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Abstract: A global observer is designed for strongly detectable systems with unbounded
unknown inputs. The design of the observer is based on three steps. First, the system is extended
taking the unknown inputs (and possibly some of their derivatives) as a new state; then, using
a global high-order sliding mode differentiator, a new output of the system is generated in
order to fulfill the Hautus condition which finally allows decomposing the system, in the new
coordinates, into two subsystems, the first one being unaffected directly by the unknown inputs,
and the state vector of the second subsystem is obtained directly from the original system output.
Such decomposition permits of designing a Luenberger observer for the first subsystem. This
procedure enables one to estimate the state and the unknown inputs using the least number of
differentiations possible. Simulations are given in order to show the effectiveness of the proposed

observer.

1. INTRODUCTION

The observation problem for linear systems with unknown
inputs has been extensively studied (Zasadzinski et al.
(1994), Hui and Zak (2005)). Important works of Molinari
and Hautus contributed in establishing the properties that
the system should satisfy in order guaranty the existence
of an observer, thereby allowing the estimation of the
state vector (see, Molinari (1976), Hautus (1983)). In
those works, the strong observability property was stud-
ied. This property ensures a one-to-one correspondence
between the state and the output (this is analogous to
the observability property of linear systems without inputs
(wo.i.)). Furthermore, the strong detectability property
was studied (analogous to detectability for systems wo.i.).
These properties have been studied in terms of the weakly
unobservable subspace Trentelman et al. (2001), using the
theory of invariant subspaces Wonham (1985), Basile and
Marro (1992). Molinari gave a recursive algorithm dealing
with the construction of a series of matrices that allows
for the calculation of the weakly observable subspace in
the last step of the algorithm. Such algorithm can be
interpreted as a differentiation procedure of the output of
the system. Thus, if the system is strongly observable (the
weakly observable subspace contains only the zero vector),
the state can be obtained through a recursive method of
differentiation of the output. On the other hand, Hautus
studied the same problem in terms of invariant zeros and
gave the conditions under which the estimation of the state
vector can be done by means of a linear observer whose
input is the output of the original system; those conditions
are: the system must be strongly detectable (the invariant
zeros of the system must be Hurwitz) and some rank
condition, relating the output distribution matrix and the
input distribution matrices, must be satisfied. This last
condition, which we will refer to as the Hautus condition,
might be quite restrictive. In the sliding mode community,

several observers have been proposed for systems with un-
known inputs. There are works where observers have been
designed assuming the Hautus condition is satisfied (Ed-
wards et al. (2002), Hui and Zak (2005)). In other works, a
differentiation process has been proposed, mainly based on
first and second order sliding mode techniques (Bejarano
et al. (2007), Fridman et al. (2007), Floquet and Barbot
(2007)). A method for the construction of a new output in
order to fulfill the Hautus condition is suggested in Floquet
et al. (2007). Nevertheless, a condition related to the rela-
tive degree of the original system must be satisfied in order
to follow such method, which means the system is required
to meet more than just strong detectability. Furthermore,
the differentiation procedure is done step-by-step using
the super-twisting algorithm (a second order sliding mode,
Levant (1998)), which increases the error due to the sample
time of sensors or computer calculations. The majority
of sliding mode observers allow one to estimate the un-
known input vector, for which the unknown input vector
is assumed to be uniformly bounded. Here, we propose an
observer for strongly detectable systems using the least
number of derivatives possible, which are estimated online
using an exact differentiator for unbounded high order
derivatives Levant (2006). The following notation is used
throughout the paper. Let X be a real matrix of dimension
n x m. The notation X' means a full row rank orthogonal
matrix to X, i.e. X1 X = 0 and rank X+ = n — rank X.
The matrix X must satisfy the conditions rank X +1 =

1L
rank X and det [ X # 0. Meanwhile, X is a matrix

L
whose image spans the null space of X, i.e. XX, =0 and
rank X, = m — rank X. Let f (¢) be a vector function,
fI¥ represents the k-th anti-differentiator of f (1), i.e.

t p7T1 Thk—1
£ (1) = / / / F(rR) dr- - dradry, f9 (1) =



(k]
f(t); thus FlE+H = {fﬁﬂ] ], where FII = {{:f[(f]) ] For

a matrix A, p, = rank A.

