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Abstract—A parametrically perturbed second order oscilla-
tory system is discussed. Such perturbations try to swing the
system maximally, but a bounded control intends to provide the
robust stabilization of this system in spite of the perturbation
effect. So, here a min-max feedback design is tackled. By the
obtained results an attraction set containing the origin in the
phase plane is found.
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I. INTRODUCTION
A. Brief survey
The basic notion treated in this paper is an Integral Funnel

(IF). By the definition (see, for example, [1], [2], [3], [4]), IF
of a point P (t0, x0) for a differential equation ẋ = f (t, x) ,
x ∈ Rn is the set of all points lying on the integral curves
passing through P (t0, x0). If only one integral curve passes
through this point, then the IF consists of this single curve. In
the n = 1 case, that is, when x is scalar, the integral funnel
consists of points (t, x) for which x∗ (t) ≤ x (t) ≤ x∗ (t)
where x∗ (t) and x∗ (t) are the upper and lower solutions,
that is, the largest and smallest solutions passing through P .
If the function f (t, x) is continuous (or satisfies the

conditions of the Carathéodory existence theorem), then
the integral funnel is a closed set. Furthermore, if all the
solutions passing through P (t0, x0) exist on the interval
t ∈ [a, b], then this segment of the funnel and the section of
the integral funnel by any plane t = t1 ∈ [a, b] are connected
compact sets. Any point on the boundary of IF can be joined
to P by a piece of the integral curve lying on the boundary
of IF . If the sequence of points Pk (k = 1, 2, ...), converges
to P , then the segments of the funnels of the points Pk
converge to the segment of the funnel of P in the sense that
for any ε > 0 they are contained in an ε-neighbourhood of
the segment of the funnel of P if k > k1 (ε). Analogous
properties are possessed by integral funnels for differential
inclusions ẋ ∈ F (t, x) under specified hypotheses (see
[Filippov 1988]) concerning the set F (t, x).
The notion of the upper x∗ (t) and lower x∗ (t) solutions

have been extended to the plain case n = 2 in [5], [6], [7],
[8], [9] and [10].
Main properties of extremal boundary curves, character-

izing IF, were extensively used in the, so-called, Funnel
Control Method (see [11], [12], [13], [8], [14], [15], [16],
[17], [18], [19] and [20]). So, the work [12] deals with
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tracking of a reference signal (assumed bounded with essen-
tially bounded derivative) considered in the context of a class
of nonlinear systems, with output, described by functional
differential equations (a generalization of the class of linear
minimum-phase systems of relative degree one with positive
high-frequency gain). There the primary control objective is
tracking with prescribed accuracy. In [16] tracking (by the
system output) of a reference signal (assumed bounded with
essentially bounded derivative) is considered in the context
of linear input-output systems subject to input saturation
where the system is assumed to have strict relative degree
one with stable zero dynamics. There the prespecified notion
is a performance funnel, within which the tracking error
is required to evolve: transient and asymptotic behavior of
the tracking error is influenced through choice of parameter
values which define this funnel. In [17] the given overview
presents a simple high-gain adaptive controller – the funnel
controller and its possible applications in mechatronis. The
funnel controller neither identifies nor estimates the system
under control and is applicable for (nonlinear) systems
being minimum-phase (or having stable zero dynamics in
the nonlinear case), having relative degree one or two and
known sign of the high-frequency gain. The paper [18] deals
with the partial case of the same problem, but when the
parametric perturbations are periodic. In [19] it is shown that
PI-funnel control (i.e. funnel control in combination with a
PI controller) in presence of actuator (input) saturation may
lead to integrator windup deteriorating control performance.

B. Main contribution
Here we develop a new approach, called below as Ex-

tremal Deviations Method (EDM), providing an effective in-
strument for finding extremal actions of controls and external
perturbations corresponding that extremal trajectories. Based
on this EDM in the two-dimensional case the solution of
the min-max robust stabilization problem with parameters
perturbations is obtain. There the maximum is taken over
the set of existing uncertainties and minimum is taken
over the admissible control actions. Notice that we deal
with parametric uncertainties such corresponding min-max
problem was solved in [21].
The main contribution of this paper consists in the follow-

ing issues:
• the necessary and sufficient conditions guarantying the
robust stabilizability for a class parametrically perturbed
systems in two-dimensional case are obtained and the
behavior of the trajectories on the phase plane with
extremal min-max swing amplitude is investigated;
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• the unstable limit cycle for these extremal trajectories
in the corresponding phase plane is found in analytical
form; here is shown that if initial conditions of the
system are inside of this limit cycle, then the sug-
gested min-max controller obligatory guarantees the
convergence of all trajectories within IF to the origin
providing the property of the robust stabilization; if
initial condition are outside of the cycle, then there exist
instable trajectories (of a nonlinear measure) which tend
to infinity (disconverge).

