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Abstract: This work presents a novel controller capable of solving the leader-follower consensus
problem in networks of non-identical and kinematically different (heterogeneous) robot manipu-
lators in the Special Euclidean space of dimension three, denoted SE(3). The controller estimates
the kinematic and the dynamic robot physical parameters and it is designed to be robust
to interconnecting variable-time delays. Furthermore, the singularity-free unit-quaternions are
employed to represent the orientation in the SE(3). Simulations using a network with four
3-Degrees-of-Freedom manipulators illustrate the performance of the proposed controller.
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1. INTRODUCTION

In the SE(3) space, the term pose is used to represent posi-
tion and orientation (attitude). It is in this space where the
robot tasks take place and the control in this space plays
a major role in cooperative tasks performed by multiple
robot manipulators primarily if they are kinematically and
dynamically dissimilar (heterogeneous) (Liu and Chopra,
2012; Aldana et al., 2014). The practical applications of
multi-robot systems span different areas such as under-
water and space exploration, hazardous environments and
service robotics.

This paper focusses on finding the solution to the leader-
follower consensus problem in networks of heterogeneous
robot manipulators with uncertain physical parameters
and interconnecting variable time-delays. In the leader-
follower consensus, the objective is to ensure that all
manipulators converge to a given leader pose. The solu-
tions to these problems have been widely studied for first
and second-order linear time invariant systems (Olfati-
Saber and Murray, 2004; Scardovi and Sepulchre, 2009;
Ren, 2008). For nonlinear systems, the works of Liu and
Chopra (2012); Rodriguez-Angeles and Nijmeijer (2004);
Nuño et al. (2011); Wang (2013a) present a solution to
the the leader-follower problem, provided that the leader
position is available to all the agents. Mei et al. (2011)
propose a sliding-based scheme for the leader-follower case
assuming that the leader position and velocity is available
only to a certain set of followers. Recently, Liu et al. (2014)
have proposed a solution in the joint space and without
interconnecting delays and Meng et al. (2014), using an
adaptive sliding controller, solve the leader-follower syn-
chronization in the joint space and without interconnecting
delays.

This work is closely related to the insightful papers by
Wang (2013a,b). Using similar kinematic and dynamic

adaptation schemes as in (Cheah et al., 2006; Wang
and Xie, 2009), on one hand, Wang (2013a) solves the
leader-follower consensus provided that the leader position
is available to all the agents and, on the other hand,
Wang (2013b) solves the leaderless consensus problem
without time-delays. Furthermore, for the orientation,
these works make use of a minimal representation that
exhibits singularities and it is assumed that all the agents
are kinematically similar, i.e., all agents have the same
degrees-of-freedom (DoF).

The main contribution of this work is a novel controller
that solves the leader-follower consensus problem, with
the following important features: 1) it is only assumed
that there is at least one agent which can access the
leader’s pose; 2) the controller dynamically estimates all
the uncertain physical parameters; 3) the controller is
robust to interconnection variable time-delays and 4) for
the orientation error, the controller makes use of unit-
quaternions, which are a singularity free orientation repre-
sentation. Furthermore, in order to show the performance
of the proposed scheme, simulations using a network with
four 3-DoF manipulators are also presented.

The following notation is used throughout the paper.
R := (−∞,∞), R>0 := (0,∞), R≥0 := [0,∞). |x| stands
for the standard Euclidean norm of vector x. Ik represents
the identity of size k × k. 1k and 0k represent column
vectors of size k with all entries equal to one and to zero,
respectively. For any matrix A ∈ R

n×m, A⊤(AA⊤)−1 is
its Moore-Penrose pseudo-inverse matrix denoted by A†.
For any function f : R≥0 → R

n, the L∞-norm is defined as

‖f‖∞ := sup
t≥0

|f(t)|, L2-norm as ‖f‖2 := (
∫∞

0
|f(t)|2dt)1/2.

