
Output based robust semi-active control for

ankle-foot prosthetic system based on

magnetic-rheological damper

Hugo Serrano∗, Alberto Luviano-Juárez ∗ and Isaac Chairez ∗∗

∗ Instituto Politecnico Nacional, UPIITA-IPN (e-mail:
hserrano9800@alumno.ipn.mx, aluvianoj@ipn.mx).

∗∗ Instituto Politecnico Nacional, UPIBI-IPN (e-mail:
ichairezo@gmail.com)

Abstract: The problem of robust control applied to control the position of an ankle prosthesis
based on disturbance estimation has been addresses in this study. Active disturbance rejection
control was the paradigm used for controlling the robotic prosthesis by means of a direct
active estimation. Based on this active estimation, the robust controller implemented the
disturbance cancellation providing a fast converge to the origin of the tracking error. The
uncertainties identification was based on the application of extended state high gain observers.
This identification was useful to force the tracking between the actual position and force
needed in the ankle prosthesis and some reference values obtained by a biomechanical gait
cycle analysis. Therefore, the estimated states provided were used to implement a robust
output feedback controller that was effective to reject actively the perturbations and forced
the trajectory tracking to a small vicinity of the origin. The controller was implemented in
numerical simulations for showing the convergence of the tracking error. The convergence of
this tracking error to the region around the origin was obtained within the first second of
simulation.
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1. INTRODUCTION

The recent advances in technology have allowed the devel-
opment of intelligent active prosthetic devices for human
ankles, which have been improved in order to emulate the
basic movements concerning both, gait processes, standing
as well as sitting tasks. Many functional devices have been
introduced in the context of robotics technologies (see
Pillai et al. (2011), Li et al. (2006), Zhu et al. (2014),
Eilenberg et al. (2010), Au and Herr (2008), among oth-
ers).

The foot and ankle make up a complex anatomical struc-
ture consisting of 26 irregularly shaped bones, 30 synovial
joints, more than 100 ligaments, and 30 muscles acting
on the segments. The foot contributes significantly to the
function of the whole lower limb. The foot supports the
weight of the body in both standing and locomotion. The
mechanical and dynamic complexity of this joint makes its
robotic emulation a difficult challenge. Most of the ankle-
foot prostheses, for the sake of simplicity, consist of one
to three mechanical joints controlled by means of active,
semi-active, or passive elements.

In a human natural gait, the ankle joint acts in active and
semi-active manners, being in semi-active configuration
almost all the time. The devices of semi-active control
are characterized by changing its properties dynamically
generating forces, using the movement of the system, to
control their response to minimize the total energy con-
sumption; then, semi-active devices can not be performed

directly by passive elements such as damper-spring sys-
tems but, on the other hand, Electro-rheological (ER)
and Magneto-rheological (MR) fluid-based devices can be
used in semi-active mechanical control tasks, providing
sufficient damping forces as well as a certain degree of
elastic recovery force.

Magneto-rheological fluids have many attractive features
including high yield strength, low viscosity and stable
hysteretic behaviour over a broad temperature range,
this kind of fluids belongs to the class of functional
materials that changes their mechanical properties under
the influence of an external magnetic excitation. MR fluids
are non-colloidal suspensions typically consist of micro-
sized, magnetically polarizable soft particles dispersed in
a carrier fluids such mineral or silicone oil, also water or
synthetic oil. When a magnetic external field is applied,
the particles form chains, and the fluid becomes semi-
solid, exhibiting plastic behaviour. Transition rheological
equilibrium can be achieved in a short period (range of
milliseconds).

There are two main types of devices based on MR fluids:
The first one is linear MR dampers, used widely for semi-
active mitigation of vibrations, in seismic applications, as
well as in semi-active vehicle suspensions which are also,
applied in prosthetics. The second group of devices are
rotary brakes and clutches. For the prosthetic applications,
the MR fluids have shown a better performance than ER
fluids, since the range of supported stress is larger and
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the control energy consumption is more reduced (see Xie
et al. (2010)). Some studies and reported applications have
shown the performance and effectiveness of the inclusion
of this semi-active controllable device for the design and
construction of orthoses and prostheses (see Johansson
et al. (2005), Kikuchi et al. (2010), Zhu et al. (2014)).
One of the main issues of using MR fluids for semi-active
control is the fact that the involved dynamics is highly
nonlinear, which makes the control task an important
part of the prosthesis design. The control system has to
achieve fast and accurate tracking tasks in a robust form.
Moreover, to take maximum advantage of MR fluids in
control applications a reliable method is needed to predict
their non-linear response.