2. PROBLEM STATEMENT

Let 3 be a linear system whose dynamics is governed by
the following equations:

Jz(t)=Az () + Dw(t)
E'{y(t)C’x(t)Jer(t) (1)

The state vector is represented by z (t) € R™, w (t) € R™
represents the unknown input vector, and y (t) € RP is the
output of the system. The fourfold of constant matrices
(A,C, D, F) will be associated to system ¥. Without loss

of generality, it is assumed that rank {?} =m.

The task is to estimate z (¢t) and w (t) using only the
output values y (1) (7 € [0,¢]). Henceforth, the following
conditions are assumed to be satisfied.

A1. System ¥ is strongly detectable! (the set of invariant
zeros of (A,C, D, F) lies within the interior of the left
half side of the complex plane).

A2. Vector w can be partitioned in the following way:
wl =: [w] w] -+ w!], where wy € R™, and none
of its derivatives are bounded, but it has an upper-
bounded norm, i.e. ||wp (t)| < wg (t); w1 € R™ has
a derivative bounded as |17 (t)|| < w; (t), and so forth,
until w, € R™r which does not have a bounded norm for
its first » — 1 derivatives, but it has a bounded norm for

its r-th derivative, i.e. me )H < wt (t). Obviously, it
must be satisfied that >_;_,m; = m.

Notice that assumption A2 is related more with the exis-
tence of the bounds of w; that with the partition itself
since, once the bounds are ensured, w can always be
partitioned in the required form, perhaps with a change of
coordinates. We can partition matrices D and F' defining
matrices d; and f; (¢ = 0,...,7) by means of the identities
Dw = Y| _,diw; and Fw = Y., fiw;, respectively.
Thus, considering assumption A2, system > can be rewrit-
ten into form (2).

. {jcex = /:Lrex + -@wex
ex -

> Y = Cox + Fwex (2)

We set, by definition

T _[.T T T .T .T r—1)T
xeX = [x wl e w’,‘ w2 .« . w/”- e w7(‘ ) ]
T . 2)T T
and wl = [wOT w1T wé T wS’“)T}, where z,, €
R™ (n=n+Y._,im;) and wex € R™.

I Recall that ¥ is strongly detectable if y = 0 implies z (t) — oco.
Some times it is said that the fourfould (A,C,D,F) is strongly
detectable meaning that this property is fulfilled for the system %
associated to this system of matrices.
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S _ Ady -
A =diag (41, 42,...,4,), A, = [o 01

dy
0]
Aj = |:é:| ’ zzlj € R(Z::J'*lmi)x( )
D = dlag (d_l,d_g,... |:go ? :|
dj = [?m] Ci=[C fi foe £ 0]

dj € R( Z:fflm")xmj, F=[fo

7d_r);J1:

0], F e RPX™

It is easy to verify that the detectability property is
maintained for system Y., i.e. ¥ is strongly detectable
if, and only if, Y.y is strongly detectable as well. Thus,
the problem of estimating z (¢) and w (t) is restated as the
problem of estimating extended vector Tex.

3. CONSTRUCTION OF A NEW OUTPUT

CD F
F 0
to as the Hautus condition. The Hautus condition is a
necessary condition for the design of an observer for sys-
tem (1), without the need of any output derivatives. Let
us define Q@ € R™*™ as a nonsingular matrix Qp :=
[F Q1 ], which yields the following matrix decomposi-

tion:
D], [D: Dy € RP*Pr

[F:| F[O FQ]’DlzDFLGRnX(m_pF) (3)
From (3), rank Fy = rank F. From (3), it is easy to verify
that the Hautus condition is equivalent to satisfying the
identity rank F’ +CDy = rank D;. Thus, this section is de-
voted to the construction of a new output y,,, = M, Tex
so that rank M, , D1 = rank D;. Therefore, the procedure
followed in this sectlon must be taken mto account only
if rank F+CD, # rank D1, otherwise this section should
be skipped since, in such a case, the procedure given here
is needless. Let us give the following lemma, which will
help to remove the influence of the unknown inputs in
the output injection from the Luenberger-like observer
proposed below.