The L∞ and L2 spaces are defined as the sets {f : R≥0 →
R

n| ‖f‖∞ < ∞} and {f : R≥0 → R
n| ‖f‖2 < ∞},

respectively. The subscript i ∈ N̄ := {1, ..., N}, where N
is the number of nodes of the network.
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2. SYSTEM DYNAMICS

The dynamical behavior of the network accounts for a
threefold: i) the dynamics of nodes; ii) the interconnection
topology; and iii) the orientation description in the SE(3).

2.1 Node Dynamics

The ith-node is modeled as ni-DoF robot manipulator 1 .
Its EL-equation of motion, in joint space, is given by

Mi(qi)q̈i +Ci(qi, q̇i)q̇i + gi(qi) = τ i (1)

where qi, q̇i, q̈i ∈ R
ni , are the joint positions, veloc-

ities and accelerations, respectively; Mi(qi) ∈ R
ni×ni

is the symmetric and positive definite inertia matrix;
Ci(qi, q̇i) ∈ R

ni×ni is the Coriolis and centrifugal effects
matrix, defined via the Christoffel symbols of the first
kind; gi(qi) ∈ R

ni is the gravitational torques vector and
τ i ∈ R

ni is the torque exerted by the actuators (motors).

The pose of the ith-end-effector, relative to a common
reference frame, is denoted by the vector xi ⊂ R

7 and
it is composed of the position vector pi ∈ R

3 and
the orientation unit-quaternion 2 ξi ∈ S3, such that

xi := [p⊤
i , ξ

⊤
i ]

⊤. The kinematic relation between the joint
velocities and the linear ṗi and angular ωi velocities of the
ith-end-effectors relative to a common reference frame, is
given by

υi = [ṗi,ωi]
⊤
= Ji(qi)q̇i (2)

where υi ∈ R
6 and Ji(qi) ∈ R

6×ni is the geometric
Jacobian matrix.

The EL-system (1) enjoys the following properties (Kelly
et al., 2005; Spong et al., 2005):

P1. For all qi ∈ R
ni , exist M

¯ i, M̄i ∈ R>0 such that
M
¯ i ≤ ‖Mi(qi)‖ ≤ M̄i.

P2. Matrix Ṁi(qi)− 2Ci(qi, q̇i) is skew-symmetric.

P3. For any φi ∈ R
ni , (1) satisfiesMi(qi)φ̇i+Ci(qi, q̇i)φi−

gi(qi) = YDi(qi, q̇i,φi, φ̇i)θDi, whereYDi ∈ R
ni×mDi

is a regressor matrix of known functions and θDi ∈
R

mDi is a constant vector containing the dynamical
parameters (link masses, moments of inertia, etc.).

P4. For all qi ∈ R
ni , the Jacobian matrix Ji(qi) is a

bounded operator.
P5. The kinematic relation (2) satisfies υi = YKi(qi, q̇i)θKi,

where YKi ∈ R
6×mKi is the kinematic regressor

matrix and θKi ∈ R
mKi is a constant vector contain-

ing the kinematic physical parameters (link lengths,
center of mass distances, etc.).

2.2 Modeling the Interconnection

The interconnection of the N followers is modeled using
the Laplacian matrix L := [ℓij ] ∈ R

N×N , whose elements
are defined as

ℓij =







∑

j∈Ni

wij i = j

−wij i 6= j

(3)

where Ni is the set of agents transmitting information to
the ith robot, wij > 0 if j ∈ Ni and wij = 0 otherwise.

1 Note that each robot may have different number of DoF.
2 The set S3 ⊂ R

4 represents an unitary sphere of dimension three
and it is defined as S3 := {ξ ∈ R

4| |ξ|2 = 1}.

Similar to passivity-based (energy-shaping) synchroniza-
tion (Nuño et al., 2013a; Arcak, 2007; Sarlette et al., 2009)
and in order to ensure that the interconnection forces
are generated by the gradient of a potential function, the
following assumption is used in this paper:

A1. The followers interconnection graph is undirected and
connected.

