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Abstract: In this paper, a formation control for a group of unicycle mobile robots is presented.
According to this approach, complex maneuvers are decomposed into a sequence of formation
patterns. With the aim of driving the movements of the robots, a decentralized control
strategy using the Adaptive Super Twisting Algorithm (ASTA) is introduced. The proposed
control scheme increases robustness against unknown dynamics and disturbance, as not all the
parameters of the system nor the bound of the perturbation are required to be known.
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1. INTRODUCTION

Applications of robotics in daily life are being increased
enormously, for example service robots for cleaning (Yuan
et al. (2011)) or transporting (Tsay et al. (2003)). Fur-
thermore, there are tasks such as surveillance, exploration,
search and rescue, which can be performed more efficiently
by a group of robots instead of a single one. Moving
large objects represents another example of coordinated
tasks, where the robots move holding a rigid formation
to displace the oversize object. These kinds of cooperative
works involve robots moving with a defined formation to
maximize detection capabilities.

In order to tackle the formation control, several methods
have been proposed. For example, in the virtual structure
approach (Ren et al. (2004)), the whole system is consi
-dered as a single rigid structure or entity and the desired
path is assigned to the structure, while maintaining a
rigid formation. Potential field methods (Ge (2002)), focus
on filling the workspace of the robots with an artificial
potential field, where the robot is attracted to the target
position and then is repelled from obstacles. According
to the leader-follower method (Alexandre et al. (2009)), a
robot is defined as the responsible leader for guiding all the
other robots involved in the formation, in such a way that
they reach desired positions and keep the composed for-
mation while moving. Behavior-based methods represent
a different approach, where the desired behaviors for each
robot are prescribed, while the final action is derived from
a weighting of the relative importance of each behavior
(Lawton et al. (2002)).
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On the other hand, a control based on sliding modes tech-
nique is the Super-Twisting Algorithm (Levant (2003)),
which is used in many applications due to its robustness
properties. Furthermore, it is designed to converge in a
finite-time. However, under this approach, the bounds of
uncertainties and perturbations present on the system are
required to be known. Adaptive Super-Twisting Algorithm
(Shtessel et al. (2012)) represents an interesting alterna-
tive as it is not necessary to known the bounds of the
perturbations.

The layout of this paper is as follows: In Section 2, a
system description and a mathematical model of a mobile
robot are provided. The formation control problem, as
motion between a sequence of formation patterns and
the corresponding coupled dynamics control, is introduced
in section 3. The design of an Adaptive Super-Twisting
Control for driving positions of the mobile robots is
addressed in section 4. With the aim of implementing the
proposed controller, necessary information is estimated
through a robust differentiator introduced in section 5. In
order to illustrate the feasibility and performance of the
proposed scheme, simulation results are given in section 6.
Finally, conclusions of this work are drawn.

2. SYSTEM DESCRIPTION: UNICYCLE MOBILE
ROBOT DYNAMICAL MODEL

Unicycle mobile robots represent an attractive combina-
tion of a simple wheel configuration with a high trac-
tion through pneumatic tires (see Fig. 1). In this work,
slip uncertainties vector and moments of inertia of the
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motor, gear and wheel, are assumed as null. Moreover,
it is considered that the center of mass coincide with
the geometric center. Consider a system composed by a
group of N robots, where the mathematical model (Zhang
et al. (1998); Lawton et al. (2002)) of the i-th robot for
1=1,2,...,N; is defined as
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where 60; denotes the orientation, v; the linear speed, ¢;

the angular speed, F; and 7; correspond to the force and
torque applied at the geometric center respectively. m;
correspond to the mass and I; to the moment of inertia.
The system output is described as

IL = (@ ¥ )T € R, (2)

The equation (2) describes the position of the i-th robot
in the Cartesian space, and is defined as a point located
a distance L; along the line that is perpendicular to the
wheel axis and intersects the geometric center.

i=1,2,.. N.

el

Taking the derivative of (2) with respect to time, it follows
cos(0;) —L;sin(0;)

that
I; = <sz’n(9i) Licos(0;) ) (‘Z)