II. PROBLEM STATEMENT

Consider differential equation
d2

d2τ x(τ) + ω2 + ṽ(τ) x(τ) = ũ(τ)
x(τ = 0) = 0, ẋ(τ = 0) = 0

representing a parametrically perturbed second-order con-
trolled system. Here all functions ṽ(τ) and ũ(τ) are piece-
wise continuos scalar functions of τ ≥ 0. Applying the time-
transformation τ = t/ω, ω > 0 this differential equation can
be written in the Frobenius form

ẋ1 = x2
ẋ2 = −[1 + v(t)]x1 + u(t)
x1 (0) = x2 (0) = 0

(1)

where t = τω is a time variable without physical dimension
and

x1(t) = x (t/ω) , x2(t) =
d

dt
x1 (t/ω)

The control input

u(t) := u (x1 (t) , x2 (t) , t) =
1

ω2
ũ x1

t

ω
, x2

t

ω
,
t

ω
:=

1

ω2
ũ(t/ω)

and the parametric perturbation v(τ) :=
1

ω2
ṽ(t/ω) are

assumed to be piecewise continuous and bounded by λ > 0
and μ ∈ (0, 1) respectively:

u(t) ∈ U = {| u(t) |≤ λ}
v(t) ∈ V = {| v(t) |≤ μ} (2)

DEFINITION 2.1. By the robust stabilizability of ODE (1)
we mean that there is an admissible control action u(t) ∈ U
providing the existence in phase plane (x1, x2) an attraction
region containing the origin which is invariant with respect
to the set of perturbations v(t) ∈ V .
According to Definition 2.1, control u(·) ∈ U , which we

are interested in, is intended to provide the robust stabiliza-
tion of system (2.1), that is, to guarantee that x (t) → 0
(x = (x1, x2) ) when t→∞ for any admissible parametric
perturbation from V .
REMARK 2.1. Certainly, the considered robust stabilizing

law in the presence of parametric perturbations can be treated
as one providing a practical stabilization. But, as it will
be clear from the consideration below, the uniform local
stabilization of the set Z (zone of sticking) never can be
guaranteed.

Assuming that perturbations try to violate the desired
stabilizing control, we suggest to treat the control and
perturbations as two dynamic players, pursuing conflicting
goals with on-line available information on the realized states
{t, x(t)} of the system (1).

III. BOUNDARIES OF IF AND CRITERIA OF OSCILLATION

A. Boundaries of IF
If the control is identically equal to zero, that is, u(·) ≡

0, then the system (1) is the absolute oscillatory, i.e.,
having all oscillating trajectories. In this case the coordi-
nate x1(x(0), u, v, t) performs simple oscillations for any
nonzero initial position x0 = (x01, x

0
2) and any parametric

perturbation v(·) ∈ V . This means that between two sequen-
tial zeros of coordinate x1(x(0), u, v, t) there obligatory
exists only one zero of its derivative. Therefore, without loss
of generality, we may assume that the stabilization starts at
the instant t0 when

x1(t0) := −a0 < 0, x2(t0) = ẋ1(t0) = 0
DEFINITION 3.1. Trajectories of type 1 (or 2) we call

the collection of trajectories of system (1) between two
sequential zeros of the derivative ẋ1 = x2, if at this interval
there exists zero of coordinate x1(t) (or, for type 2, if there
does not exist zero of coordinate x1(t)).
Thus, a simple swinging of coordinate x1(x(0), u, v, t) of

(1) consists of the trajectories of the 1-st type.
Consider the segment of IF Xuv(x(0)) with vertex x(0) =

(−a0, 0) on the negative semi-axis OX−
1 .