By construction, L has a zero row sum, i.e., L1N = 0N .
Moreover, Assumption A1, ensures that L is symmetric,
has a single zero-eigenvalue and the rest of the spectrum
of L has positive real parts. Thus, rank(L) = N − 1.
The Laplacian matrix models the followers interconnection
and, in this work, we make use of a diagonal matrix
A ∈ R

N×N to model the leader-follower interconnections.
The following lemma, which is a special case of Lemma 1.6
by Cao and Ren (2011), provides an interesting property
of the composed Laplacian matrix Lℓ := L +A that will
be used in the proof of one of the main results.

Lemma 1. Consider a non-negative diagonal matrix A :=
diag(a1, . . . , aN ) ∈ R

N×N and suppose that, at least, one
ai is strictly positive, i.e., there exists some ai > 0. Assume
that A1 holds, then the matrix Lℓ := L+A is symmetric,
positive definite and of full rank. ⋄

With regards to the interconnection time-delays, it is
assumed that:

A2. The information exchange, from the j-th agent to the
i-th agent, is subject to a variable time-delay Tji(t)
with a known upper-bound ∗Tji. Hence, it holds that

0 ≤ Tji(t) ≤
∗Tji < ∞. Moreover, Ṫji(t) is bounded.

2.3 Orientation in the SE(3)

Compared to other orientation representations, e.g., yaw-
pitch-roll parameters, Euler angles, etc., the unit quater-
nions are known to be free of singularities (Caccavale
et al., 1999). A unit-quaternion ξi ∈ S3 can be split in
two elements: one scalar term ηi ∈ R and one vectorial
term βi ∈ R

3. Thus ξi := [ηi,β
⊤
i ]

⊤ and, from the unit

norm constraint, η2i + β⊤
i βi = 1 (refer to (Kuipers, 2002)

for a detailed list of properties and operations involving
unit-quaternions). The unit-quaternion ξi can be easily
obtained from the direct kinematics function of each robot
manipulator, via the rotation matrix Ri ∈ SO(3) :=
{Ri ∈ R

3×3| R⊤
i Ri = I3, det(Ri) = 1}.

The orientation error, relative to the world frame, between
two different frames, Σi and Σj , can be described by

the rotation matrix R̃ij := RiR
⊤
j ∈ SO(3). The unit-

quaternion describing such orientation error is given by

ξ̃ij = ξi ⊙ ξ∗j =

[

ηiηj + β⊤
i βj

−U⊤(ξi)ξj

]

(4)

where⊙ denotes the quaternion product, ξ∗(·) = [η(·),−β⊤
(·)]

⊤

is the quaternion conjugate of ξ(·), S(·) is the skew-

symmetric matrix operator 3 and U(ξi) is defined as

U(ξi) :=

[

−β⊤
i

ηiI3 − S(βi)

]

. (5)

3 For any a,b ∈ R
3, S(a)b = a × b. Some well known properties

of the skew-symmetric matrix operator, S(·), used throughout the
paper, are: S(a)⊤ = S(−a) = −S(a) and S(a)a = 03.
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The relation between the time-derivative of the unit-
quaternion and the angular velocity, relative to the world
reference frame, is given by

ξ̇i =
1

2
U(ξi)ωi. (6)

Hence, defining Φ(ξi) := diag(I3,
1
2U(ξi)), it holds that

ẋi = Φ(ξi)υi. (7)

The normality condition and some straightforward calcu-
lations show that β̃ij = 0 if and only if ξi = ±ξj . This,

in turn, implies that U⊤(ξi)ξj = 03. A key observation
is that ξi = ξj and ξi = −ξj represent the same physical
orientation. The following properties have been borrowed
from (Wen and Kreutz-Delgado, 1991; Fjellstad, 1994;
Campa and Camarillo, 2008; Wang et al., 2012) and are
used throughout the rest of the paper.