From the second derivative of (2) we have
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The system (1)-(2) has constant relative degree equals
vector {2,2}, and can be output feedback linearized about
the position II; (Lawton et al. (2002)). By defining the
map ¢ : B — R as

T
Yi

vicos(0;) — Ligisin(6;)

v;sin(0;) + Ligpicos(0;)
0;

G = p(X;) =

)

where X; = (x4,v:,0i,vi,¢;)T is the vector state of the
system (1). The inverse of (5) is given by
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for i = 1,2,...,N. Then, equations (1) and (2) can be

written as
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The functions a;(¢;) € R® and B;(¢;) € R*™ can be

deduced from (4) and (6). Now, due to (6), the system

(7) can be written in the transformated coordinates as

Cai

(&)

@i (Gi) + Bi(Ci)u

Czisin(Csi) + %CMGOS(C&')'

L

G = filG) + gi(Ci)us, (8)

Where Cz (Cli7C27i7"'7C5i)T = (H;F7HZ—'7C52)T S %n’
and u; = (F;,7;)T € ®™ is the system input. On the
other hand, dynamics of (5; from equation (7) denote
the internal dynamics, which are rendered non-observable
and uncontrollable by the transformation (5). By setting
C1irC2iy--sCas = 0, thus (5, = 0, having stable zero
dynamics. As (5; = 6;, where ((3;,(4;)7 represent the
velocity of the hand position II, then the angle 6; will stop
moving when the hand position stops moving.

Fig. 1. Differential-drive Mobile Robot.

3. FORMATION CONTROL PROBLEM

Let us define a set of N nonlinear systems written in
transformated coordinates identical to (8), given by

¢= 1O+ 9,
s(O)=A(Un® L) + (@) T+ ((In @ 1) + (c@¥)) I,
9)
where ¢ = (¢F,...,¢)T, v = (uf,...;u%)T denotes

the control input vector, f(¢) = (f1(¢1)7,..., fn(Cn)D)T
correspond to a vector of nonlinear terms and g(¢)

diag{gi(¢i)}. Moreover, 1T = (117, ..., TT%)T, where II; €
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NP is the estimated speed vector in the cartesian space.

I = (I7,...,1T%)7 describe the position error vector.
By taking II;; as a constant reference, the i-th posi-

tion error can be written as II; = II, — II;3. s(¢) =

(s1(¢)T, ... sn(Cn)T)T, where s;((;) € R represents the
sliding variable of the i-th robot defined as

si(G) =N (ﬁi + (20 — Iy — ﬁ¢+1))
+ (Hi + ¢(2Hi — Iy — Hi+1)) ,
i=1,2,...,N. (10)

The term ¢ € R**? represents an interconnection weight
matrix. Relationship among robots is given by Hankel
matrix ¢ = ¢1¢, where ¢ = [¢;,] is defined by

1, =1
éiL: —1, L:Z+1

0, otherwise.

Then, the system (9) is formed by unicycle robots group
in the formation, which is defined as

P= {H1d7~~~7HNd} (11)

where I1;4 is the desired location of the hand position IT;.
In this work, the class of formation control problems where
the group of robots require to commute through a sequence
of formation patterns P;,j = 1,...,J; will be considered.
It is assumed that the sequence of formation patterns are
designed in such a way to avoid robot collisions. Besides,
it is desirable to maintain the robots formation similar to
the destination pattern.

There are two competing objectives. The first objective it
to move the robots to their final destination as specified in
the formation pattern. The second objective is to maintain
formation during the transition (Lawton et al. (2002)).

Concerning to system (9), and defining 0, € R* as a
null vector of dimension b, the following assumptions are
introduced

Assumption B1l. The sliding variable s;(¢;) € RY is
designed so that the desired compensated dynamics of the
system (9) are achieved in the sliding mode s; = s;({;) =
05, then s = s(¢) = Opp.

Assumption B2. The relative degree of the system (9)
is equal to 1, and the internal dynamics are stable.

Then, the dynamics of the sliding variable s are given by

$=a((,t) + Jb((, t)u.

where J = (Iy ® I;) + (C ® ¥) is the matrix in-
terconnection robots, a(¢,t) = AJII + Ja(¢), where

all,t) = (al(Cl,t)T,...,aN(CN,t)T)T, and b(¢,t) =
diag{B;(¢;, 1)}, fori=1,2,...,N.