In particular, the mechanism describing the active part
consists in a nonlinear second order system, which is
exposed to external disturbance inputs due to the ground
contact, as well as the human leg movement and its
variations. Since the contact with the ground induces
a periodic beat on the joint between the leg and the
prosthesis (see Fig 1), the semi-active control has to induce
a controlled damping effect to ease the contact effect on
the stump, enhancing the user’s comfort.

Thus, two control tasks are associated for the ankle pros-
thesis:

1) An active control for the trajectory tracking in the
ankle angle and

2) A semi-active controller for the damping assignment
in the axial contact with the ground.

To solve these problems, an Active Disturbance Rejection
Control (ADRC) scheme is proposed (see Gao (2006),
Han (2009), Johnson (1971)) since the complexity in the
control design can be reduced by means of lumping all
the nonlinearities as well as the external disturbances
into a generalized disturbance input, to be estimated and,
subsequently, canceled. The lumped disturbance input es-
timation is to be carried out by a Generalized Proportional
Integral (GPI) observer Sira-Ramirez et al. (2010), which
is an extended Luenberger-class observer which includes a,
self-updating, linear model approximation of the perturba-
tion input; the disturbance estimation is delivered to the
controller for an on-line cancelation while simultaneously
estimating the phase variables related to the measured
output, performing the ADRC for the trajectory tracking
(see Sira-Ramı́rez et al. (2013)).

The objective of this paper is to solve the problem of active
disturbance rejection control by means of robust observers,
in trajectory tracking tasks to regulate the damping and
position of an active ankle prosthesis. The controller must
be solved based on the on-line reconstruction of the distur-
bance input as well as the estimated states. The form in
which the approximation of the lumped disturbance signal
was performed consisted of the combination of the state
variables, having constant coefficients. The convergence of
the observer based control is proven in terms of the second
method of Lyapunov. The outline of the article is given
as follows: The ankle prosthesis is described in section
2 of this article. A generalization of active prosthesis is
proposed in terms of second order systems is described
in the same section. Section 3 deals with the design of

the robust disturbance observer as well as the controller
structure. The strategy is tested by numerical simulations
implemented in Matlab, which is shown in section 4. Fi-
nally, some concluding remarks are given in Section 5.

2. THE ACTIVE ANKLE PROSTHESIS AND ITS
MODEL GENERALIZATION

The ankle prosthesis proposed in this study is composed
by a mechanical section designed to sustain the whole leg
of patient. The prosthesis was formed by a mechanical
socket where the leg is fixed in. Then a parallel structure
based on a magnetoreological damper and a active DC
motor attached to a screw supplies the movement of
the prosthesis on the longitudinal axis. These devices
are then inserted on the passive angular joint which
forces the movement of prosthesis foot. The foot structure
was obtained by a deep mechanical study of true foots
according to the references (Eilenberg et al., 2010), (Au
and Herr, 2008). The proposed structure helps to reduce
the effect of floor impact over the ankle and knee because
the prosthesis includes the simultaneous application of
semiactive damper and an active DC motor that forces
the ankle movement. High density polymer based on
acrylonitrile butadiene styrene or ABS was proposed to
construct the prosthesis. Considering this condition, a
mechanical analysis showed that the selected structure
may be useful when it is implemented as true prosthesis.
Figure (1) shows the main structure of this prosthesis
showing its main sections.

Using the Euler-Lagrange modelling process, the dynamic
equations for the active ankle prosthesis can be derived.
This model was obtained only for the movement of the
ankle in one axis. This simplified model was adequate
to design the controller proposed in this study. These
equation can be represented as:

M (q) q̈(t) = b(q(t), q̇(t)) + u(t) (1)

The vector q ∈ R
2 describes the position of prosthesis

screw (which depends on the DC motor action) as well as
the relative displacement (produced by damper stiffness)
of the MR damper. Here M (q) ∈ R

2×2 is the inertia
matrix and b(q, q̇) ∈ R

2 is a vector containing the right
hand sides of the two differential equations. Matrix M (q)
and vector b(q, q̇) are defined in Eilenberg et al. (2010).
The signal u ∈ R

2 corresponds to the controls used to
regulate the DC motor and the MR damper. The first
one is the voltage used for the motor while the second
one corresponds to the current fed into the MR system
to adjust the damping. This strategy adjust the relative
displacement of damper.

