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Abstract: In this paper we present a new observer model free type for synchronization
of a certain class of incommensurate fractional order systems. We apply our proposals in
the master-slave synchronization scheme, where the unknown dynamics are considered
as the master system and we propose an observer structure like slave system which
estimates the unknown state variables. For solving this problem, we introduce a new
incommensurate fractional algebraic observability (IFAO) property which is used as
the main ingredient in the design of the slave system. Some numerical results show the
effectiveness of the suggested approach.
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1. INTRODUCTION

The synchronization problem is an interesting topic
in fractional chaotic systems Zhou (2005). The syn-
chronization of integer order chaotic systems has
been investigated since its introduction by Pecora
and Carrol (1990).
Some techniques related to chaos synchronization in
fractional systems have been reported. For instance,
we mention the works of Li and Yan (2007), in which
the authors propose the employment of feedback con-
troller, which allows to achieve the synchronization
between two identical fractional order chaotic sys-
tem; in Lu (2006) is presented a classical Luenberger
observer design for the synchronization of fractional
order chaotic system i.e., the observer structure need
a copy of the system, the application is focused to
incommensurate fractional order systems.
The main contribution in this work is to show a
new observer for the synchronization problem in
partially known nonlinear incommensurate fractional
order systems, we propose a novel technique using the
master-slave synchronization scheme for estimating
the unknown state variables based on a new IFAO
property. As far as we know in the literature this
class of estimation scheme has not been used in
incommensurate fractional order systems.

The remainder of this paper is organized as fol-
lows: In Section 2 we establish the basic concepts
to tackle the synchronization problem for Incom-

mensurate Fractional Order Systems, In Section 3
we introduce a new concept given by definition 1
(IFAO) as well as we propose a new system to esti-
mate the unknown dynamics (slave system) so-called
Incommensurate Fractional Reduced Order Observer
(IFROO), In Section 4 we apply our methodology
to an Incommensurate Fractional Order Financial
System, the intention of choosing these systems is
to clarify the proposed methodology and to high-
light the simplicity and flexibility of the suggested
approach, also we show some numerical results to
confirm the effectiveness of the methodology, Finally,
we close this paper with some concluding remarks.

2. BASIC CONCEPTS

There are several definitions of a fractional derivative
of order α Podlubny (2002), K. Oldham (2006),Pod-
lubny (1999) we will use the Caputo fractional op-
erator in the definition of fractional order systems,
because the meaning of the initial conditions for
systems described using this operator is the same as
for integer order systems.

Definition 1. The Caputo Fractional Derivative of
order α ∈ R+ of a function x is defined as (Espindola
(2005)):
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x(α) = t0D
α
t x(t) (1)

=
1

Γ(m− α)

∫ t

0

dmx(τ)

dτm
(t− τ)m−α−1dτ,

Where: m−1 6 α < m, d
mx(τ)
dτm is the m-th derivative

of x in the usual sense, m ∈ N and Γ is the gamma
function.

Now we define a sequential operator, see Podlubny
(2002), as follows

Drαx(t) = t0D
α
t t0D

α
t ...t0D

α
t︸ ︷︷ ︸

r−times

x(t), (2)

i.e., it is the Caputo fractional derivative of order α
applied r ∈ N times sequentially, with D0x(t) = x(t),
we can note that if r = 1 then Dαx(t) = x(α).

2.1 Mittag-Leffler type function

The Mittag Leffler function with two parameters is
defined as Mohammad (2008)

Eα,β(z) =

∞∑
i=0

zi

Γ(αi+ β)
, z, β ∈ C,Re(α) > 0. (3)

This function is used to solve fractional differential
equations as the exponential function in integer order
systems. In the particular case when α = β = 1, we
have that E1,1(z) = ez. Now if we have particular
values of α, the function (3) has asymptotic behavior
at infinity.

Theorem 1 Podlubny (1999). If α ∈ (0, 2), β is an
arbitrary complex number and µ is an arbitrary real
number such that

πα

2
< µ < min{π, πα} (4)

then for an arbitrary integer k > 1 the following
expansion holds:

Eα,β(z) = −
k∑
i=1

1

Γ(β − αi)zi
+O

1

| z |k+1
(5)

with | z |→ ∞, µ 6| arg(z) |6 π �

The Mittag-Leffler function has the following prop-
erties:

Property 1 Podlubny (1999).∫ t

0

τβ−1Eα,β(−kτα)dτ = tβEα,β+1(−ktα), β > 0.

Property 2 K.S. Miller (2001).

Eα,β(−x), is completely monotonic, i.e.,

(−1)nE
(n)
α,β(−x) > 0 for 0 < α 6 2 and β > α, for all

x ∈ (0,∞) and n ∈ N ∪ 0.