Lemma 1. (A C, D, F) is strongly detectable if, and only

if, (A D2F C, FJ-C DFJ_) is strongly detectable as
well.

The identity rank = rank F'+m will be referred

Proof. Inasmuch as fourfold (A, C, D, F) is strongly de-
tectable if, and only if, fourfold (A D, C F ) is strongly de-
tectable as well, it is enough to prove the equivalence of the
proposition for (A C,D F) and (A Dy O FEC, DFJ_)
Let us define Rx; (s) as the Rosenbrock matrix associated
to %, i.e.

s —A —D
Due to the fact that the identity
SI—A—FDQF‘;O —D1 _D2

FtC 0o 0 |=
0 0 -I
I 0 I o I 0 (4)
OEL RE(5)|:0 Q:| 70 I
0 Fyf Fll -FfC

always holds, it turns out to be that sq is an invariant zero
of (A,C,D, F), i.e. rank Rg (sg) < n+ m, if, and only if,
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rank Ry (so) < n+m—r (where the Rosenbrock matrix

Ry | for Y1 appears in the extended matrix of the left
F

hand side of (4)), which in turn is equivalent to asserting
that sg is an invariant zero of (A — D2F2+C’, FiC, Dl). |

Now, selecting L so that (A — DoFy"C — LF*) be Hur-
wits, we can design the following Luenberger-like- observer
whose trajectories & are governed by the dynamic equa-
tions (5).

i — (A— DyFy )3+ L(Fty— FLCi) + DaFyy (5)
Wex,2
F2+y = F2 Cex + FQJF'LDEXQ, the dynamics of e(t) =
Zex (t) — Z (t) takes the form:
é = (A= DyFy"C — LF*) e+ Dytex 1
= Ae + Diwex 1

Defining [ % 1} = nglwex, Wex,2 € RPF*™ and since

(6)

3.1 Output extension via HOSM differentiator

In the sequel, we will construct a new output ym, =
My, zex so that Hautus condition can be achieved, i.e.
that the identity rank My, D1 = rank D; will be true. For
the construction of such an output, we will use a high-
order sliding mode differentiator Levant (2006). Firstly,
let us write a set of matrices M}, so that Mpxex can be
expressed as a differentiation operator depending on y. Let
the matrices M1 (which can be taken from the Molinari’s
algorithm Molinari (1976)) be defined by means of the
following algorithm:

M1 = NigiNep1, Mi=
= ~ L (7)
M A MDD
Nk+1=7k( CE’ )71k:( F& )

Notice that IV, ,f_ﬁl excludes the linearly dependent rows of

(FLoy rie

Nit1, 80 Mg41 has full row rank. Defining ®; = Jyy,
where J; := (FLC_’)ll Fl, leads to
By = (FYO) " FCrex = Mizex (8)
d M
Now with ®y = N1y | gt 1%"1, and moving the
Yy

differentiation operator outside of the parenthesis, the
following identity is obtained

d 11 |10 d y
@QZszﬂex—ng [0 I [] :%Jz Yl
The matrix Jy is defined by the previous identity. Then,
we can generalize the procedure as follows: defining ®y, :=

Y
Ni+Tono | at ”1%"] (k=2,...,n—pyy ), the identity
y
d* Ji 0
i1 = Me1ve = 2 VAT [ i I} y 1A o
9
d
= g Jen Y

holds, where Jy4+1 = Nk+1Tk {{)k (I)}
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The equality rank M; = rank M;_; implies rank M;; =
rank M;. From the previous impilication we can de-
duce that rankMyp_, 4o = rankMz_, 41, ie. at
most 72 — p,,, differentiations are needed, which means
that, for a strongly observable X (see, e.g. Molinari
(1976), Trentelman et al. (2001)), i.e. det M 1pM i F