The model 1 belongs to a class of coupled second order
nonlinear systems with uncertain structure. Based on the
state variable theory, the active ankle prosthesis dynamic
system can be represented as follows

d

dt
xa(t) = xb(t)

d

dt
xb(t) = f(x(t)) + g(xa(t))u(t) + ξ(x(t), t) (2)

where x = [x⊤
a , x

⊤

b ]
⊤, x ∈ R

4 is the state of the elec-

tromechanical system. Indeed, xa = q and xb = d
dt
q.

The term ξ(x, t) was included to consider the effect of
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Fig. 1. Generic view of the ankle prosthesis used in this
study. This figure shows the composition of the semi-
active damper and the active actuator formed by the
vertical displacement system.

perturbations/uncertainties affecting the active prosthesis.
The system (2) has the initial condition given by

x(0) = x0, ‖x0‖ < ∞

Let X be the set such that x ∈ X ⊂ R
4. The bounded

function u ∈ R
2 should be design to enforce that x tracks

a reference trajectory with some restrictions and adjusted
to actual ankle biomechanical studies..

The nonlinear Lipschitz function f : R4 → R
2 is composed

by 2-uncertain nonlinear functions which describe the drift
term of (2).

The function g is fulfilling the following constraint

0 < g− ≤ ‖g(·)‖ ≤ g+ g−, g+ ∈ R
+ (3)

The uncertainties are included in the term ξ(x(t), t) that
can represent parameters variations, external perturba-
tions, modelling errors, etc. In this study, an important
assumption regards to ξ(x(t), t) is considered:

Assumption: The class of uncertainties ξ(x(t), t) consid-
ered in this study satisfies the following inequality:

‖ξ(x(t), t)‖2Λξ
≤ γ0 + γ1‖x‖

2 (4)

γ0, γ1 ∈ R
+; 0 < Λξ = Λ⊤

ξ ∈ R
2×2

The system (2) can be rewritten as follows

ẋ(t) = Ax(t) +G(x(t))u(t) + F (x(t))

(5)

A =

[

02×2 I2×2

02×2 02×2

]

, G(x) =

[

0n
g(x)

]

,

F (x) :=
[

0⊤1 f(x) + ξ(x)
]⊤

The function F (x) satisfies

‖F (x)‖2 ≤ f0 + f1‖x‖
2 f0, f1 ∈ R

+ (6)

The following extra assumption regarding the function
F (x) is needed to propose the controller design.

Assumption: The function f(x) = f0(x)+ξ(x) evaluated
over the system trajectories, that is x = x(t) can be
represented as

f0(x(t)) = a⊤κ(x(t)) + f̃(x(t)) (7)

The vector a ∈ R
p is formed with a set of constant

parameters ak that must be adjusted to improve the
approximation of f0(x(t)). According to the structure of
the so-called high order extended state observers, the
vector κ ∈ R

p is composed as follows κ = [1, t, · · · , tp].
This is a regular decomposition of f0 in terms of a finite
number of elements that form a basis. In particular, the
set of polynomials is considered in this study (Johnson,
1971).

The term f̃(x) in named the modelling error produced
by the approximation of f0(x) by a finite number p of
elements in the basis.