We will use these facts in the following problem.

3. MAIN RESULT

Now, consider the following class of incommensurate
fractional order system:

dαi

dtαi
xi = fi(x1, ..., xn), 1 ≤ i ≤ n, i ∈ Z+ (6)

where αi’s are rational numbers between 0 and 1.

Consider the system given by (6) we will separate
in two dynamical systems with states x̄ ∈ Rp and
η ∈ Rn−p, respectively with xTi = (x̄Ti , η

T
i ) the first

system describes the known states and the second
system represents unknown states, then the systems
(6) can be written as:

x̄(αi) = f̄(x̄, η)

η(αj) = ∆(x̄, η)

yx̄ = hx̄(x̄)

(7)

where x̄ ∈ Rp, h : Rp → Rq is a continuous function
and 1 ≤ p ≤ n and fT (x) = (f̄T (x̄, η),∆T (x̄, η)),
f̄ ∈ Rp, ∆ ∈ Rn−p.

Now the problem is: How can we estimate the η’s
states?, this question arises because if we know the
η’s states we can use this signals to generate mea-
suring depending on them. In order to solve this
observation problem let us introduce the following
observability property.

Definition 2 (IFAO): A state variable ηi ∈ R
satisfies the Incommensurate Fractional Algebraic
Observability property if it is a function of derivatives
of the available output yx̄ i.e.

η
(αi)
i = φi(yx̄, y

(α1)
x̄ , y

(α1+α2)
x̄ , ..., y

(α1+,...,+αn)
x̄ )

, 0 ≤
n∑
i=1

αi ≤ 2 (8)

where φi : R(n+1)q → R. If we assume that the com-
ponents of unknown state vector η are IFAO, then
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we can describe our problem in terms of the master-
slave synchronization scheme, which is defined in the
following way.

Let us consider the master system:

η(αi) = ∆i(x̄, η) (9)

yηi = ηi = φi(yx̄ , y
(α1)
x̄ , y

(α1+α2)
x̄ (10)

, ..., y
(α1+,...,+αn)
x̄ )

and consider an unknown dynamic:

η(ᾱi) = ∆̄i(x̄, η) (11)

where 0 < ᾱi < 2 is a rational number and ∆̄i(x̄, η) is
an unknown dynamics which contains ∆i(x̄, η). Now
let us propose an incommensurate fractional reduced
order observer (IFROO) with order ᾱi, so the slave
system is given by:

η̂(ᾱi) = kη̂i(ηi − η̂i) (12)

yη̂i = η̂i (13)

In the master-slave synchronization scheme, the out-
put of the master system represents the target signal,
while slave’s output is the response signal. Therefore,
given a master system and our slave system, it should
be determined some conditions in order to synchro-
nize the output of slave system with the output of
master system.

Let us define the synchronization error as:

ei = yηi − yη̂i = ηi − η̂i (14)

We establish the following assumptions:

H1: ηi satisfies IFAO property for i ∈ (p+ 1, ..., n)
H2: ∆̄p+1 is bounded, i.e., ∃ M ∈ R+ such that

‖∆̄(X)‖ ≤ M, ∀ x in a set Ω, where ∆̄(X) =
(∆̄1, ..., ∆̄n)T )

H3: kη̂i ∈ R+

Now, we are in position to establish the proposition 1.

Proposition 1. Let the system (6) which can be
expressed as (7), where the above conditions are
fulfilled, then (14) converges asymptotically to an

open set Br(0), with r =
M

kη̂i
,i.e., the synchronization

is achieved.

Proof. From H1 we can write Eqs.(11)-(14). Taking
the fractional derivative of the Eq. (14), we have:

e
(ᾱi)
i = η

(ᾱi)
i − η̂(ᾱi)

i (15)

Substituting the fractional dynamics (11) and (12)
into (14), we obtain:

e
(ᾱi)
i + kη̂iei =Mi (x) (16)

There exists a unique solution for the system (16),
due to Mi (x(t)) − kη̂iei(t) is a Lipschitz continuous
function on e 1 . Solving the above equation, we have:

e i(t) = ei0Eᾱi,1(−kη̂it(ᾱi)) + (17)

+

∫ t

0

(t− τ)ᾱi−1Eᾱi,ᾱi(kη̂i(t− τ)ᾱi) Mi (τ)dτ

Where ei(0) = ei0 . Using Triangle and Cauchy-
Schwarz inequalities and H2

| ei(t) |6| ei0Eᾱi,1(−kη̂itᾱi) | (18)