0, the state vector xe.x can be expressed by the iden-
k

Eggﬂigprl+1thle+1Y4”_”MJ. Neverthe-
less, two drawbacks appear in order to reconstruct ey in
such a manner. The first drawback has to do with the
assumption that the system is strongly detectable but not
strongly observable; therefore, a transformation must first
be done in order to decompose the system into the strongly
observable part and the detectable part (see, e.g. Bejarano
et al. (2009)). The second drawback has to do with the
fact that, during the implementation of the differentiator,
some errors appear due to the computation sample time
and noises in the sensors.

tity Tex =

It was proven in Bejarano et al. (2009) that a necessary
requirement to (A D,C,F ) be strongly detectable is that

M:D _ D ]
rank[ 2 ]—rank[ﬁ},therefore,
MuD F] DF] . -
rank[ 2 O]rank[FO]rankFer

Hence, the Hautus condition might be satisfied taking
Mpzex as a new output of the system. Furthermore, it
is easy to check that rank Mz D; = rank D;. Thus, we
can define iy (2 < Ay < 7 — P, T+ 1) as a the least
natural number such that the matrix Mz, , calculated by
(7), satisfies the rank condition rank My, D1 = rank Dy,
and define the extended output yay = My, Tex as the
new output of the system. The new output ymz will be
calculated using the differentiation procedure described
above.

Remark 1. Notice that, from (9), the construction of
Yy = Mz, Tex can be guaranteed by means of a derivative
of order ny — 1; however, some terms of the vector ys,
might exist that could be estimated with a derivative of
order less than gy — 1. Let us exemplify this point, suppose
that ys, j, the j-th term of ys,, is calculated using (9)
and the j-th row of Js, has the form Jz, ; = [0 J.],
i.e. the first term of J5, ; is zero. Then yz, ; becomes
Ynam,j = —j;{i:ll T YU = —j;i, S L Y12 whence
we conclude y5,, ; can be calculated using a derlvatlve of
order ny — 2 instead of one of order nyg — 1.

In the sequel, we will give a method for calculating a
derivative of order ny — 1; however, it is advised to take
into account Remark 1. From (9), the vector My, e can be
expressed as:
dﬁH—l
Mpye= Py
Defining the vector H (t) = Jp, Y=t — My, glrr =1
the j-th term of My, e = &TH(t) is calculated as

2 GrH-T
%Hj (t) (j = 1,...,1; where [ is the dimension of
Yny )- Thus, the j term of My, e can be estimated by means
of a sliding mode differentiator of high order which has the

form (for more details see Levant (2003)):

Tng Y71 — (M, )|



‘ﬁ];[—l .
2,0 = Ao |zj,0 — Hj| "0 sign (25,0 — Hj) + 251

ng-2 .
"u=Tsign (25,1 — 2,0) + 2j,2

Zi1=Mlzj1 — %0

; _ . 1/2

Zjan—2=Aag—2|2j,an—2 — Zjan-3]""" ¥
sigh (2j,an—2 — Zj,an—3) + Zjan—1

Zjim—1= Mg —18180 (2. -1 — Zjap—2)

It was shown in Levant (2003) that, with the proper choice
of constants \; (i = 0,---,7g — 1), there exists a finite

time ¢; such that the identity 25,1 (f) = %Hj (t)
is achieved for all ¢t > t;. Thus, every term of yz,
can be calculated using a sliding mode differentiator of
high order. )\; can be calculated in the following form,
N = Aoi KV (u=0 (#) where K (t) is a local Lipschitz
constant for %Hj (t) = My, e and A, is calculated
for the case when K (t) = 1 (Ao; can be calculated using
simulations). A value of Ao; (¢ = 0,--- ,7g — 1) for a
fifth order differentiator was given in Levant (2006), with
)\00 = 12, )\01 = 8, )\02 = 5, )\03 = 3, )\04 = 1.5, and
Aos = 1.1.