The so-called nominal model a⊤κ(t) can be represented
as:

a⊤κ(t) = a0 + a1t+ a2t
2 + · · ·+ apt

p (8)

This representation has been used in different articles
regarding the application of high order extended observers.
The previous equation can be represented as

a⊤κ(t) = a0 +

∫ t

τ1=0

a1dτ1+ (9)

∫ t

τ1=0

∫ τ1

τ2=0

2a2dτ2dτ1 + · · ·+

∫ t

τ1=0

· · ·

∫ τp−1

τp=0

p!apdτp · · · dτ1 (10)

The last equation can be replaced by
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a⊤κ(t) = ρ0(t) (11)

d

dt
ρ0(t) = ρ1(t) ρ0(0) = a0

d

dt
ρ1(t) = ρ2(t) ρ1(0) = a1

d

dt
ρ2(t) = ρ3(t) ρ2(0) = a2

...

d

dt
ρp−1(t) = ρp(t) ρp−1(0) = ap−1

d

dt
ρp(t) = 0 ρp(0) = ap

Now the problem formulation given above can be rephrased
as follows. Given an output reference trajectory, x∗ for
the system (2), to design an output feedback controller,
which regardless of the unknown non-modelled dynamics,
or external disturbances, (both lumped in an additive
signal F (x)), forces the states x to track asymptotically
the desired reference trajectories, with the tracking error
restricted to a small neighbourhood of the origin and
proportional to the power of uncertainties and perturba-
tions. The first stage to solve this problem is designing an
adaptive observer to reconstruct the no measurable part
of the state.

3. THE HIGH ORDER EXTENDED STATE
OBSERVER

The nonlinear adaptive observer for the system (2) is
proposed as (with the corresponding feedback controller
using the observer states u(t) := u(x̂(t))):

d

dt
x̂(t) = Ax̂(t) +G(xa)u(t) + ρ0(t) +Ke(t)

e(t) = xa(t)− Cx̂(t)

(12)

C := [In×n 0n×n]

The term x̂ is the estimated state of x. The term ρ(t) is
considered within the structure of the observer to identify
the uncertain part of the nonlinear system (2). Accordingly
to the extended state observers theory, this non-parametric
identification can be solved using the following structure

d

dt
ρ(t) = Φρ(t) + Le(t) (13)

ρ0(t) = D⊤ρ(t) (14)

where ρ ∈ Rp+1, ρ⊤ = [ρ0 ρ1 · · · ρp]. The matrix Φ ∈
Rp+1×p+1 has the following structure .

Φ =

[

0n×n In×n

0n×n 0n×n

]

(15)

The matrix L ∈ Rp+1×n is the so-called observer gain
matrix and the matrix D ∈ Rp+1 is represented as D⊤ =
[1 0 · · · 0]

Using the information provided by the observer, the out-
put based controller can be designed using the following
structure

u(t) = −G(xa(t))
−1

[

H⊤x̂(t) + ρ0 + r(t)
]

The controller gain matrix H was designed such that the
following matrix is Hurwitz

Ā = A+ 0.5αI2×2 −GH⊤ (16)

with α a positive constant.

The reference signal r is proposed to force the trajectories
of the uncertain system to a predefined manifold that was
adjusted using the aforementioned biomechanical study
focuses on the gait cycle of healthy human being. The
following theorem describes the main results achieved in
this study.

Theorem 1. Consider the class of nonlinear uncertain sys-
tems (2) fulfilling the condition (3) with incomplete in-
formation and affected by perturbations that obeys the
constrains given in (2). Define the state observer given in
(3) with the gain K adjusted such that the matrix A+CK
posses all its eigenvalues with negative real part. If there is
a positive definite matrix Q such that the algebraic Riccati
equation

PĀ+ Ā⊺P + PR̄P +Q = 0 (17)

has a positive definite solution P ∈ R
2×2 then the tracking

trajectory error ∆ = x∗ − x are ultimate bounded with
upper bound given by

β := f0α
−1 (18)

Proof 1. This part of the article describes a brief explana-
tion about how the theorem can be proven. The estimation
error ∆ satisfies

d

dt
∆ =

[

A−KC⊤
]

∆(t)+ (19)

[G(xa(t))−G(x̂a(t))]u(t) + F (x(t))− ρ0(t)

To prove if the equilibrium point of (19), the following
Lyapunov function candidate was proposed

V (z) = z⊤Pz (20)

where the vector z ∈ R
n+p+1 is constructed as: z⊤ =

[∆⊤ρ⊤]. The rest of the proof is omitted but it can be
straightforwardly determined.

4. NUMERICAL SECTIONS

A set of numerical simulations was developed in Matlab
for testing the robust observer and the controller. This
numerical simulations were executed using the Fixed Step
Runge-Kutta of fourth order with simulation step of 0.001.
One must noticed that simulations were executed using
a SolidWorksr model executed within Simulink/Matlabr

system. This strategy emphasizes the assumption on the
low degree of knowledge regarding the prosthesis model.
However, the presence of external uncertainties was sim-
ulated by the presence of two bounded uniformly dis-
tributed random number.