P6. For all ξi ∈ S3, U⊤(ξi)U(ξi) = I3. Hence,
rank(U(ξi)) = 3 and ker(U⊤(ξi)) =span(ξi).

P7. For all ξi ∈ S3 and ξ̇i ∈ R
4, U̇(ξi) = U(ξ̇i).

P8. Since, for all ξi ∈ S3, |ξi| = 1 thenU(ξi) is a bounded
operator.

3. CONSENSUS IN THE TASK SPACE

Consider a network of N equal or different EL-systems of
the form (1). Assume that the interconnection graph ful-
fills Assumptions A1 and A2. Furthermore, suppose that
the kinematic and the dynamic physical parameters are
uncertain. Under this scenario, in this paper is proposed a
controller to solve the following consensus problem:

LFCP Leader-Follower Consensus Problem: The
network of N followers has to be regulated at a given
constant leader pose xℓ := [p⊤

ℓ , ξ
⊤
ℓ ]

⊤ ⊂ R
7, provided that

the leader pose is only available to a certain nonempty set
of followers. Hence, for all i ∈ N̄ ,

lim
t→∞

|υi(t)| = 0, lim
t→∞

xi(t) = xℓ. (8)

This paper makes the following assumption for the leader-
follower interconnection:

A3. At least one of the N follower robots has direct access
to the leader’s pose xℓ.

Considering that the kinematic and the dynamic physical
parameters are uncertain and using (2), together with P3
and P5, it holds that

Ĵi(qi)q̇i = YKi(qi, q̇i)θ̂Ki (9)

and
M̂i(qi)φ̇i+Ĉi(qi, q̇i)φi−ĝi(qi) = YDi(qi, q̇i,φi, φ̇i)θ̂Di,
where φi ∈ R

ni is a differentiable signal that will be

defined later, θ̂Ki ∈ R
mKi and θ̂Di ∈ R

mDi are the
kinematic and the dynamic estimated physical parameters,
respectively. Ĵi(qi), M̂i(qi), Ĉi(qi, q̇i) are the estimated
Jacobian, inertia and Coriolis matrices and ĝi(qi) is the
estimated gravity vector, all of them defined using the
Jacobian, inertia, Coriolis and gravity terms evaluated
using the estimated physical parameters.

Setting-up the controller

τ i = −YDi(qi, q̇i,φi, φ̇i)θ̂Di −KiĴ
⊤
i (qi)Ĵi(qi)ǫi, (10)

where Ki ∈ R>0 and

ǫi := q̇i + φi, (11)

yields the following closed-loop system

Mi(qi)ǫ̇i +Ci(qi, q̇i)ǫi +KiĴ
⊤
i (qi)Ĵi(qi)ǫi = YDiθ̃Di,

(12)

with θ̃Di := θDi − θ̂Di.

As usual in the adaptive control design, consider the
energy-like function

Vi =
1

2

[

ǫ⊤i Mi(qi)ǫi + θ̃
⊤

DiΓ
−1
Di θ̃Di

]

,

where ΓDi = Γ⊤
Di > 0. Evaluating V̇i along (12), using

P2, the fact that ˙̃
θDi = − ˙̂

θDi and defining the parameter
estimation law as

˙̂
θDi := ΓDiY

⊤
Diǫi, (13)

yields V̇i = −Ki|Ĵi(qi)ǫi|
2 ≤ 0.

Now, pre-multiplying (11) by Ĵi(qi) and using (2) and (9)

yields Ĵi(qi)ǫi = υi + Ĵi(qi)φi + YKi(qi, q̇i)θ̃Ki, where

θ̃Ki = θ̂Ki − θKi. Hence, V̇i can be rewritten as

V̇i =−Ki

[

|υi + Ĵi(qi)φi|
2 + |YKi(qi, q̇i)θ̃Ki|

2
]

− 2Kiθ̃
⊤

KiY
⊤
Ki(qi, q̇i)

[

υi + Ĵi(qi)φi

]

.

