that attempt to
describe the underlying mechanisms, and a possible control
scheme.

Considering that the biomass and substrate dynamics
cannot be modeled by the usual Monod kinetics, growth is
assumed to be linked to the internal concentration of the
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limiting nutrient, quota (Droop, 1968). Nevertheless, being
photosynthetic organisms they need the photons in light
as energy source. The Droop model, although extensively
validated and considered as the standard to depict the
microalgae behaviour, does not consider the effect of light
on the growth rate. (Bernard, 2011) proposed a model in
which there is a gradient due to light attenuation that
must be included, where the conceptual variable irradiance
is used as indicator of photoacclimated cultures. This
work considers such a model to investigate the usefulness
of doing prior experimental design before attempting to
obtain its parameters from experimental data.

The paper is organized as follows. Section 2 presents the
model under study with its corresponding mathematical
description. The materials and methods used as well as
the parameter estimation theory is detailed in Section 3. In
Section 4 we show the results of the identification problem.
We perform a sensitivity analysis to verify the parameters
that are most important and get useful information for
improving configuration and design of photobioreactors.
Lastly, we assess the information about uncertainties given
the Fisher information matrix (FIM). Once the confidence
intervals are obtained, we are able to assess the need
of whether or not to perform an optimized experimental
design for the system. The main conclusions of the study
are summarized in Section 5.

2. MODELLING

Microalgae models derive from the functions defined by
Droop (1968) with accurate representation between sub-
strate uptake and biomass growth with nutrient limitation.
However, they usually do not take into account the effect of
light, which is of great importance given the photosyntetic
nature of the organisms. Due to cell growth being influ-
enced by the quantity of absorbed light, photosynthesis is
thus the link between nitrogen and light within the cell
(Geider et al., 1998).

For the effect of light on the culture the irradiance is
introduced in the model as a conceptual variable for deter-
mining the effect of illumination on the acclimation of cells.
The substrate (s) on the other hand has no relationship
with light and is described as

ṡ = Dsin − ρ̄
s

s+Ks

(
1 − q

Qi

)
x−Ds, (1)

where the absorption rate ρ̄ has saturation (Monod) ki-
netics limited by an upper bound quota Qi.

The biomass (x) dynamics are indeed related to light.
Inhibition is presented in the maximum biomass concen-
tration if light intensity is beyond an upper bound (Eilers
and Peeters, 1993) i.e., when the absorption of photons
surpasses its limit:

ẋ = ¯̄µ(I0, I
?, x, q)

(
1 − Q0

q

)
x−Dx−Rx, (2)

with the growth rate ¯̄µ depending on light, biomass and
quota with growth limitation for a lower bound Q0. The
respiration R is taken into account because in high density
cultures there are indeed dark zones with decay. As stated

in (2), the pigment concentration allows prediction of the
light field through the cells and thus light attenuation. The
dynamics of the internal quota (q) are given by

q̇ = ρ̄
s

s+Ks

(
1 − q

Qi

)
− ¯̄µ(I0, I

?, x, q)(q −Q0), (3)

referring to absorption minus the growth rate. This way
there is no growth at night with the substrate uptake
stopping as cells become nutrient saturated. Chances of
reaching photoinhibition with high biomass concentration
or a large thickness in the reactor are decreased.

Finally, the irradiance at which the cells become photoac-
climated depends on the average light Ī received by the
cell culture according to the depth and geometry of the
bioreactor:

İ? = ¯̄µ(I0, I
?, x, q)

(
1 − Q0

q

)
(Ī − I?). (4)

Light attenuation must be described by the Beer-Lambert
law, where irradiance decreases exponentially to biomass
concentration and depth (Huisman and Weissing, 1994).

The derivation of ¯̄µ(I0, I
?, x, q) was proposed by Bernard

(2011) and involves several considerations that are here
omitted for lack of space, but I0 is the incident irradiance
on the bioreactor and Ī is the average irradiance inside the
bioreactor.

3. MATERIALS AND METHODS

3.1 Data and simulations

All simulations were run in Matlab with the aid of the
IDEAS toolbox for the sensitivity analysis due to its
robustness and flexibility (Muñoz–Tamayo et al., 2009).
The nominal values for the parameters in the model
simulation were the same as those reported by Bernard
(2011). In order to represent realistic conditions, the
(measurement) data used was generated in silico with a
Gaussian error with standard deviation equal to 5% of the
maximum value for each of the four variables.

3.2 System identification

We want to obtain parameter estimates θ̂ from the model

yi = ymi(θ
?) + ε, (5)

with ymi(θ
?) being the deterministic output of the model

and θ? the true value of the parameter vector. The mea-
surement error is assumed to be homoscedastic and follows
a normal distribution ε ∼ N(0, σ2).