The controller analyzed in this study did not consider
the interaction of the prosthesis with floor. Therefore,
the control design studied here has not the necessity of
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Fig. 2. This figure shows the behaviour of the controller
proposed in this study over the damping actuator en-
forcing the force resistance of the prosthesis. Dashed
line corresponds to the reference states. Solid line
describes the actual trajectories produced by the con-
troller proposed in this study.

consider the hybrid nature of the gait cycle. However,
its robust nature and the uncertainties approximation
considered in the control design can handle the model
variation associated to the hybrid structure of prosthesis
interaction with its environment.

The observer trajectories converged to a bounded zone
around the real trajectories of (2). Figure (2) shows the
reference states of damper position in solid line. The same
figure shows with dashed lines the controlled trajectories
produced by the robust observer.

The controller succeed to track the reference trajectory
which has been proposed accordingly to the regular force
produced by a normal ankle during the gait cycle. This
reference trajectory was proposed in agreement to consider
the effects of weight and damping enforced by the body
ankle over the body. One must note that damper is
particularly active during the standing part of the gait
cycle. The references trajectories have been characterized
by a number of anatomical and physiological studies
Eilenberg et al. (2010). One must note that this set of
trajectories only corresponds to the movements on one
axis.

Figure (3) shows the reference states of screw position in
solid line. Dashed line in the same figure describes the
controlled trajectories produced by the robust controller.
The reference trajectory was tracked after some seconds.
Once again, the gait cycle information served to define
this reference trajectory. Here one can note that screw is
active during the whole cycle because the ankle moves all
the time during each walking step.

The control action which were implemented by the robust
controller are depicted in figure (4). The magnitude and
specific form of these controls can be easily reproduced
by a standard system based on direct current motors, a
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Fig. 3. This figure shows the behaviour of the controller
proposed in this study over the motor actuator enforc-
ing the vertical movement of the prosthesis. Dashed
line corresponds to the reference states. Solid line
describes the actual trajectories produced by the con-
troller proposed in this study.
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Fig. 4. Control action obtained by the robust controller
proposed in this study. Dashed line corresponds to
the momentum produced in the magnetoreological
damper. Solid line describes the control action used
by the DC motor to adjust the vertical position of the
prosthesis.

low-cost microcontroller, etc. Then, the control solution
proposed in this study seems to be feasible for developing
actual ankle active prosthesis.

Finally, figure (5) describes the euclidean norm of the
tracking error. One may note how this error toward zero
value within the first second of simulation. This is a re-
markable condition considering that otherwise, the pros-
thesis user may fall down. So, the robust nature of the

CLCA 2014
Octubre 14-17, 2014. Cancún, Quintana Roo, México

293



0 0.2 0.4 0.6 0.8 1
0

1

2

x 10
−4

Time, (s)

T
ra

ck
in

g
 e

rr
o
r

Fig. 5. Norm of tracking error produced by the comparison
of reference trajectory and actual states measured on
the ankle prosthesis

controller has a noticeable effect on the gait cycle of the
patient wearing the device proposed in this study.

5. CONCLUSION

This paper describes a mixed structure based on robust
observation and output based controller to adjust the
movement of an active ankle prosthesis. This mixed struc-
ture was useful to control the class of uncertain nonlinear
systems represented by the prosthesis. The convergence of
this controller was provided by means of a simple quadratic
Lyapunov function. A simple linear feedback controller was
designed to show how the observer states can be used to
substitute the real variables of the uncertain system. A ba-
sic representation of the ankle prosthesis system was used
to generate some numerical simulations that validated the
theoretical result achieved in this study. The controller
provided the solution of the trajectory tracking problem.
As future work, the observer gain may be tuned in the
context of low gain control, which is an alternative for a
class of constraint systems, specially in the actuators. The
case of low gain control can be extended to a class of low
gain adaptive active disturbance rejection control taking
into consideration the system restrictions, which may have
a remarkable impact over the energy saving process which
is still a demanding open problem in active prosthesis field.
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