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Abstract— This paper addresses and solves the trajectory
tracking problem for the planar dynamics of a thrust vectored
airship. The proposed controller is based on a combination
of two nonlinear control design techniques, backstepping and
Exact Tracking Error Dynamics Passive Output Fedback
(ETDPOF). Numerical simulations show the performance
of the proposed controller and some concluding remarks
complete the paper.
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I. INTRODUCTION

Among the topologies of unmanned aerial vehicles capa-
ble of hovering airships represent an interesting option for
low speed, low altitude, long term monitoring and surveil-
lance missions. Airships have the benefits, with respect to
rotary wing aerial vehicles, from the absecence of rotors,
which generally imply high structural design costs and the
low power requirements to hover thanks to aerostatic lift.
In fact, the attribute of low power consumption to hover
makes airships noisless, ecological and very useful for long
term enviromental applications (Maggiore, 2005) such as
oceanographic, agricultural and climate studies.

The undoubtly regain of interest in potential applica-
tions of airships has attracted the attention of several re-
search institutes and private companies. Innovative research
projects devoted to airship operation have already provided
interesting results in some places. The Aurora project from
Campinas Information Technology has proposed some ef-
ficient blimp navigation algorithms (Carvalho, 2001), the
Lotte project from the University of Stuttgart and the Aztec
project from the University of Virginia have introduced
new power plants based on solar energy (Kungl, 2001),
the Elettra Twin Flyiers airship designed and patented by
Nautilus S.p.A. and the Polytechnic of Turin has introduced
new concepts on airship topology.

The ability of an airship to autonomously achieve a mis-
sion requires a successful flight control system in conjuction
with an efficient algorithm to fusion different sensor’s mea-
surements to determine the airship spatial position and atti-
tude. In developing the flight control system difficulties arise
because the airship dynamic model is described by a set of
nonlinear differential equations with the particularity that
the traslational dynamics is coupled to the rotational dynam-
ics through acceleration terms. This makes the airship flight

control design a difficult task attracting the interest of many
control researchers who had proposed control algorithms
based on linear and nonlinear control design techniques. In
particular, classical linear design tools have been used in
(Carvalho, 2001), (Yamada, 2007), whereas the application
of advanced nonlinear methods, such as dynamical de-
coupling (Solaque, 2008), backstepping (Repoulias, 2008),
dynamic inversion (Moutinho, 2005) and neural networks
(Park, 2003) has also been investigated.

In this paper the trajectory tracking problem for the
lateral dynamics of an airship driven by a single rotor is
addressed and solved. It is shown that a combination of
two nonlinear control design techniques yields a locally
asymtotically stable closed—loop system. The rest of the
paper is organized as follows. In Section M we present
the airship planar dynamics. Section [l is committed to
the design of the nonlinear controller. Finally, in Section
[[V] we illustrate the performance of the proposed nonlinear
controller with numerical simulations and in Section [V] we
present some concluding remarks.

II. PLANAR AIRSHIP DYNAMIC MODEL

In order to describe the airship dynamic model we
consider two coordinate systems. The right-hand inertial
coordinate system (Earth axis) denoted as x°y“z® and
the non inertial coordinate system (body axes) denoted as
xPyP2b, whose origin is at the airship volumetric center. See
Figure [Il The airship dynamics expressed in terms of the
body axis coordinates is described by (Thor, 1994)

m{ch-l-Qchv-l-ercg—i—Qx(ercg)} = F?
IO+ QX I+ m [rey x (Vov + @ x Vov)| = M?
(1)

T . .
where Voy = [ u v W is the volumetric center

velocity, @ = [p ¢ 7 | s the volumetric center
. T .

angular velocity, r¢g = [ @cg Yeg Z2eg | s the center

of gravity position with respect to the volumetric center and

FY = F,ZbM + Ff%;) + F}%b+ F} .
Myr+ Mp+ Mp + My

S
|

the external applied forces and moments. Considering that
the kinetic energy induced in the air by the airship motion



Figure 1. Earth axes and body axes.
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Figure 2.  Propulsion system.

is given as(Thor, 1994)

1
Ta = 5 (Xau® + Yo? + Zyw® + Kpp® + Myq® + Nir?)
then, the added mass and inertia forces are

MaVEy, + C12Q
14+ C12VEy + Coa

F,ZM =
M})M =

where
My = diag{ Xy, Yy, Zu}, 14 = diag{ K, My, N;}

0 wa —Yi)’U
012— — LW 0 qu
| Yiv —Xuu 0 |
[ 0 N,'-’I“ — Mg )
Coy = | —Npr 0 K
| Mgq —Kpypp 0|

The restoring forces are given by

Fh = (W — B)rs, M4 = (W — B)rey X3
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with r3 the third column of the rotation matrix that describes
the orientation of the body frame relative to the inertial
frame, that is,