The maximum likelihood estimator (ML) minimizes the
cost function

J(θ) =

ne∑
k=1

1

2
ln
[ N∑

i=1

[yi − ymi(θ)]
2
]
. (6)

With the assumption that the measurement error covari-
ance matrix Σ is unknown and diagonal we also estimate
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it via the ML approach

Σ̂ = diag(σ̂2
1 , · · · , σ̂2

n), (7)

where

σ̂2
k =

∑N
i=1 [yi − ymi(θ)]

2

N − p
. (8)

N represents the total amount of data available per ex-
periment, while ne and p are the number of experiments
and parameters, respectively. The calculation of the Fisher
information matrix (FIM) is given by

F (θ̂) =

N∑
i=1

[∂ym
∂θ

]T
Σ−1

[∂ym
∂θ

]
. (9)

The FIM comprises both the parameter sensitivities
(∂ym/∂θ) and the measurement error covariance matrix
(Σ). The sensitivity of the state variables w.r.t. the param-
eters indicates how much the state will change to a slight
variation/perturbation in the parameter. The more sensi-
tive a state is to the parameter, the more it contributes
to the information content related to the parameter. The
measurement errors in Σ are used to compensate the effect
of uncertainties since a measurement with large error will
contribute less to the information than a small error.

Finally, the covariance matrix P̂ can be approximated by
the inverse of the FIM.

P̂ = F−1(θ̂). (10)

4. RESULTS AND DISCUSSION

4.1 Parameter estimation

In order to prove different scenarios for a posteriori opti-
mized experiment design (OED) we set our virtual experi-
ments for a time varying dilution rate D. This is intended
to assess the effect of D in the information contained in
the FIM. The subsequent variations were proposed for
determining the importance and mostly the need of OED
by choosing the dilution rate as manipulated variable.
We can see from figures 1–4 the evolution of D for four
different experiments (Expk, k = 1, · · · , 4). These dilution
variations were proposed because of their simplicity and
no other factor was taken into account.

We ran the model via simulation with the nominal values
found in the literature (Table 1, second column). Figures
5–8 depict the simulation for a continuous culture of
the microalgae process. We simulated for 10 days just
before reaching steady state on the biomass, quota and
irradiance. If simulated beyond this time, problems with
identifiability would have arisen. It is worth noticing the
aforementioned uncoupling behaviour between substrate
and biomass: biomass continues to grow a couple of days
after the substrate has been depleted, while cells become
and remain photo-acclimated (figure 8).
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Fig. 1. Negative ramp dilution rate for Exp 1.
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Fig. 2. Positive ramp dilution rate for Exp 2.
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Fig. 3. Positive semi-step dilution rate for Exp 3.

The solver used for the minimization of (6) was the simplex
algorithm as in fminsearch from Matlab. The parameter
estimation routine was successful at identifying the best
set of parameters that fit the data points accurately.
Results show great performance with good correlation
between model and data and it is also worth noticing that
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Fig. 4. Positive semi-step dilution rate for Exp 4

the measurements lie inside the 95% confidence interval
set for the parameter estimates, for all the state variables.
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Fig. 5. Parameter estimation: Biomass growth. Virtual
noisy data (red dots), model-fit and 95% confidence
interval (blue lines). Figure shown for Exp 2 results,
and the same case for the other figures.

A comparison among parameters obtained for all exper-
iments is reviewed in Table 1. Even though Exp 2 and
Exp 4 share similar results, we selected Exp 2 for reasons
explained later.

4.2 Sensitivity analysis

The model is highly non-linear with four state variables
and 12 parameters. This analysis task is probably the most
demanding and perhaps critical part of the whole iden-
tification procedure. Solutions for the partial derivatives
were attained by means of the toolbox IDEAS with help
from the symbolic one under Matlab. By dealing with 48
sensitivities in total we present them in three arrays of four
parameters per figure.
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Fig. 6. Parameter estimation: Substrate uptake
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Fig. 7. Parameter estimation: Quota dynamics
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Fig. 8. Parameter estimation: Irradiance dynamics

In figure 9 the sensitivities for parameters µ̃, Q0, QI and
KSI

? are plotted. It is noticeable that Q0 (the mini-
mum quota allowed) has the largest effect overall. This
parameter ranges around 400-fold the others in the case of
irradiance.
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Table 1. Estimated parameters for Exp k

Parameters Value Exp 1 Exp 2 Exp 3 Exp 4

µ̃ 1.7 1.62 1.58 1.51 1.6
Q0 0.05 0.05 0.05 0.051 0.05
QI 0.25 0.31 0.26 0.36 0.24
KsI? 1.4 1.36 1.36 1.36 1.29
KiI 295 321 476 475 547
ρ̄ 0.073 0.069 0.074 0.065 0.073
Ks 0.0012 0.0049 0.0041 0.0052 0.0009
R 0.0081 0.0109 0.0096 0.0101 0.0086

γmax 0.57 0.62 0.52 0.59 0.5
K?