+M

∫ t

0

| (t− τ)ᾱi−1Eᾱi,ᾱi(−kη̂i(t− τ)ᾱi) | dτ

The functions (t − τ)ᾱi−1Eᾱi,ᾱi
(−kη̂i(t − τ)ᾱi) and

Eᾱi
(−kη̂itᾱi) are not negative due to Property 2 of

Mittag-Leffler function and H3.

| ei(t) |6| ei0 | Eᾱi,1(−kη̂itᾱi) (19)

+M

∫ t

0

(t− τ)ᾱi−1Eᾱi,ᾱi
(−kη̂i(t− τ)ᾱi)dτ

Using Property 1 of Mittag-Leffler function

| ei(t) |6 | ei0 | Eᾱi,1(−kη̂itᾱi) (20)

+Mt(ᾱi)Eᾱi,ᾱi+1(−kη̂itᾱi)

If t → ∞, we use the Eq. (5) with µ = 3π
ᾱi
4

due to

H3.

lim
t→∞

| ei(t) |≤| ei0 | lim
t→∞

Eᾱi,1(−kη̂itᾱi) (21)

+M lim
t→∞

tᾱiEᾱi,ᾱi+1(−kη̂itᾱi) =
M

kη̂i �

4. NUMERICAL RESULTS

In this section we study the problem of synchroniza-
tion for incommensurate fractional financial system
(Chen (2008))

1 Eq.(16) is non-autonomous, but the Lipschitz condition
assures a unique solution A.A Kilbas (2006).
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x
(α1)
1 = x3 + (x2 − 3)x1

x
(α2)
2 = 1− 0.1x2 − x2

1

x
(α3)
3 = −x1 − x3

(22)

Where the interest rate, investment demand and
price index are given by x1, x2, x3 respectively, x =
(x1, x2, x3)T is the state vector, α1 = 0.95, α2 = 0.98
and α3 = 0.99 and we take the system output as
y = x3. The system (22) can be rewritten as (7):

x̄
(α3)
3 = −η1 − x̄3

η
(α1)
1 = x̄3 + (η2 − 3)η1

η
(α2)
2 = 1− 0.1η2 − η2

1

(23)

where x3 = x̄3, x1 = η1, x2 = η2 and y = x̄3. From
(23) the following relations are achieved:

η1 = −y(α3) − y (24)

η2 =
1

−y(α3) − y
[y(α1+α3)−y(α1)−y+3(−y(α3)−y)]

(25)

from (24) and (25) we can see that η1 = x1 and
η2 = x2 are IFAO. The master systems are given by:

η
(α1)
1 = x̄3 + (η2 − 3)η1 (26)

yη1 = η1 = −y(α3) − y (27)

η
(α2)
2 = 1− 0.1η2 − η2

1 (28)

yη2 =
1

−y(α3) − y
[y(α1+α3)−y(α1)−y+3(−y(α3)−y)]

(29)

Now, we design the slave system for (26), then we
have:

η̂
(α3)
1 = k1(η1 − η̂1) (30)

and substituting (24) into (30) we obtain:

η̂
(α3)
1 = k1(−y(α3) − y − η̂1) (31)

In order to avoid fractional order derivatives, it is
proposed a change of variable η̂1 = γ1−k1y and from
equation (31) after some manipulations we obtain:

γ(α3) = k1(k1y − y − γ1) (32)

To estimate x2 there is a problem when −y(α3) −
y = 0, in this moment the IFAO property is lost so,
in order to overcome this drawback, from (23) we use
as an estimate:

η2 = 10− 10η̂
(α2)
2 − 10η̂2

1 (33)

then, the slave system for (28) is given by:

η̂
(α2)
2 = k2(η2 − η̂2) (34)

substituting (33) into (34) and after some algebraic
manipulations we achieve the following observer:

η̂
(α2)
2 =

1

1 + 10k2
(10k2 − 10k2η̂

2
1 − k2η̂2) (35)

Finally the simulations shows the effectiveness of
the proposed observer, in simulations the gains are
k1 = 100 and k2 = 100.

The figure 1 shows the original systems while figure 2
shows the slave system synchronized with the master
system. To end this section, the figures 3 and 4 evince
the convergence of estimates to original states.
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Fig. 1. Original system initial conditions x0 =
(2, 3, 2)

5. CONCLUDING REMARKS

In this work it was introduced a new concept of
Incommensurate Fractional Algebraic Observabil-
ity (IFAO), also , we introduced a new observer
(IFROO) to solve the synchronization problem for
incommensurate fractional dynamical systems. The
scheme was applied to incommensurate fractional
chaotic systems; however, it could be applied to other
class of systems which satisfy the Proposition 1. Fi-
nally, numerical simulations showed the effectiveness
of the suggested approach.
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Fig. 2. Slave system initial conditions η1 = 20,
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