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Abstract: This paper deals with an adaptive control for synchronizing of two chaotic systems.
The adaptive controller is designed with the help of Lyapunov stability theory and it is
synthesized by using operational amplifiers and four-quadrant analog multipliers, whereas that
the core of each chaotic system along with its nonlinear part are also designed by using
operational amplifiers. Numerical results are supported by experimental results confirming not
only a good agreement between them, but also illustrate that the synchronization method is
quite effective.
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1. INTRODUCTION

Synchronization and control of chaotic systems are impor-
tant research topics that have received a lot of attention
in the last decades at both field theoretical as practical
(Chen and Ueta, 2002; Stavroulakis, 2006). This is due to
the potential applications in areas such as physics, data
transfer, internet security, robot control based on chaos
(Lankalapalli and Ghosal, 1997), secure communications,
etc. (Chen and Ueta, 2002; Stavroulakis, 2006). Principally
in the last topic, secure communication schemes based
on chaos are often composed of dynamic systems where
the confidential information is embedded into the mas-
ter chaotic signal by applying a masking or modulation
technique (Pecora and Carrol, 1993; Stavroulakis, 2006).
At the slave system, the hidden information is extracted
from the transmitted signal, if and only if the synchro-
nization achieves between both master and slave systems
(Suykens et al., 1997; Sira-Ramı́rez and Cruz-Hernández,
2001). In this context, a huge amount of publications on
chaos control and synchronization techniques have been
proposed in the literature such as complete synchroniza-
tion, generalized synchronization, phase synchronization,
lag synchronization, anticipatory synchronization, anti-
phase synchronization, clustering synchronization, pro-
jective synchronization, modified projective synchroniza-
tion (Yalcin et al., 2005), Hamiltonian synchronization
(Sira-Ramı́rez and Cruz-Hernández, 2001), Lure systems,
impulsive synchronization, nonlinear H∞ synchronization
method (Suykens et al., 1997), active and backstepping
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control (Chen and Ueta, 2002), OGY closed-loop method,
adaptive control (Yassen, 2003), robust and generalized
synchronization structure control (Chen, 1999), and so on.
In each technique described above, dimensionless dynami-
cal systems along with piece-wise linear (PWL) approaches
are often used to model the main core and the nonlinear
part of each chaotic system, respectively (Sánchez-López
et al., 2010; Munoz-Pacheco et al., 2012). In this way,
numerical simulations are done not only to verify the
chaotic behavior of both master and slave chaotic systems,
but also of the synchronization method applied.

In real-life applications, however, it is very hard achieve
the real synchronization of chaotic systems from numerical
results. This is due to that, during the theoretical analysis
and numerical simulations, no information related with
the real physical active device performance parameters
is included in the dimensionless dynamical systems. As a
result, a relatively high level of error is introduced and it
is more evident when numerical and experimental chaotic
waveforms operating at high frequency are compared. In
response to this shortcoming, a mathematical model that
taken into account real physical performance parameters
of operational amplifiers (Op Amps) was proposed in
(Ortega-Torres et al., 2013). This kind of modeling is
appealing because it can be used as an alternative and
effective way to verify not only the real behavior of a
chaotic system at several operating frequencies, but also
suggests a viable and effective way for chaos synchroniza-
tion. Therefore, as an evolution of (Ortega-Torres et al.,
2013), this paper deals the synchronization of two chaotic
systems by using an adaptive control. In the modeling of
each master and slave chaotic system, the most important
real physical active device parameters of Op Amps, such
as dynamic range (DR), DC gain (ADC), gain bandwidth
product (GB) and slew rate (SR) are taken into account.
The design of the adaptive control is also based on Op
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Amps and four quadrant analog multipliers and its derived
behavioral model is embedded in the slave system in order
to forecast numerical data. The rest of the paper is or-
ganized as follows: Section 2 introduces the dimensionless
master and slave chaotic systems along with a brief review
on the Lyapunov stability theory. The adaptive controller
design based on Lyapunov stability theory is introduced
in section 3. Section 4 shows the synthesis of the adaptive
control by using Op Amps, which is embedded in the
slave chaotic system. The behavioral model of the full
synchronization system is also described. Numerical and
experimental results of the full master-slave synchroniza-
tion system are presented in section 5. Finally, conclusions
are drawn in section 6.