Thus, defining the vector zp, -1 = [21,55-1 *** ZLAn-1 ]T,
we achieve the identity zz,_1 = My, e, and consequently,
the identity

g’ﬁH = Zag—1 + MﬁHj = M’FlH':EeX = Yng
holds for all ¢ > max, 57, >T.

(10)

A function K (t) required by the differentiator might be
calculated in the following manner.

Lemma 2. Under assumptions Al and A2, there exist a
time ¢ and known positive constants v, ¢, £, and ¢ such
that, for t > ¢,

/8

d
d-""

)] <K () =7+ €, 0
+<,0/0t65(t7)w1'& (r)dr
with wy, (t) = max;_g (w; (t)).

Proof. Since A is Hurwitz, the exponential matrix

eAlt—to) (t > to) has a bounded norm, i.e. He"i(t_tO) <

pe—9(t=t0) for known positive constants @, 8. Thus, from
the solution of (6), we have that

lle (0)]]
t _
il @zl [ [t
0
< ge ) e (0)]

t
w2 Dull Q5] | e

Thus, after a finite time £, the term @e=°(=%) ||e (0)|| will
be less than any constant ¥ = 4 (f) Hence, we obtain

t
le (@)l <7+ & / ¢St (t) dr

e (0] < [l

wyy (t)
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with p = & ||D1 || ||QI;1 H Which in turn yields the inequal-
ity
o

t
< [ptna ] (34 [ e ugs @ar)
0
+ 1M ||| Do || Q[ iy ()
Thus, the lemma is proven with v = ﬁHMﬁHAH, p =

,and € = | M, || || D1 [|@F"]- ™

ol

4. ASYMPTOTIC OBSERVER

With y5,, estimated exactly by means of g7, . The system
with its new output takes the form

i’ex = (A - DQF;_C) Tex + Dlu_}ex,l + D2F2+y
yﬁH :MﬁerX

Since My = (FLC’)LL FLC, it means that Mpyxex =0
implies F*Cze, = 0, and since (A — Do F5"C, F+C,DF)
is strongly detectable (the strong detectability is not lost
by output injection), the triple (A — Do Fy C, My,,, DF))
is strongly detectable as well. In fact, it can be proven that
the converse is true as well.

Now let us make a change of coordinates to design an
asymptotic observer. Let the state and output transfor-
mations be given by means of the matrices T and U,
respectively, defined as follows:

bt } .

— L
T = - (MﬁH ?1)
(MﬁHDl) M,
where the inverse matrices are

(MﬁHD1)+ (11)

7 = [[1 - Dy (Mo, D) My, | DEF D
U= = [ (1= May Dy (M3 D1)") (M D1) May, Dy

Thus, the equations governing the dynamics of the system,

in the new coordinates z = TZex, and § = Uyn, =
UMz, Tox, take the form:

Z-l o A1 A2 z1 + 0

Zo | A3 Ay z2 wex,l

+ Di DaFyy (2
(M, D1) " My, | 7207
| _ |Gz (12b)
2 z2

where zo € R™.

Lemma 3. (/_1, D,C, F) is strongly detectable if, and only
if, the pair (41, C1) is detectable.

Proof. Let Xy, be the system associated to the
triple (A - DQF;'C_’,M,LH,DFL). It is easy to check the
following identity,

sl — A1 7A2 0
—Ag sl — A4 I
Cy 0 0

0 I 0

=diag (I,U) diag (T, I) Ry,,, (s)diag (T71,1).



AMCA - , ,
Thus, rank Ry, (so)) < @+ m — r if, and only if,

sl — Al
Ch '
Therefore, since ([l — DQF;O, MﬁH,DFJ_) is strongly de-
tectable if, and only if| (fl, C,D, F) is strongly detectable,
we have that rank Rs (so) < @ + m if, and only if,
rank Hr (sg) < 7 —m, and the lemma is proven. W

rank Hr (s9) < n —m , where Hr(s) = [

Thus, the design of the asymptotic observer can be formu-
lated in two steps:

(1) If rank F*CD; = rank Dy set ng = 1 and §n, =
(FLC’)ll FLCx = Jyy, and go to step 2; otherwise,
generate the extended output ¢, = My, x by means
of (10).