The form of V̇i motivates us to propose the following
function

Wi =
1

Ki
Vi + θ̃

⊤

KiΓ
−1
Kiθ̃Ki, (14)

where ΓKi = Γ⊤
Ki > 0. Thus, setting the kinematic

estimation parameter law as
˙̂
θKi := ΓKiY

⊤
Ki(qi, q̇i)

[

υi + Ĵi(qi)φi

]

, (15)

ensures that

Ẇi = −|υi|
2 − 2υ⊤

i
Ĵi(qi)φi − |Ĵi(qi)φi|

2 − |YKi(qi, q̇i)θ̃Ki|
2.

Since υi is the linear and angular velocities vector, the
crossed term υ⊤

i Ĵi(qi)φi in the last equation, suggests the
design of φi as a function of the pose error. Hence, let us
define

φi := Ĵ
†
i (qi)Φ

⊤(ξi)ei (16)
where ei is the pose error, between each manipulator with
its leader and its neighbors, given by

ei := ai(xi − xℓ) +
∑

j∈Ni

wij [xi − xj(t− Tji(t))] , (17)

where ai > 0 if the leader’s pose xℓ is available to the ith
manipulator and ai = 0, otherwise.

Let us propose the total energy-like function Hi as

Hi = Wi + ai|xi − xℓ|
2 +

1

2

∑

j∈Ni

wij |xi − xj |
2. (18)

After some simple algebraic manipulations and using (17),

Ḣi is given by

Ḣi =− |υi|
2 − |Φ⊤(ξi)ei|

2 −
∑

j∈Ni

wij(ẋi + ẋj)
⊤(xi − xj)

− |YKiθ̃Ki|
2 − 2

∑

j∈Ni

wij ẋ
⊤
i

∫ t

t−Tji(t)

ẋj(σ)dσ,

where, to obtain the last expression, the transformation
∫ t

t−Tji(t)
ẋj(σ)dσ = xj − xj(t− Tji(t)) has been used.

Following a similar procedure as in the proof of Proposition
1 in (Nuño et al., 2013b), definingQ := [x⊤

1 ẋ1, . . . ,x
⊤
N ẋN ]⊤,
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using (3) and since
∑

i∈N̄

∑

j∈Ni

wij(Qi−Qj) = 1⊤
NLQ = 0, it

is straightforward to show that, for H =
∑

i∈N̄

Hi,

Ḣ =−
∑

i∈N̄

[

|ẋi|
2 + 3|ξ̇i|

2 + |Φ⊤(ξi)ei|
2 + |YKiθ̃Ki|

2
]

− 2
∑

i∈N̄

∑

j∈Ni

wij ẋ
⊤
i

∫ t

t−Tji(t)

ẋj(σ)dσ.

Note that H does not qualify as a Lyapunov Function,
i.e., it does not satisfy Ḣ < 0. Then, in the same spirit
as in (Nuño et al., 2013b), and in order to get the below

inequality, we integrate Ḣ from 0 to t and apply Lemma
1 of (Nuño et al., 2009) to the double integral terms with
αi ∈ R>0. This yields

H(0) ≥ H(t) +
∑

i∈N̄

(

‖Φ⊤(ξi)ei‖
2
2 + ‖YKiθ̃Ki‖

2
2

)

+
∑

i∈N̄

∑

j∈Ni

wij

[

(

1

ℓii
− αi

)

‖ẋi‖
2
2 −

∗T 2
ji

αi
‖ẋj‖

2
2

]

,

where the fact that ℓii :=
∑

j∈Ni

wij has also been used.

Defining the matrix Ψ ∈ R
N×N as

Ψ :=



















1− ℓ11α1 −
w12

∗T 2

21

α1

· · · −
w1N

∗T 2

N1

α1

−
w12

∗T 2

12

α2

1− ℓ22α2 · · · −
w2N

∗T 2

N2

α2

.

..
.
..