Assumption B3. The function b(¢,¢) is unknown and
different to zero V (,t € [0,00). Furthermore, b(¢,t) =
bo(¢,t) + Ab(C,t), where bg((,t) is the nominal part of
b(¢,t) which is known, and there exists 6; an unknown
positive constant such that Ab({,t) satisfies

(12)

961

onax (Ab(C )by (C,1)) < OMasx(Ab(C, 1)) omax(by H(C,1) < b1
where the maximum singular value of some square matrix
is denoted by oppax(-). Then, there exists locally v1; € 11
so that

O-Max<A6i<<i7t))O-NIax(ﬁ(;Ll(Ci7t)) <74, 1=12,...,N.
Assumption B4. There exists do an unknown positive
constant such that the derivative of vector function a(¢,t)
is bounded

la(C, )| < 62
and exist y9; € v so that &;((;,t) € a((,t) satisfies
|&i(Gir )] < 2, i=1,2,...,N.

In order to incorporate both competing objectives, the
global control input is defined as

(13)

= by (¢, (14)

where u = (ul,...,u%)T, the decoupling matrix bal =
diag{ﬁo_il} for 7 = 1,2,...,N; includes nominal values
and information about angular position 6;, the vector
w=(wl,...,wk)T, where w; denotes the control law for
the i-th subsystem. Then, the system (12) can be written
as follow

$=a(¢,t) 4+ Jby((,t)w. (15)
From B3, b1 (¢,t) = (In ® Txm) + Ab(C, )by 1 (¢, 1), being
b1(¢,t) € RENV*mN it follows that

Assumption B5. 1 — §; < opax (01((,8)) <1+ 01

Then, the problem is to drive the sliding variable s and
$ to zero in finite time in the presence of the bounded
perturbations with the unknown boundaries 61,2 > 0 by
means of continuous control without overestimated the
gain. Furthermore, owing to parameters variations and
non-modeled dynamics, by(¢,t) is an approximation from
the real parameters system b((,t). Thus, the design of a
robust control based on adaptive super-twisting control
algorithm (see Shtessel et al. (2012)), is introduced in the
following section.

4. ADAPTIVE SUPER TWISTING ALGORITHM

In this section, the synthesis of a control law based
on a super-twisting adaptive control algorithm, proposed
in (Shtessel et al. (2012)), is presented. Under this
approach, the bounds of uncertainties and perturbations
present on the system are not required to be known.
Thus, the designed controller ensures its convergence in a
finite-time, increasing the robustness of the system under
uncertainties. From the ASTA, whose equations are given
by

w=—-Kiq +v,
1
U= —§K25_1§1, (16)

where w = (wT,...,wk)T and w; € R® represents the
control signal for i-th robot; the matrix S = diag{S;},

where S; = diag{\sliﬁ}, 1=1,2,...,b; ¢ = Ssign(s),
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where sign(s) returns a vector with the signs of the
corresponding elements of s; K1 = diag{K1;}, K2
diag{Ko;} are the matrix control gains i-th robot, i =
1,2,...,N. From the ASTA, the gains K;;, Ko; € R™*™
are diagonal matrices chosen such that they are functions
of the sliding surface dynamics as follows

K1 = Kuii(t, 84, 8:) » Koy = Koi(t, 54, 8;). (17)

Then, from the system (15) and (16), the closed loop
system is given by

$=a((,t) = Jbi (¢ 1) Kis1 + Jbi (¢, )y,
:—%K2571C1 (18)

Let us assume that the terms of k = Jby((,t)r € RPN are
bounded with unknown boundary ~ys; > 0 i.e.

k1| < Y315 € V3,
where v3 € RN and wky; € K, 1 =1,2,.. .,

(19)
N.