The maximum- and minimum-optimal boundary trajecto-
ries (branches) Bmax and Bmin of the trajectory funnel
Xuv(x

(0)) can be found using the Differential Geometry
Method [6] exploiting the extremal deviations analysis [9],
[10]]. Maximal or minimal deviations correspond to the left
or right boundary branches Bmax and Bmin of IF Xuv(x(0))
generated by (1) where the right-hand side is associated with
the extreme-left or extreme-right vector of the admissible
phase velocities cone in the current phase point (x1, x2).
These extreme vectors of the phase velocities cone are
defined by the maximum or minimum of the "slope-tangent"
coefficient

k(x, u, v, ) =
dx2
dx1

= −x1
x2
− vx1
x2

+
u

x2
(3)

at each point of the corresponding extremal trajectory. For the
maximization (or minimization) of k(x, u, v) it is necessary
and sufficient to maximize by u and v two last term in
(3). The extremal controls u and v providing these optimal
boundary branches of IF Xuv(x(0)) have the form:

u+ = λ sign{x2}, v+ = −μ sign{x1 x2}
u− = −λ sign{x2}, v− = μ sign{x1 x2}

Obviously, with these controls we have oscillations having
maximum and minimum swing amplitudes. If one of the
functions u(·) ∈ U or v(·) ∈ V is fixed then boundaries of
IF Xuv(x(0)) can be found by the same rule. For example,
under the chosen control u = u the boundary branches
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of the trajectory funnel Xuv(x(0)) are as follows: v+ =
−μ sign{x1 x2}, v− = μ sign{x1 x2}.
B. Criteria of Oscillation
At first, we analyze the behavior of a piece of minimum-

optimal (right) boundary branch Bmin of the full trajectory
funnel Xuv(x(0)) from vertex x(0) = (−a0, 0) to its first
intersection with the axis x2 = 0. Then by requiring that it
must be a trajectory of type 1, but can’t be a trajectory of type
2 we obtain the following criterion of absolute oscillation.
LEMMA 3.1. All trajectores from IF Xuv(x(0)), x(0) =

(−a0, 0) until its first intersection with axis x2 = 0 are the
trajectories of type 1 if and only if

a0 >
2λ

1− μ
(4)

IV. ROBUST STABILIZATION AS A DIFFERENTIAL GAME

Suppose now that the condition (4) holds. Then by Lemma
3.1 there exists the time-instant t1 such that x2(t1) =
0, x2(t) = 0, t ∈ (t0, t1). In view of that the following
extremal problem (with non-fixed time horizon)

sup
v(·)∈V

x1(u, v, t1, x
0) → inf

u(·)∈U
x0 = (x1(t0), x2(t0)) = (−a0, 0)

takes place. In fact, it consists in the minimization of the
greatest possible amplitude of the oscillation of the type 1
between its two sequential extremal points. First, we consider
the auxiliary differential game with non-fixed time horizon
and the following individual aims of the participants:

sup
v(·)∈V

x1(u, v, t1, x
0) → inf

u(·)∈U
(5)

inf
u(·)∈U

x1(u, v, t1, x
0) → sup

v(·)∈V
(6)

with interval conditions x(0) = (−a0, 0); t1 : x2(t1) =
0, x2(t) = 0, t ∈ (t0, t1). These extremal problems (5) and
(6) with a non-fixed time horizon have a simple geometrical
illustration. In the problem (5), first, we search the greatest
possible value of amplitude v(·) ∈ V between two sequential
zero of its derivative, and then, the lower bound of the
found greatest possible amplitude of a simple oscillation is
calculated by variation of u(·) ∈ U . In the problem (6) the
order of the decision making is opposite.
In general case we have

γ0 := supv(·)∈V infu(·)∈U x1(u, v, t1, x
0) ≤

γ0 := infu(·)∈U supv(·)∈V x1(u, v, t1, x
0)

If γ0 = γ0 then the differential game is said to have a saddle
point. In our problem we have exactly this situation.
THEOREM 4.1 The differential game (5)-(6) has a saddle

point u∗, v∗satisfying

min
u(·)∈U

max
v(·)∈V

x1(x
(0), u, v, t1) =

max
u(·)∈U

min
v(·)∈V

x1(x
(0), u, v, t1) = x1(x

(0), u∗, v∗, t1)

where

u∗ = −λ sign{x2}, v∗ = −μ sign{x1x2} (7)