. . .
.
..

−
w1N

∗T 2

1N

αN

−
w2N

∗T 2

2N

αN

· · · 1− ℓNNαN



















,

yields H(0) ≥ H(t) +
∑

i∈N̄

(

‖Φ⊤(ξi)ei‖
2
2 + ‖YKiθ̃Ki‖

2
2

)

+

1⊤
NΨ

[

‖ẋ1‖22, . . . , ‖ẋN‖22
]⊤

.

Setting αi and weights wij , such that

1 >
∑

j∈Ni

wij

(

αi +
∗T 2

ij

αj

)

, (19)

then there exists µ ∈ R
N , defined as µ := Ψ⊤1N , such

that µi > 0, for all i ∈ N̄ . Hence

H(0) ≥ H(t)+
∑

i∈N̄

(

‖Φ⊤(ξi)ei‖
2
2 + ‖YKiθ̃Ki‖22 + µi‖ẋi‖22

)

.

Since H(0) is a positive constant and H(t) > 0, then

Φ⊤(ξi)ei,YKiθ̃Ki, ẋi ∈ L2 and H ∈ L∞. Furthermore, H
is positive definite and radially unbounded with regards
to ǫi, θ̃Di, θ̃Ki, |xi − xℓ|, |xi − xj |, hence H ∈ L∞ ensures
that all these signals are also bounded.

On one hand, P8, ẋi ∈ L2 and θ̃Ki, |xi − xℓ|, |xi − xj | ∈
L∞, for all i ∈ N̄ and j ∈ Ni, together with P4 imply
that Φ⊤(ξi)ei,φi ∈ L∞. On the other hand, ǫi,φi ∈ L∞

ensures that q̇i ∈ L∞, which together with P4 and P8,
implies that ẋi ∈ L∞.

Using (17) and boundedness of ẋi and A2 support the fact

that ėi is also bounded. Furthermore, φ̇i satisfies

φ̇i =
˙̂
J
†

i (qi)Φ
⊤(ξi)ei + Ĵ

†
i (qi)

[

Φ̇
⊤
(ξi)ei +Φ⊤(ξi)ėi

]

.

(20)

Hence assumption A2, properties P4 and P8 and bound-
edness of q̇i, ẋi and ėi imply that φ̇i ∈ L∞ and, conse-

quently, d
dt

(

Φ⊤(ξi)ei

)

∈ L∞.

Now, boundedness of all these signals ensure, from the
closed-loop system (12), that ǫ̇i ∈ L∞. Since ǫ̇i = q̈i + φ̇i,
q̈i ∈ L∞. Furthermore,

ẍi = Φ⊤(ξi)
[

Ji(qi)q̈i + J̇i(qi)q̇i

]

+ Φ̇
⊤
(ξi)Ji(qi)q̇i,

thus P4, P8 and ẋi, q̇i, q̈i ∈ L∞ ensure that ẍi ∈ L∞.

Finally, Φ⊤(ξi)ei, ẋi ∈ L2 ∩ L∞ and d
dt

(

Φ⊤(ξi)ei

)

, ẍi ∈

L∞ yields, by Barbǎlat’s Lemma, lim
t→∞

|Φ⊤(ξi(t))ei(t)| =

0, lim
t→∞

|ẋi(t)| = 0 and, from P6, lim
t→∞

|υi(t)| = 0.

Before presenting the main result, it should be mentioned
that, although ξi = ξℓ and ξi = −ξℓ represent the same
physical orientation, the closed-loop system (12) has two
possible equilibria. However, ξi = −ξℓ corresponds to an
unstable equilibrium point.