2. DIMENSIONLESS DYNAMICAL SYSTEMS

Let us consider the master chaotic system in the form of
(Elwakil et al., 2002)

ẋm = ym
ẏm = zm
żm = a(−xm − ym − zm + f(xm))

(1)

and the slave chaotic system is assumed by

ẋs = ys
ẏs = zs
żs = a(−xs − ys − zs + f(xs)) + µ

(2)

where 0<a= 0.7 <1 is a numerical parameter for both
systems, f(xm) and f(xs) are nonlinear functions of the
kind saturated nonlinear function series (SNFS), which
are often modeled by using a PWL approach, and µ is
an adaptive control function to be determined (Yassen,
2003). The synchronization errors for each state variable
are defined as

ex = xm − xs

ey = ym − ys
ez = zm − zs

(3)

and the error dynamical system is expressed as

ėx = ey
ėy = ez
ėz = −a(ex + ey + ez − (f(xm)− f(xs)))− µ

(4)

Our target is to design the controller µ such that the
trajectory of the slave system with initial conditions
xs(0), ys(0), zs(0) can asymptotically approaches the mas-
ter system with initial conditions xm(0), ym(0), zm(0) in
the sense that

lim
t→∞

||ex|| = lim
t→∞

||ey|| = lim
t→∞

||ez|| = 0 (5)

where || · || is the Euclidean norm. In this context, we
construct a positive Lyapunov function

V (e) =
1

2
eT e (6)

where e = [ex ey ez]
T is the error vector and its derivative

is
V̇ (e) = eT ė (7)

From (7), µ is designed so that

V̇ (e) = eTCn×ne (8)

where Cn×n is a diagonal negative definite matrix and

hence, V̇ is a negative definite function of e. By Lyapunov
theorem, e is globally asymptotically stable about the
origin and as a consequence, (1) and (2) are globally
asymptotically synchronized.
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Fig. 1. Adaptive controller based on Op Amps and analog
multipliers

3. ADAPTIVE SYNCHRONIZATION CONTROLLER
DESIGN

Let us consider the controller system as

µ = kez (9)

where k is an estimated feedback gain which is updated
according to

k̇ = k1e
2

z, k(0) = 0 (10)
and k1 > 0 is an adaption gain. Introducing (10) into (4)
one obtain

ėx = ey
ėy = ez
ėz = −a(ex + ey + ez − (f(xm)− f(xs)))− kez
k̇ = k1e

2

z

(11)

To verify the stability of (11) around of the origin, the
following quadratic Lyapunov function is used

V (e) =
1

2

(

e2x + e2y + e2z +
(k − k1)

2

k1

)

(12)

which is a positive definite function. Differentiating (12)
and using (11), we obtain

V̇ (e) = −(ex + ez)(aez − ey)
−aez(ey − (f(xm)− f(xs)))− k1e

2

z ≤ 0
(13)

which is a negative definite function. Therefore, the iden-
tical chaotic systems (1) and (2) are globally synchronized
for all initial conditions by the adaptive control law given
by (9) and (10), where k1 > 0.