Theorem 1. Consider the system (9) in closed-loop with
the control (14), expressed in terms of the sliding variable
dynamics (15). Furthermore, the assumptions B3 — B5
for unknown gains \1,91,02 > 0 and (19) are satisfied.
Then, for given initial conditions <(0) and s(0), there
erists a finite time tp > 0 is established ¥Vt > tp,
under the action of ASTA (16) with the adaptive gains
Kl(t,S,S.),KQ(t, S,é) > 0.0

Proof. Consider the following change of variable

s =(si,53)" = (sign(s)" ST, a(¢, ) + 070 (¢ )TIT)T. (20)
Then, the system (18) can be written as
1 . _
§A(§1)<+g(§1)®9($7t)7 (21)
where
o =87tab(¢, )k, ST . ._ {0
A= (Jbl(C,t)Kzs_l Opx /)’ 9(a) = (1) '
Furthermore, due to the Assumption B.4 and (19), the

boundary of the uncertain function g(¢,t) = a(¢,t) +
b1(¢, t)v exists, but is unknown. Then, we can write

@(C» t) = 29((7 t)Silglv
where S71 is a diagonal matrix. Then, the system (22) can
be rewritten as follows

A(ar)s, (22)

M\»—t

where

A(sr) = (

where [s15;| = |si;]'/? € S,
the quadratic function

Sfl
(USN

—S7LIbi (¢, K
—(Jb1(¢, 1) K2 — 20(¢,

)

, b; it is appealing to consider

))S !
1=1,2,...

Vo =§T15§, (23)

where P is a constant, symmetric and positive matrix, as

a strict Lyapunov candidate function for (16). Taking its

derivative along the trajectories of (16), we have
1 rx

_2§ Q§7

V= (24)

962

almost everywhere, where P and Q are related by the
Algebraic Lyapunov Equation

ATP+ PA=—-Q. (25)
Since A is Hurwitz for Jb;(¢,t)K; > 0, and the matrix
Jb1 (¢, 6)Ka — 20(¢,t) > 0, for every Q = QT > 0, there

exist a unique solution P = PT > 0 of the (25), so that
Vb is a strict Lyapunov function.

Notice that, from (24), as ¢; and ¢ converge to 0 in finite
time, it follows that s and § converge to 0 in finite time
too (Shtessel et al. (2012)). o

Remark 1. The stability of the equilibrium ¢ = 0 of (22)
is completely determined by the stability of the matrix A.
However, since they require a continuously differentiable,
classical versions of Lyapunov ’s theorem (Filippov (1988))
cannot be used, or at least locally Lipschitz continuous
Lyapunov function, though Vy (23) is continuous but
not locally Lipschitz. Nonetheless, as it is explained in
Theorem 1 in (Moreno et al. (2012)), it is possible to show
the convergence properties by means of Zubov’s theorem
(Pozniak (2009)), that requires only continuous Lyapunov
functions. This argument is valid in all the proofs of the
present paper, so that no further discussion of these issues
will be required.

However, to implement the proposed controller, it is ne
-cessary to know the vector speed II; = ((3; C4:)7. Then,
to overcome this difficulty, the estimation of unmeasurable
terms will be addressed in next section.

5. HIGH-ORDER SLIDING MODE
DIFFERENTIATOR

In this section, some previous results are introduced in
order to design a differentiator for computing the real-time
derivative of output function with finite-time convergence.

Let f(t) be a function defined in [0, 00), consisting of a
bounded Lebesgue-measurable noise with unknown fea-
tures and fo(t) an unknown basic signal, whose k-th

derivative has a known Lipschitz constant L > 0. Thus,
the problem of finding real-time robust estimations of

fo(k)(t), for K = 0,...,r; being exact in the absence of
measurement noises, is known to be solved by the robust
exact differentiator (see Levant (2003) for more details),
which is given by

2018 = Voli

voi; = —AsLY/3 |z — Guil*’® sign (200 — Cui) + 21
O; 1§ 210 = Vi

vii = =M LY? 215 — vou|"? sign (211 — voui) + 22

Zo1i = —MLsign (z2 — 1), 1=1,2.

(26)
where (j; for [ = 1,2; and ¢ = 1,...,N; is the output
measurable, vg;; = (j; for [ = 3,4; is the estimation speed.