Proof. Indeed a pair of functions (u0, v0) is a solution of
the min-max problem (6) iff

k(x, u0, v0) = min
|u|≤λ

max
|v|≤μ

k(x, u, v) (8)

for any t ∈ (t0, t1). Similarly, a pair of functions (u0, v0)
gives a solution to the max-min problem (5) iff

k(x, u0, v0) = max
|v|≤μ

min
|u|≤λ

k(x, u, v)

for any t ∈ (t0, t1). It is obvious that the linear function
k(x, u, v) (3) of u and v has a unique saddle point, i.e., the
pair of functions (u0, v0) and (u0, v0) coincide, namely,

u0 = u
0 = u∗, v0 = v0 = v∗

So, by [22] the differential game (5) - (6) has a saddle point
too. The functions realizing the optimal minimax (maximin)
synthesis are given in (7). Theorem is proven.

V. OSCILLATIONS WITH MIN-MAX SWING AMPLITUDES
AND LIMIT CYCLE

A. Oscillations with Min-max Swing Amplitudes
Substitution of (7) in (1) with the initial conditions x(0) =

(−a0, 0) leads to the solution at the point t = t1 as

x1(x
(0), u∗, v∗, t1) =

1
1−μ −λ+ λ2+a0(1− μ)[(1 + μ)a0−2λ]

(9)

where the end point of the interval is given by

t1 = t0 +
1√
1 + μ

arccos
λ

λ− (1 + μ)a0
+

1√
1− μ

arctg
1

λ
a0(1− μ)[(1 + μ)a0 − 2λ]

The following corollary takes place.
COROLLARY 5.1. The oscillation of coordinate

x1(x
(0), u∗, v∗, t) under the initial condition

x(0) = (−a0, 0) in (1) on the interval [t0, t1] is simple (of
the type 1) iff the condition

a0 >
2λ

1 + μ

holds.
REMARK 5.1. Notice that the inequality in the corollary

above does not contradict to (3.2) since it means that
the coordinate x1 (u, v, t1, x0) of the integral curve with
"min−max = max−min" amplitude is the trajectory of
the 1-st type.
Denote b0 := x1(x

(0), u∗, v∗, t1) and assume that b0 >
2λ

1 + μ
. Taking the starting point x(0) = (b0, 0) implies that

the pair of functions (7) gives the solution to the following
extremal problem with a non-fixed horizon:

inf
u(·)∈U

x1(x
(0), u, v, t2) → sup

v(·)∈V
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x(0) = (x1(t0), x2(t0)) = (b0, 0)
t2 : x2(t2) = 0, x2(t) = 0 t ∈ (t1, t2)

which has the same geometric illustration as in Fig.1. In

Fig. 1. Integral Funnel Xuv(x(0)).

this case the maximum value of x1(x
(0), u, v, t) can be

found from the expression −a1 = −x1(x0, u∗, v∗, t2) <
0. Here x1(x(0), u∗, v∗, t2) calculated by the formula (9)
where instead of a0 there should be taken b0, and the time
t2 means the first moment of crossing the positive semi-axis
0X+ by the considered phase trajectory from a given IF.
CONCLUSION 5.1. Iterating this procedure we obtain the

extremal trajectory x(x(0), u∗, v∗, t) with sequential min-
max amplitudes {ai}, {bi} (i = 0, 1, 2, ...) which are related
as

bi = ϕ(ai), ai+1 = ϕ(bi)

ϕ(−z)= 1
1−μ −λ+ λ2+z(1−μ)[(1+μ)z−2λ]

(10)

B. The Poincaré map and limit cycle

Recall (see [23]) that a first recurrence map (or the
Poincaré map) is the intersection of a periodic orbit in the
state space of a continuous dynamic system with a certain
lower dimensional subspace, called the Poincaré section,
transversal to the flow of the system. More precisely, one
considers a periodic orbit with initial conditions within a
section of the space, which leaves that section afterwards,
and observes the point at which this orbit first returns to the
section. One then creates a map to send the first point to the
second (the first recurrence map). The transversality of the
Poincaré section means that periodic orbits, starting on the
subspace, flow through it and not parallel to it.
Considering (10) as the formulas for the Poincaré map of

the semi-axis OX−
1 (OX+

1 ) in itself, we find that the first
back Poincare’s function a = f(a), b = f(b) has the form:
a = ϕ[ϕ(a)], a >