4. SYNTHESIZING THE ADAPTIVE CONTROLLER

Once verified the stability of the control law, this can be
physically built with active devices. The control law given
by (9) and (10) can be rewritten as

µ = k1(zm − zs)

∫ t

0

(zm − zs)
2dτ (14)

This equation can easily be synthesized by using Op Amps
and analog multipliers, as shown in Fig. 1. From Fig. 1 and
according to the AD633JN data sheet (Devices, 2012), the
output voltage on the node A is

vA =
1

10
(zm − zs)

2 (15)

Simple analysis on the node B and by using (15) one gets

vB =
Rd

10RaRcCa

∫ t

0

(zm − zs)
2dτ (16)
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Fig. 2. Full synchronization scheme

Note that Rb is resistor with high value and in practice it
is used to prevent the integration of a zero voltage drop.
The voltage on the node C is

vC =
Rf

Re

(zm − zs) (17)

Therefore, combining (16) and (17), one gets

µ =
RdRf

100RaRcReCa

(zm − zs)

∫ t

0

(zm − zs)
2dτ (18)

which is similar to (14) and therefore, k1 =
RdRf

100RaRcReCa
.

Once the behavioral model of the adaptive controller has
been derived, this can be embedded in the slave chaotic
system given by (2). In this context, we use the behavioral
model introduced in (Ortega-Torres et al., 2013), which
already includes performance parameters associated to Op
Amps. According to (Ortega-Torres et al., 2013) and (1),
the system of equations for the master chaotic system is
given by

ẋm =
ym

Rx2Cx

ẏm =
zm

Ry2Cy

żm = −
xm

RxCz

−
ym

RyCz

−
zm

RzCz

+
1

Cz

(

V1

R1

+ . . .
Vn

Rn

)

V̇1 = p1 −
V1GB

ADC

, · · · V̇n = pn −
VnGB

ADC

pn =















+SR, ±Bpj − xm > +
SR

GB

(±Bpj − xm)GB,−
SR

GB
≤ ±Bpj − xm ≤ +

SR

GB

−SR, ±Bpj − xm < −
SR

GB

(19)

where ±Bpj is the j -th breakpoint and each voltage signal
Vn is limited by Vns ≤ Vn ≤ Vps where Vns,ps are
the positive and negative saturation voltages and their
difference is the DR for each amplifier. On the other hand,
the full system of equations for the slave chaotic system
along with the adaptive controller is obtained as

Table 1. Component list of Fig. 2

Element Value Tolerance

Op Amp UA741
Multiplier AD633JN
R 10 kΩ ± 5%
Rs 500Ω Pot.
Ra 15 kΩ Pot.
Rb 47 kΩ ± 5%
Rn 40 kΩ ± 5%
Rx,y,z,d,f,g 10 kΩ ± 5%
Rx2,y2 7 kΩ ± 5%
Rb 47 kΩ ± 5%
Rc,e 1 kΩ ± 5%
Cx,y,z 5.84 nF (3.45 kHz) ± 20%
Ca 10 nF ± 20%
±Bj ± 4.5 V

ẋs =
ys

Rx2Cx

ẏs =
zs

Ry2Cy

żs = −
xs

RxCz

−
ys

RyCz

−
zs

RzCz

+
1

Cz

(

V1

R1

+ · · ·
Vn

Rn

)

+k(zm − zs)

k̇ = k1(zm − zs)
2

V̇1 = p1 −
V1GB

ADC

, · · · V̇n = pn −
VnGB

ADC

pn =















+SR, ±Bpj − xs > +
SR

GB

(±Bpj − xs)GB,−
SR

GB
≤ ±Bpj − xs ≤ +

SR

GB

−SR, ±Bpj − xs < −
SR

GB

(20)

Note that (19) and (20) are taking into account the most
influential performance parameters for those Op Amps
that form the nonlinear element, whereas the rest of
amplifiers are linearly operating. Fig. 2 shows the full
synchronization circuit. As a consequence, the synchro-
nization between (19) and (20) must be better forecasted
in comparison with the use of PWL approaches.

Congreso Nacional de Control
Automático, AMCA 2015,

Cuernavaca, Morelos, México.

155

 Octubre 14-16, 2015.