Proposition 1. Consider the system (9) in closed-loop
with the controller (14)-(16), using the estimates obtained
by the differentiator (26). Then, the trajectories of the
system (22) converge in finite-time to the reference signal
1L;4.
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Remark 2: Since the observer converges in finite-time,
the control law and the observer can be designed sepa
-rately, i.e., the separation principle is satisfied. Thus,
if the controller is known to stabilize the process then
the stabilization of the system in closed-loop is assured
whenever the differentiator dynamics are fast enough to
provide an exact calculation of II.

On the other hand, from (14), notice that by depends
of §; for i = 1,2,...,N; given (6), the i-th orientation
angle 0; can be calculated from the estimated values
I = (Gi Gai)7T as 0; = Csi, where

A 1. a 1 . a

Csi = —ECMSW(C&) + f<4i505(<5i)7 i=1,2,....,N; (27)

%

and (s; and (y; are estimate by (26).

6. SIMULATION RESULTS

In this section, simulation results are provided to illustrate
the effectiveness of the proposed methodology. The sys-
tems and the control scheme where developed in the MAT-
LAB/Simulink environment, using Runge-Kutta solver
with an integration step of 0.001s. The multi-robot system
are composed by three unicycle robots, were the distance
between wheels of i-th robot is given by I; = 0.0525m,
the diameter of the wheels d; = 0.041m, maximum dia
-meter of the robot as d4; = 0.09m, the mass of the
robot m; = 0.2Kg, and L; = 0.09m is the distance from
geometric center. Furthermore, the maximum linear speed
and maximum angular speed are V., = 0.13m/s and
Gimax = 4.96rad/s, respectively.

The Controller parameters are displayed in the Table 1.
The differentiator parameters for the i-th robot are defined
as L, Ali,j = 1, )\2i7j = 14 and )\Bi,j = 177 for i = 1,2,3;
and j € {z,y}, taking = and y as axis in a coordinate
space.

In order to verify the robustness of the proposed scheme,
the mass of the robots have a variation of 80% percent on
the nominal value. Furthermore, disturbances of 0.06m in
positions for measures in y and x axes are introduced at
40s and 150s, respectively.

i wj Aj 1 Ve Yy €xj

1 | 0.1160 | 0.2 | 0.001 | 0.08 | 0.045 | 4x10~5
2 | 0.1160 | 0.2 | 0.001 | 0.08 | 0.045 | 4x10~5
3 | 0.1160 | 0.2 | 0.001 | 0.08 | 0.045 | 4x10~5

Table 1. Control parameters for axis x and y,
taking j € {z,y}

Furthermore, the robots are commanded to transition
through the series of formation patterns given by
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Po =14 (0000)", (0500)", (1000)"
P = (0.5 0.5)T, (1.0 0.5)T, (1.5 0.5)T
P2 =< (0510)", (1005)", (1510)"
Ps =4 (08 1.3)T, (13 o.s)T, (18 1.3)T
Pa=4 (11 1.3)T, (16 O.S)T, (21 1.3)T

Figure 2 shows the corresponding control input for each
robot. The robots positions related to the competing
objectives are shown in the Figure 3, where can be seen
that the robots move to desired positions holding the
formation pattern along the transition from point to point.

The behavior of the adaptive gain K; can be observed
in the Figure 4, and K, due that it is depend of Kj, is
assumed bounded as K7. Moreover, in the Figure 5, the
convergence of the sliding variable s to 0 is shown.

z
£
w
-101
-20
Robot 1
-15F 150 150.2 150.4
15 == Robot 2
Robot
20 ) ) ; obot 3
50 100 150 200
x10°
4 Robot 1
6 == Robot 2
5L x10° Robot 3
4t 6
= 4 ’\
£ <
Z 3r 2 : e
e, 0 ]
= 150 1502  150.4
1t . P
0% [, ‘
] 4 ‘
1t i

100 150
Time (seconds)

50

oF

200

Fig. 2. Control signals input for linear and angular motion.

7. CONCLUSION

In this work, the problem of transitioning a group of
robots through a sequence of formation patterns has been
considered. The group objective is to maintain the desired
formation pattern during the transition. With this aim, a
control strategy that combines behavior-based approach
with an adaptive super-twisting control algorithm has
been proposed. Simulation results demonstrated the ef-
fectiveness of the proposed scheme.
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