2λ

1 + μ
and b = ϕ[ϕ(b)], b >

2λ

1 + μ
. It

is easy to find that fixed points of the Poincare’s mapping
a = ϕ[ϕ(a)] and b = ϕ[ϕ(b)] on the axis OX1 will be as

follows: (−a∗, 0), (b∗, 0), a∗ = b∗ =
2λ

μ
. Indeed,

ϕ (−z) |z= 2λ
μ
= 1
1−μ −λ+ 4λ2

μ2 1− μ2 − 4λ2

μ (1−μ)

= λ
1−μ −1 + 2

μ − 1
2

= 2λ
μ

Moreover, ∂a
∂a a=a∗ = 2+μ

2−μ > 1. According to the
Köenig’s theorem (see, for example, [24] and the fixed-
point theorems in [25]) the fixed points (−a∗, 0), (a∗, 0),
as well as passing through them closed phase trajectory
x(x(0∗), u∗, v∗, t), x(0∗) = (±a∗, 0) are unstable. Thus,
the system (1) under action of u = u∗, v = v∗ has an
unstable limit cycle C for the extremal oscillating trajectories
x(x(0), u∗, v∗, t), x(0∗) = (−a∗, 0) with the sequential min-
max amplitudes {ai}, {bi}.
The parametric equations of the limiting cycle C can be

found analytically by the following way. Using the shooting
method on switching line x1 = 0 to the first intersection
of the phase trajectory x(x(0∗), u∗, v∗, t) with the positive
semi-axis x2 = 0, the parametric equations of the upper
half of limiting cycle C for t ∈ [0, arccos(− μ

2+μ )] (before
switching) are as follows:

x1 (t)=− λ(2+μ)
μ(1+μ) cos t

√
1 + μ − λ

1+μ

x2 (t) =
λ(2+μ)√
1+μ

sin t
√
1 + μ

and for t ∈ [arccos(− μ
2+μ ), arctan(

2
√
1−μ
μ )] (after switch-

ing) we have

x1 (t)=
λ
1−μ cos t

√
1− μ + 2λ

μ
√
1−μ sin t

√
1− μ − λ

1−μ

x2 (t)=
2λ
μ cos t

√
1− μ −λ√1− μ sin t

√
1− μ

PROPOSITION 5.1. If the initial point x0 is outside of
the limit cycle C (or on it), then the sequential min-max
amplitudes {ai}, {bi} of the extremal oscillating trajecto-
ries x(x(0), u∗, v∗, t) increase monotonically (or do not
decrease). In this case the min-max robust (for all possible
trajectories) stabilization is impossible.
PROPOSITION 5.2. If the initial point x0 is located inside

of the domain Q = intC bounded by limit cycle C, then
the sequential min-max amplitudes of the extremal trajectory
x(x(0), u∗, v∗, t) decrease monotonically. Through a finite
number of semi-coils of the extremal trajectory ends in the
“zone of sticking” Z := [− λ

1+μ ,
λ
1+μ ] ∈ OX1, i.e., on the

switching line x2 = 0. The number of semi-coils depends on
the x0. For the case x0 ∈ Q the possibility of the min-max
robust stabilization will be discussed in the next section.

VI. MIN-MAX ROBUST FEEDBACK CONTROL DESIGN
AND STABILIZABILITY DOMAIN

As it is mentioned above, the stabilization process starts
at each instant ti (i = 0, 1, 2, ....) of the intersection of the
phase trajectory of (1) with the axis OX1 (x2 = 0), i.e., at
the point x(i) = (x1(ti), 0). Consider now several possible
situations.
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A. Case 0 < μ < 1/2

Consider the case 0 < μ < 1/2. Then the inequalities
2λ
1+μ <

2λ
1−μ <

2λ
μ are satisfied. Recall that the idea of the

min-max robust stabilization is based on the following fact:
if u = u∗ is fixed and at the instant ti (when x2(ti) = 0),
the following relations