(a) (b)

(c)

Fig. 3. Time evolutions of the chaotic waveforms of two scrolls when: (a) the adaptive control is deactivated and the
adaptive control is activated at t=4ms, xm (red line) and xs (blue line); (b) Synchronization on the phase plane
xm-versus-xs; (c) Synchronization errors of Fig. 3(a), ex (red line), ey (blue line) and ez (black line)

5. EXPERIMENTAL RESULTS

To validate the results derived in the previous section,
numerical simulations were done by using the fourth-
order Runge-Kutta algorithm on MAPLE 17 programming
environment. Table 1 gives the value of each element of
Fig. 2. The initial conditions of the master system are
xm(0) = 0.1, ym(0) = 0.1, zm(0) = 0.01 and for the
slave system are xs(0) = 0.1, ys(0) = 0.1, zm(0) = 0.02
and k1=5. As first step, deactivating the adaptive control
circuit, we generate time series associated of two-scrolls
for each master and slave chaotic system, as shown in
Fig. 3(a). From Fig. 2, the SNFS is designed with one
Op Amp and therefore, n=1. As one can observe, the
chaotic time series are completely desynchronized despite
that the initial conditions are closely equals. Afterwards,
the adaptive control circuit was activated at t=4ms and
the results are also shown in Fig. 3(a). The synchronized
signals on the plane xm-versus-xs are shown in Fig. 3(b)

and the synchronization errors for all state variables are
depicted in Fig. 3(c).

In order to verify the robustness of the adaptive control,
we increase the generation of two to four-scrolls. The full
synchronization scheme shown in Fig. 2 is again used, but
now the SNFS is designed with three Op Amps, hence,
n=3. The initial conditions mentioned above are again
used. In this way, Fig. 4(a) shows the chaotic waveforms of
the xm and xs state variables when the adaptive control is
deactivated. Similarly as above, the chaotic waveforms are
fully desynchronized. Otherwise, Fig. 4(a) also shows the
chaotic waveforms when the adaptive control is activated
at t=4ms and with k1=22.5. The synchronized signals on
the plane xm-versus-xs are shown in Fig. 4(b) and the
synchronization errors for all state variables are shown in
Fig. 4(c).

Moreover, the full synchronization scheme shown in Fig. 2
was tested on a breadboard by using discrete components
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(a) (b)

(c)

Fig. 4. Time evolutions of the chaotic waveforms of four scrolls when: (a) the adaptive control is deactivated and the
adaptive control is activated at t=4ms, xm (red line) and xs (blue line); (b) Synchronization on the phase plane
xm-versus-xs; (d) Synchronization errors of Fig. 4(a), ex (red line), ey (blue line) and ez (black line)

with the same values used in the numerical simulations
and given in Table 1. Figure 5(a) shows experimental
results of time series of two-scrolls for the xm and xs state
variables, whereas Fig. 5(b) shows experimental results of
the chaotic waveforms of four-scrolls for the zm and zs
state variables. A similar behavior happens with xm and
xs state variables. In both figures the adaptive control was
activated. Experimental results on the synchronization on
the plane xm-versus-xs is shown in Fig 5(c) for two-scrolls,
whereas the synchronization on the phase plane zm-versus-
zs is depicted in Fig. 5(d) for four-scrolls. According to Fig.
3(c) and Fig. 4(c) the full synchronization occurs to 2.5 ms,
approximately, which can also be confirmed on Fig. 3(a)
and Fig. 4(a), respectively.

6. CONCLUSION

In this paper an adaptive control law was proposed and
synthesized with Op Amps and analog multipliers. Lya-
punov stability theory was used to study the asymptotic

stability of the adaptive control in order to achieve the
synchronization of the master-slave systems. Unlike of
others works reported in the literature, real physical per-
formance parameters of Op Amps were taken into account
herein. Experimental data using commercial available Op
Amps for synchronizing two and four scrolls were gathered
showing good agreement with numerical approximations.
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