Proposition 1. Suppose that Assumptions A1, A2 and
A3 hold. Additionally assume that, for any αi > 0, con-
dition (19) holds. Then, the controller given by (10), (11),
(16) and (20) together with the dynamic and kinematic pa-
rameter estimation laws (13) and (15), respectively, solves
the LFCP everywhere except when (ẋi(0),pi(0), ξi(0)) =
(07,pℓ,−ξℓ) for all i ∈ N̄ . ⋄

Proof. First note that lim
t→∞

|ẋi(t)| = 0 implies that
∫ t

t−Tji(t)
ẋj(σ)dσ = xj − xj(t − Tji(t)) = 07. This and

Φ⊤(ξi)ei = 06 ensure that
ai(pi − pℓ) +

∑

j∈Ni

wij(pi − pj) = 03

and
aiU

⊤(ξi)(ξi − ξℓ) +
∑

j∈Ni

wijU
⊤(ξi)(ξi − ξj) = 03.

On one hand, defining p := [p⊤
1 , . . . ,p

⊤
N ]⊤ allows to

rewrite the position error as (A ⊗ I3)(p − (1N ⊗ pℓ)) +
(L⊗I3)p = 03N and, with the fact that L1N = 0N , yields
(Lℓ⊗I3)(p−(1N⊗pℓ)) = 03N , whereA and Lℓ are defined
in Proposition 1. Further, Proposition 1 and the Kronecker
product properties ensure that rank(Lℓ⊗ I3) = 3N . Thus,
pi = pℓ is the only solution to the error equation.

On the other hand, defining ξ := [ξ⊤1 , . . . , ξ
⊤
N ]⊤ and

Ū := diag(U(ξ1), . . . ,U(ξN )) ∈ R
4N×3N , the orientation

error can be written as

Ū⊤(A⊗I4)(ξ−(1N⊗ξℓ))+Ū⊤(L⊗I3)(ξ−(1N⊗ξℓ)) = 03N

or, what is the same, Ū⊤(Lℓ ⊗ I4)(ξ − (1N ⊗ ξℓ)) = 03N .
Since (Lℓ ⊗ I4) is of full rank then ξ = (1N ⊗ ξℓ) is
the only solution to (Lℓ ⊗ I4)(ξ − (1N ⊗ ξℓ)) = 03N

and thus it satisfies this equation. However, the fact that
rank(Ū) = 3N and P6 ensure that ξi = ±ξℓ are the only
two solutions to the orientation error equation.

Using (18) it can be shown that ξi = ξℓ corresponds to
a minimum energy point and, since H(t) is a decreasing
function, i.e., H(0) ≥ H(t) for all t ≥ 0, any perturbation
from the other equilibrium point ξi = −ξℓ will drive the
system to ξi = ξℓ. Hence, (υi,pi, ξi) = (06,pℓ, ξℓ) is
asymptotically stable everywhere except at the unstable
equilibrium point (υi,pi, ξi) = (06,pℓ,−ξℓ). 2
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4. SIMULATIONS

This section provides simulation results that demonstrate
the effectiveness of the proposed consensus algorithms,
which are composed of four 3-DoF robot manipulators.
The simulations have been carried on using Matlab’s
Simulink version 8.1. The unit-quaternions are derived
from the rotation matrix following the algorithm pro-
posed in (Spurrier, 1978). Each element of the ith kine-
matic regressor YKi(qi, q̇i) = [ykj,i] is given by y11,i =
−q̇1,iSi,1; y12,i = −(q̇1,i+ q̇2,i)Si,1+2; y13,i = −(q̇1,i+ q̇2,i+
q̇3,i)Si,1+2+3; y21,i = q̇1,iCi,1; y22,i = (q̇1,i + q̇2,i)Ci,1+2;
y23,i = (q̇1,i + q̇2,i + q̇3,i)Ci,1+2+3; y24,i = y14,i = y31,i =
y32,i = y33,i = y34,i = y41,i = y42,i = y43,i = y44,i =
y51,i = y52,i = y53,i = y53,i = y61,i = y62,i = y63,i = 0
and y64,i = q̇1,i + q̇2,i + q̇3,i, where the notation Ci,1+...+n

and Si,1+...+n are abbreviations for cos(q1,i+ ...+qn,i) and
sin(q1,i + ... + qn,i), respectively. The kinematic parame-
ter vector is defined as θKi = [l1,i, l2,i, l3,i, 1]. The four
manipulators have different physical parameters, these
are shown in Table 1. The initial conditions for the es-
timated kinematic parameters are: θ̂K1(0) = θ̂K2(0) =

[0.50, 0.65, 0.40, 0.9]⊤, θ̂K3(0) = [0.60, 0.67, 0.45, 0.9]⊤ and

θ̂K4(0) = [0.35, 0.60, 0.35, 0.9]⊤.