2λ

1− μ
< |x1(ti)| < 2λ

μ
(11)

hold, then the first segment of IF Xv(x
(i)) =

{x(x(i), u∗, v, t), u = u∗, v(·) ∈ V } from its vertex
on the axis x2 = 0 to the first intersection with the same
axis x2 = 0 consists of a simple oscillations which swing
amplitudes in the interval [ti, ti+1] between two sequential
extremal points of the coordinate x1 decreases, that is,
|x1(ti+1)| < |x1(ti)|. So, the inequality (11) is a sufficient
condition for damping of the simple oscillations. As we
noted above, IF Xv(x(i)) is obtained at u = u∗, v(·) ∈ V .
The branches of its border are determined by the same way
as above: the maximal (left) and minimal (right) boundary
branches are defined by the system (1) at u = u∗, v = v∗

and v = −v∗ given by (7). Here we consider the situation
that the functions v∗ and v∗, being on the lines of their
discontinuity x1 = 0, x2 = 0, can take any value from the
admissible segment [−μ, μ]. Each of the branches border
of IF Xv(x(i)) is twisting, and through a finite number of
semi-coils it ends in its “sticking zone” on the switching
line OX1 (x2 = 0). More exactly, the maximal (left) branch
ends in the interval [− λ

1 + μ
,

λ

1 + μ
] and minimal (right)

branch ends within the interval [− λ
1−μ ,

λ
1−μ ].

The main aim of the min-max stabilizing control is to
eliminate “sticking” at least one trajectory from Xv(x

(i))
including its boundary branches. To avoid this sticking at
the instants ti (when the path crosses the axis x2 = 0) we
have to use the control u∗ = −λisign{x2}. Similar to (11),
in this case the damping condition of the simple oscillations
is given by

2λi
1− μ

< |x1(ti)| < 2λi
μ

(12)

which can be rewritten in the following equivalent form:
μ| x1(ti)|

2 < λi <
(1−μ)|x1(ti)|

2 . Notice that the swing damping
condition (12) is satisfied if the “adjusted” control resource
λi takes value equal to the half-sum of its “adjusted” borders
μ| x1(ti)|

2 and (1−μ)|x1(ti)|2 , i.e., when λi = | x1(ti)|
4 . Thus, in

fulfilling these conditions, the min-max robust stabilization
is possible. The position-adjustable law of such min-max
stabilization has the form

ũ∗(x) = − |x1(ti)|
4

sign{x2}, ti : x2(ti) = 0 (13)

Notice that the control (13) does not use the exact informa-
tion about the parametric perturbation v. Only the resource μ
is available, but it also does not participates in (13), that is,

the control ũ∗(x) is robust with respect to the perturbation
v(·) ∈ V
SUMMARY 6.1. In the case 0 < μ < 1/2 at x(0) ∈ Q both

boundary branches of IF Xv(x(0)), withu = ũ∗(x), v(·) ∈
V are the spiral phase curves twisted to the asymptotic point
at the origin. In the phase plane such behavior corresponds
to simple oscillations (of the type 1) in the phase plane with
monotonically decreasing and asymptotically tending to zero
swing amplitudes. In other words, the domain Q = intC is
a domain of the min-max robust stabilizability. This takes
place because of the existing advanced contraction leads to
the origin of the “zones of sticking”

ZLi := [− | x1(ti)|
4(1+μ) ,

| x1(ti)|
4(1+μ) ]

ZRi := [− | x1(ti)|
4(1−μ) ,

| x1(ti)|
4(1−μ) ]

corresponding to the left and right boundary branches of the
trajectory funnel Xv(x(0)), u = ũ∗(x), v(·) ∈ V.
B. Case 1/2 ≤ μ < 2/3

In the case 1/2 ≤ μ < 2/3 in the domain Q = intC
the min-max robust stabilization is also possible. Here the
following inequality is valid: 2λ

1+μ <
λ
1−μ <

2λ
μ ≤ 2λ

1−μ . It
is easy to show that if at the instant ti for the state x(i) =
(x1(ti), 0) of system (1) the following conditions