CoCy) Co Sy —Sp
R = CpSeSy — SyCp  SySeSey + CypCy  ChSg
CypSeCH + SypSp  SypSHCH — CypSy  CeCy

The airship is driven by a vectored thrust whose configura-
tion is described in Figure

We apply the Denavit Hartenberg procedure, whose pa-
rameters are

lalal d ] 0 |
™ 61 —63 —51
0 —ly 0
10 0 | 4
0 | £l 0 0

Table 1. Denavit Hartenberg parameters

then, we have that the transformation matrix from the
coordinate system z%y*z4 to 292" is given by

Cs,Cs, —CsySs, —S5, {1+ Lacs,cs,
TP — | CeaS0 TSaSe o lacs,85,
—S§, —Csy 0 b3+ L4 — 52852
0 0 0 1

In terms of the 2*y*z* coordinates the propeller thrust is
Tp=[T 0 0]"

moreover, the propeller position with respect to the body
axis is given by

.
rp = [ b +lacs,cs, —lacs,s5, s+ Ly —lass, |

finally,
TC51 Cs, —(53 + 54)TC(52 S5,

F}; = | Tecs,85 |, Mfé = | (l3+44)Tcs,cs, + 1T ss,
7TS§2 flTC,;QS,;l

The airship lateral dynamics is described by the following
equations

X, = { %’b (1) } Vi

' (2)
MVy = [jL(VL) - DL} Vi + Brur + Fr,
whereXL:[:E Y w}T,VL:[u v T’}T,

uyp, = [ Tcs,c5, Tes,ss, ] and



[
AMGA
My 0 0 X, 0 0
My = 0 My MTeg |, D= 0 Y, O
0 mzg I, 0 0 Z,
0 mr —Yov + mxcgr
JL (V) = —mr 0 Xau
Yiv —maegr —Xgu 0

-
0 0 ’ Rw _ Cw —Sy
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with m, = m— Xy, my =m—Yy, I, = I, — Ny and Fp,
the external forces and moments.

1
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III. NONLINEAR CONTROLLER

Consider the following general model of physical sys-
tems,

At = J(z,u) — Rz, u)zx + B(x)u + E(t)
y = Bz

where x is an n dimensional vector, A is a constant sym-
metric, positive define matrix, 7 (x, u) is a skew symmetric
matrix, R(x, u) is a symmetric positive definite matrix and
E(t) is an n-dimensional smooth vector function of t or
sometimes, a constant vector, y is an m dimensional vector.
Moreover we assume that,

3)

J(x,u) = Jo+ 200, Tjuj+ >y Ty
R(z,u) = Ro+ 2 Riuj+ 3 Rize (4
B(z) = Bo+ Y ._; Bruk

Consider now that

Al Given a feasible smooth bounded reference trajectory
2*(t) € R" there exist a smooth open loop control
input u*(t) € R™, such that for all trajectories starting
at z(tg) = x*(to), the tracking error e(t) = z(t) —
x*(t) is identically zero for all ¢ > ¢.

A2 For any constant positive definite symmetric matrix K
the following relation is uniformly satisfied,

R*(z,u,t) + B*(z,t) KB*(z,t)T >0

Theorem 1: Consider the system @)-(@) in closed loop
with the controller,

u =

u*(t) — KB*(z,t)e. (5)

Then, under assumption Al and A2, the tracking error e(t)
is globally asymptotically stabilized to zero.
Proof: Let us define e,, = u—u*(¢) and the following,

M(t) = [(JF —Ri)a" - (T — Ry)x"]
L) = [Biz® - Bpa*] )
Q*(t) = [(J'=Ri)z" - (Tm — Rz
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where z* = x*(t). Straightforward computations show that
the error dynamics reads as,

Aé = TJT*(x,u,t) — R*(z,u,t)e + B*(x,t)ey
(z,u,t) = R*(z,u, t)e + B*(x,t) o
ye = B*(x,t)Te
where
T (xu,t) = J(x,u)+5 [P*(t) = P*1)"]
R*(z,u,t) = R(x,u)f%[P*(t)JrP*(t)T] ®)
B*(x,t) = B(z)+ Q*(¢t)
with
P(t) = M*(t)+ L(t).

We refer to (@) as the exact open loop error dynamics. Take
now the following Lyapunov function candidate,

VvV = %eT.Ae 9)

whose time derivative is given by.

V = —e R*(z,u,t)e +e' B*(x,t)e,

Introducing (3) into the above equation, we have,
V o= —e' [R*(z,u,t) + B (z,t) KB*(z,t) ] e,

By A2 the proof is completed. [ ]
Now, we are in position to present the main contribution
of this paper, that is to say a nonlinear controller yielding
local asymptotic stability of the trajectory tracking error for
the thrust vectored airship.