I 63 70.4 81.1 96.8 70.3
a 16.2 14.8 12.2 13.6 13.8
b 0.087 0.02 0.117 0.0164 0.084
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Fig. 9. Sensitivity analysis: first set of four parameters

Figure 10 deals with another set of four parameters:
KiI, ρ̄,Ks and R. This time ρ̄ has the largest effect, spe-
cially on biomass and irradiance. The same goes to Ks

on irradiance, though their behaviour is not persistent for
t > 7 and it is visible the strong correlation between the
two, such that the effect of manipulating one parameter
can be undone by manipulating the other one by a (oppo-
site) factor.
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Fig. 10. Sensitivity analysis: second set of four parameters

Parameter set γmax,K
?
I , a and b is shown in figure 11. It

is obvious that parameter b has a latent effect (on I?)
that goes unstable. This attenuation coefficient is related
to biomass.
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Fig. 11. Sensitivity analysis: third set of four parameters

At last, figure 12 presents the normalized sensitivities and
their total effect on each variable for an easier understand-
ing. It seems that the substrate is the most affected by all
parameters, speciallyQ0 (which has the largest effect on all
the state variables) and the other the Droop parameters.
Based on these results we should focus our attention on
experimenting with the substrate and the related param-
eters. Light does not seem to have the expected effect.
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Fig. 12. L1 normalized sensitivities. Notice the scale on
the right to check that the bluer the color the more
sensible the variable is with respect to the parameter.

4.3 Fisher information

Once obtained for each experiment the corresponding FIM
as in (9) and the covariance matrix as in (10), we are able

to obtain an estimate of the standard deviation of θ̂j :

ηj =

√
P̂jj , (11)
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which is used to obtain an approximate 95% confidence

interval for θj as [θ̂j±2ηj ]. Our interest relies on rendering
ηj to be small. The results indicate that for Exp 2 (figure
2) the values of ηj are the most appropiate, making it
the most informative (and chosen) experiment. Exp 2
and Exp 3 are the most plausible experiments, still the

devitaion for θ̂j is surprisingly large from their nominal
values (Table 2).

Table 2. Standard variation for the estimated
parameters

Exp 1 Exp 2 Exp 3 Exp 4

36.9 35.57 30.31 37.37
0.01 0.01 0.01 0.01
0.26 0.15 0.38 0.13

1822065 1064842 891259 6477064
28639 56608 50808 76187
0.02 0.02 0.02 0.02

0.0045 0.004 0.004 0.003
0.0086 0.008 0.008 0.009
835119 407311 388112 2506789
746.8 736 965 735

19838118 9573658 8918577 69442223
2.8 2.9 2.9 2.5

As addendum, another source of ciritcal information we are
able to get from FIM is its determinant. Obtaining large

values for det(F (θ̂)) yields more information regarding an
experiment. The idea behind optimal experiments is to
build them based on several criteria that maximize the
determinant of the FIM in what is called D-optimality
(Muñoz–Tamayo et al., 2014). Maximizing the determi-
nant implies minimizing the volume of the confidence el-
lipsoids for the parameters. Table 3 shows the determinant
for each FIM obtained in each experiment. Worth noticing
is that Exp 2 yields the largest one sustaining its choice
for subsequent OED.

Table 3. Fisher information matrix determi-
nant

Experiment det(FIM)

Exp 1 122.77
Exp 2 232.45
Exp 3 72.11
Exp 4 14.38

5. CONCLUSION

Simulations with different methods suggest the accurate fit
of the model to data for the maximum likelihood approach.
Given a strong correlation between Droop parameters,
there might be issues in terms of identifiability; we can
focus on fixing some while estimating the most important.
It may seem like the four experiments with different
dilution rates have a similar effect on the uncertainties
of the predictions of the model. Still there are large
values for the estimated parameters’ standard deviation.
Based on the information retrieved from the FIMs and the
differences among experiments, we acknowledge the need
for an optimized experimental design with manipulation
of the dilution rate for overcoming this problem. We are

then in the way selecting a proper criterion to maximize
the information in FIM; the need for experimental data is
thus required to help elucidate these results.
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