θλ
1−μ < |x1(ti)| < 2λ

μ

θ = 4/(
√
1 + 3μ+1− μ) > 1

(14)

are satisfied, then the behavior of the maximal (left) bound-
ary branch of the trajectory funnel Xv(x(i)), u = u∗, v(·) ∈
V is the same as above in case 0 < μ < 1/2. But the minimal
(right) boundary branch x(x(i), u∗, v∗, t), corresponding to
the segment of the trajectory funnel (IF) starting from the
vertex x(i) to the next arrival point on the axis x2 = 0, does
not intersect axis x1 = 0, i.e., it is not a simple oscillation
(of type 1). It constitutes one half of the ellipse (semi-
ellipse) with the center at the corresponding extreme point
within its “zone of sticking” [− λ

1−μ ,
λ
1−μ ]. Note that in the

following vertex x(i) the next arrival point on the axis x2 = 0
the module of the coordinate x1 of the minimal boundary
branch x(x(i), u∗, v∗, t) is less than one of the maximal
boundary branch x(x(i), u∗, v∗, t). In other words, for the
elements of IF Xv(x(i)) at the interval [ti, ti+1] between
two sequential extremal points of the coordinate x1 the
swing damping condition is satisfied, namely, |x1(ti+1)| <
|x1(ti)|. Therefore, (14) is the condition of swing damping
for the considered case of 1/2 ≤ μ < 2/3. By the same
way as before, we obtain the expression for the positionally
correcting control (i = 0, 1, 2, ...,∞)

ũ∗(x) = − |x1(ti)|
3

sign{x2}, ti : x2(ti) = 0 (15)

ensuring the min-max robust stabilization of system (1).
The behavior of the maximal (left) boundary branch of the
trajectory funnel Xv(x(0)) will be the same as in the case
of 0 < μ < 1/2, i.e., it represents a spiral curve twisted
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toward the asymptotic point at the origin. The corresponding
minimal boundary branch in this case consists of the adjoined
semi - ellipses, with joint points on the semi-axis OX1, as
well as the vertex x(0) of trajectory funnel Xv(x(0)). Their
centers are located in the corresponding extreme points of the
“zones of sticking” ZRi := [− | x1(ti)|

3(1−μ) ,
| x1(ti)|
3(1−μ) ]. Moreover,

this sequence of adjoining semi-ellipses asymptotically tends
to the origin.
SUMMARY 6.2. The contraction of these semi-ellipses to

the origin at ti → ∞ is ensured according to the obtained
law of the min-max robust stabilization which forces both
sticking zones (for the left and right boundaries of the funnel)
to converge to the origin making the "current correction"
using (13) and (15) as the control law.

C. Case μ ≥ 2/3
If μ ≥ 2/3, then 2λ

μ ≤ λ
1−μ , i.e., the interval (− 2λ

μ ,
2λ
μ ) of

the initial states x(0) = (x1(t0), 0), admissible at μ < 2/3
and admitting the min-max stabilization, belongs to “zone
of sticking” [− λ

1−μ ,
λ
1−μ ] for the minimal (right) boundary

branch of the trajectory funnel Xv(x(0)).
SUMMARY 6.3. So, at μ ≥ 2/3 the minimal boundary

branch degenerates at the initial point, and therefore, in this
case the min-max robust stabilization is impossible.

VII. CONCLUSIONS

• Here we propose the new technique for designing of
the feedback min-max robust stabilizing control for
the class of two-dimensional parametrically perturbed
oscillating systems.

• The corresponding analytical expression for worst para-
metric perturbation also is obtained. The behavior of the
trajectories with extremal min-max swing amplitudes
is analyzed: first, we find the maximal possible (on
v ∈ V ) amplitude value of the oscillation x1 (u, v, t, x0)
between two sequential zeros of its derivative (in fact,
at semi-period) and then we find the low (on u ∈ U )
bound of the maximal possible value of the oscillation
amplitude found before; in the max-min problem the
order of the extremal search is inverse.

• As the result, one may formulate these procedures as
an auxiliary differential game where the strategy set
is selected (in view of the oscillatory character of the
dynamics) {x : x2 = 0} and the value x1 (u, v, t1, x0)
is defined as the cost function (t1 is the first moment
when the trajectory reaches the set {x : x2 = 0}); this
differential game is shown to have a saddle-point.

• The unstable limit cycle for these trajectories in the
phase plane is found. It is proved that its interiority
is the attractive neighborhood of the origin representing
the domain of min-max robust stabilizability.
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