Proposition 1: Assume Fr = 0 and let x4 and y4 be the
desired airship trajectories with bounded time derivatives.
Consider the lateral airship dynamics @) in closed-loop

with the dynamic state feedback control
ur, ZuLd—KB—LreVL (10)

where K = diag{ki, k2},

ey u— ug
ev, =V —Via=| e | = | v—1q
er r—rg

Ud | _ Ty
|: iy :| = KXtanh(n)JerXd

Kx = diag{k,, k, }and

T| €x Zd
- X, =
n Rw |: ey :| ) d |: Ya :|
Moreover, e; =  — T4, €y = Y — Y4, T'q the solution of the
differential equation

BL {MLVLd - {jL(VLd) - 'DL} VLd} =0 (1D

and

ULg = [BTBT1 BT {MLVLd + {jL(VLd) - DL}VLCI}



. 7 .
Assume that in the subspace S C R there exist a bounded
solution for (TI). Then, there exist k1, k2, k, and k, positive
constants such that

tlirgoexzo, tlirgoeyzo (12)
holds in S.

Proof: The selection of uy and vy is based on the
fact that if the system follows these velocity references
automatically it follows the desired path over the (z — y)
plane. From the first equation of () we can see that,

X = R,V (13)

T T
whereX:[ac y] andV:[u v} . In terms of
n equation ({13) reads as

o= V—-RXqs+J(r)n

m#[iS]

In (I4) we consider V as a virtual control and we design
it in such a way that the system tracks a desired path. A
possible virtual control choice is given by

(14)

with

V = 7KX tanh(n) + R;EXd (15)

Consider now the kinematic equation (I4) in closed loop
with the virtual control (I3)),

n = —Kxtanh(n)+ J(r)n (16)

With the choice of the Lyapunov function V,, = 1/2n"n
whose time derivative along (I6) is

V,, = —n Kx tanh(n)

we conclude that the velocity defined in (I3) solves the
trajectory tracking problem, at the kinematic level, as a
result this velocity is selected as the desired velocity for
the airship dynamic model.

Note that the closed—loop dynamics (2)—({I0) expressed
in terms of the n, 9, rq and ey, coordinates reads as,

n = —Kxtanh(n)+ J(e, +r4)n + ey,
Y= ety
Mréy, = Jley, — [DZ + BLKBZ} evy,

a()f'd = a (na l/}a t)rd + az (eVL 1, t)

T .
where ey, = [ ey €y } , and following the exact track-
ing error dynamics passive output feedback technique,

1
jik == jL(eVLat) + 5 [,P(nawardat) _,P(nawardft)—r]

= DL - % [P(TL, Q/Ja Td,t) + P(Tl,’([),?”d,t)—r}

'P(n,’lb,’l“d,t) = [ JiVea J3Via J5Via ]
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0 0 0 0 0 -Y;
Jr=10 0 Xy |, J3 = 0 0 O
0 —X, 0 Y, 0 0
0 m Mgy
Jg = -m 0 0
—MTeg 0 0
Mmoreover,
ag = I, —mzegly
a1 = (mgli — maey) ug — N
6vd a’Ud
+ (myfl — mxcg) [% — a—nin:|
avd
az = (myly — maeg)| —(€y — ky tanh(ng) — e;n1)
aTLQ
a’Ud 6vd
*ﬁ*@4
+[01Y, — (X + Ys)ual va
T
g= [ 0 1 } .

By defining the Lyapunov function

1
Vev, = §€1T/LML6\/L

and computing its time derivative we obtain
Ve, = —€3, |Di + BLEB[ | ev,
where

D; + BLKB] =Dy = [ AL B }

Bl
with
[ mEXe S X
s -Xara kit Y
_ —% (MgVq — TegTa)
B, = 1
5MyUg + kaly
C1 = N, + ko + MTegUq

In order to make VevL negative its should be possible to
select ky and ko in such a way that Dy, is positive definite.
Note that the first minor of Dy, is trivially positive, the
second minor will be positive selecting k; and ko large
enough to satisfy

1
(k1 +Xu) (kz + Yv) - Z (ij - X{L) 53 >0
with 74 < §,. The third minor of Dy, is given by
det (Drr) = det(Ay) [C1 — By A7 'By]

thus, det (Dpr) will be positive if and only if C; —
Bl Alel > (. Notice that for a desired trajectory with
bounded time derivatives we do have

lua| < ke + |Za| + |al = ke + K7
lva| < ky +|2al + |Jal = ky + K



then, there exist ko such that C; > 0. Straightforward
algebraic manipulations show that

b()?”?i + byrg + b

Bl A{'B, =
PPN (Vs — Xa)2r2 + 4(Xy, + k) (Yy + k2)
with
by = MTcg [mcg(YTu + k2) + (myUd + 2€1k’2)(Y1’) - Xu)]
bi = mavg 2maey(Y, + k2)
—(myud + 2£1k2)(X71 — Yv)]
by = (k14 Xu)(mZuj + 4myuqgly + 403k3)