The nonlinear dynamic model and the dynamic regressors
of the 3-DoF robot are omitted for brevity. The initial es-
timated dynamic parameters are set to zero. The variable
time-delays between the nodes are given by Tji = ρ +
a1sin(ϑ1t) + a2sin(ϑ2t). Table 2 lists the values of the
delays parameters.

Table 1. Robot 3-DoF and robots physical
parameters.

Robot 3-DoF Mass(kg)
Inertia(kgm2)

Length(m)
C. of mass(m)

Robot 1 and 2
m1=2 m2=2
m3=1.5 I1=0.5
I2=0.5 I3=0.25
Robot 3
m1=2.45
m2=2.30
m3=1.825
I1=0.63
I2=0.60
I3=0.29
Robot 4
m1=1.8
m2=1.7
m3=1.1
I1=0.465
I2=0.450
I3=0.220

Robot 1 and 2
l1=0.80
l2=0.80
l3=0.65
lc1=0.40
lc2=0.40
lc3=0.325
Robot 3
l1=0.82
l2=0.74
l3=0.58
lc1=0.41
lc2=0.37
lc3=0.29
Robot 4
l1=0.90
l2=0.85
l3=0.67
lc1=0.45
lc2=0.425
lc3=0.335

The controller gains employed in this simulation are
K1 = K2 = K3 = 480, K4 = 550, ΓDi = 1700I9,
and ΓKi = 1700I4 for i ∈ {1, 2, 3, 4}. For this case,
only Node 4 receives the leader constant pose xℓ =
[0.98, 1.45, 0, 0.7163, 0, 0, 0.6978]⊤ with an interconnection
weight set to a4 = 5. The follower interconnection weights
are: w12 = w21 = 1.5, w13 = w31 = .8, w23 = w32 = .7
and w34 = w43 = .8, these weights fulfil (19) using

Table 2. Parameters of the variable time-
delays.

Delay ρ a1 ϑ1(rad/s) a2 ϑ2(rad/s)

T21 0.12 0.05 7 0.06 27

T31 0.09 0.03 2 0.05 14

T12 0.14 0.03 5 0.08 23

T32 0.14 0.06 2 0.08 13

T13 0.11 0.04 3 0.07 27

T23 0.08 0.03 8 0.05 18

T43 0.13 0.05 4 0.07 29

T34 0.11 0.05 6 0.06 30

α1=0.217, α2=0.259, α3=0.279, and α4=.990. Figures 1
and 2 show the position and the quaternion orientation dy-
namic behavior for the leader-follower control algorithm. It
is observed that despite the time-delays and the differences
in the robots initial conditions, the robots asymptotically
converge to the leader pose. Fig. 3 depicts the kinematic
parameter estimation for each robot manipulator.

5. CONCLUSIONS

This paper proposes a novel adaptive controller that is
capable of solving the leader-follower consensus problem in
networks of heterogeneous robot manipulators in the task
space. The controller only requires that the leader pose be
available to, at least, one follower. Moreover, the controller
is robust to parameter uncertainty and to variable time-
delays in the interconnection. Furthermore, the orientation
of the robot end-effectors is represented by the singularity-
free unit-quaternions. Simulations, using a network with
four manipulators, are shown to illustrate the performance
of the proposed scheme.
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Fig. 1. Robots position.
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Fig. 3. Kinematic parameters estimation.
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