+mivg (ks +Y,)

Due to the fact that r4, ug and vy are bounded we have
K1ko + Ko + (k‘l + Xu)4€%k'§

4(Xu + kl)(Yy + k2) — R3
where x;, ¢ = 1, 2, 3 positive constants. Note that the upper
bounds on u4 and vg can be arbitrarily small, consequently
we have | Bl AT ' By| < k5 + kgks for large enough values
of k1 and ko, with k5 and kg arbitrarily small positive
constants. Finally, the third minor of D7y will be positive
definite provided

|By AT'By| <

N, + g%kQ + MTcgUd — K5 — Kkeko >0

as uq, k5 and kg are arbitrarily small for large values of
k1 and ko and small values of k;, ky, |£q| and |gq| the
inequality is satisfied. As a consequence ey, is bounded
and converges to zero.

Consider now the Lyapunov function V;, = 2n " n whose
time derivative is given by

V., = —n' Kx tanh(n) +n'éy,
as ey, is a vanishing disturbance (I2) is concluded.

In all previous developments the corner stone is the
assumption on the boundedness on r4. To show that S is
not an empty set, we observe that

ap”q = a17q + Kaey + Kser + KNy 17

where k;, © = 4,5, 6 positive constants and we have used
the fact that
8vd

N
Note that the solutions of equation (I7) are bounded around
ey =0, e, =0 and n; = 0 provided ayp > 0, a; < 0.
The proposed controller is not able to modify the sign of
ao and the only way to satisfy a; < 0 is to choose k;, |Z4]
and |y4| sufficiently small as N, is a positive constant. M

Remark 1: Note that a drawback of the controller in
Proposition [I] depends on the airship parameters, mainly
N,;. In order to address this problem the controller can be
modified as

. . Ovg . . Ovq
< |&a| + |9dl, o < |Za| + [#al, e <k,

ur, = —Kx tanh(n) + R;ZXd + G,rq

where G, = [ 0 —k, }T with k, a positive constant. In
this case, the control objective (I2) can be achieved with
N, = 0. Unfortunately, the proof of closed—loop stability
gets even more involved.
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IV. NUMERICAL SIMULATIONS

We performed a few numerical simulations to illustrate
the results of Proposition[Iland Remark . The airship param-
eter values are m = 2.36, X; = —0.2879, Y, = —1.89508,
Ny = —0.0089, I, =213, ., = 0.01, X, =1, Y, =1,
N, = 1 and ¢; = 0.3. The desired trajectory is defined
as rqg = 10sin (W’Tot), ya = 10cos (W’Tot). Finally, the
controller parameters are k, = 0.25, k, = 0.25, k, =
—0.45, k1 = 1 and ko = 1. In order to test the robustness of
the proposed controller with respect to unmodeled dynamics
we consider

1 2 2 2/3 2/3 T
FL= oV +0 | opVEt oV onv, |

with Cp = 0.6, Cy = 0.2, Cy = 0.2 the aerodynamic
coefficients, V, = 3.39 the airship volume and p = 1.18
the air density.

Figure 8 and figure 9 show the values of our controls
through the time, but this information does not really help
us to understand the system behavior because the actual
physical controls are the force 7" and the angle Jo mentioned
in [2] (the angle ¢; is not taken into account because we are
analyzing only the lateral dynamics).

Figure[6] and [7] shows the time history of the angle control
and the force control with and without aerodynamic forces.

Figure [3] shows the time history of the airship planar
position with and without aerodynamic forces. As can be
observed closed—loop stability is preserved in the presence
of unmodeled dynamics.
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Figure 3. Control 1. Aerodynamic forces equal zero (continuos line),
non zero aerodynamic forces (dashed line).

V. CONCLUSIONS

The problem of trajectory tracking for the planar dy-
namics of a thrust vectored airship has been addressed
and solved by means of a nonlinear controller. Numerical
simulations have been proposed to illustrate the closed—loop
dynamics properties.
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Figure 4. Control ur . Aerodynamic forces equal zero (continuos line),
non zero aerodynamic forces (dashed line).
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Figure 5. Control angle 2. Aerodynamic forces equal zero (continuos
line), non zero aerodynamic forces (dashed line).
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Figure 6. Control force 7. Aerodynamic forces equal zero (continuos
line), non zero aerodynamic forces (dashed line).
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Figure 7. Airship trajectory. Aerodynamic forces equal zero (continuos
line), non zero aerodynamic forces (dashed line).
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