(2) For the system

fox = (A — DoFy C) rex + Dyivy + DoFy

Uny = Mpy Tex,
which corresponds to triple (A — DoFy C', My, , D1),
construct an asymptotic observer based on the design
described in this subsection, that is,

(a) with the change of coordinates z = Tz and
J = UMp,, xex, system (12) is obtained;
(b) since go = z9, state z; can be observed from

output 7; using a usual Luenberger observer:

é1 = A2 + Ly (51 — C1%1) + Asfjo + D Do Fy'y
(13)
and the observer for the original system is de-

signed as

N 1| 2

Gox :=T7! [yj : (14)
Thus, the main result can be summarized through the
following theorem.
Theorem 4. Assuming that (A4,C,D,F) is strongly de-
tectable and L is designed so that (41 — L1C4) is Hurwitz,
then observer Z.x, designed using the two-step procedure
given above, converges asymptotically to the state vector
Tox-

Proof. It comes directly from lemma (3) and comparing
(12a) with (13). W

Remark 2. For the case when K (t) = K, we can compare
the precision of the observer proposed in this paper with
respect to already published observers. In the observer
designed in Bejarano et al. (2007) the precision of the ob-
server with respect to a Lebesgue measurable and bounded
noises appearing in the system output || (¢)]] < € is of

order O (e%’“) where k is the number of times to derive

to reconstruct the extended state vector (z and w), i.e.,
rank (M) = 1. Meanwhile, the precision with respect to

a sampling time 7 is of order O (T?klfl ) This error is
due to the proper design of the observer which is based in
the consecutive use of a second order differentiator (super-
twisting algorithm).

The observer designed in Fridman et al. (2007) has a

1
ok—r

precision of order O (6%) w.r.t. noise and of
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1
order O ( 72F—7

maximum of the terms of the vector of relative degrees of
the system output with respect to the unknown inputs.

) w.r.t. the sample time 7, where r is the

At difference with the previous two observer, the observer
design proposed here only needs to use once an exact
sliding mode differentiator of order (ny — 1) which in
general is less than k. Thus according to Levant (2003), the

e
precision of the observer w.r.t. noise is of order O (e g1 )

and w.r.t. sample time is O (7).

5. SIMULATIONS

Consider that the matrices of the system are the following.

1 00 0000007
000000001
00-1110000
-11 0100101

A=]1010010000
010000110
100001001
000010001
000000010]

D11 = D51 = bgl = Dgg = 1, otherwise Dij =0
011 = 025 = 039 = 048 = 1, otherwise Cij =0
Fy1 =1, otherwise F;; =0

The components of w (t) are: w; = —0.2t + sin(2t + 3) +
0.3 cos(2t) +0.1¢% — 6, wo = 0.6¢ sin(0.6¢) — 0.4 sin (0.4¢2) —
0.5t +4, w3 = 0.1+ 0.5t — 0.5c0s(2t) — 0.2t2. The extended

state vector is xex = (:cT w?’ )T. Since rank M5 = 11,
and M; to M5 have 4, 7, 9, 10, and 11 rows, respectively,
a derivative of fourth order should be estimated online
if a differentiation process would be followed to estimate
the state vector ey (t). However, to satisfy the Hautus
condition, only a second order derivative must be carried
out, and so the observer proposed in (14) can be designed.
The sample time used was 104, Figs. 1 to 3 show the
observation error for the vector state xex (¢). The unknown
inputs and their respective estimation are shown in fig. 4.

0.5 T
§
0 2 4 6 8 10
10
0
-10 -
0 2 4 6 8 10
10 T
"
_10 /f
-20 . . .
0 2 4 6 8 10

Time [s]
Fig. 1. Estimation error e; = Zex; — Tex,i (1 = 1,2,3).
6. CONCLUSIONS

In this paper it is proposed a new observer for linear
systems with unknown inputs. Here we assumed the struc-
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i

2 4 6 8 10
1 T T
O%
-1 . . .
0 2 4 6 8 10
10 T T
ol
-10
_20\/
=30t ) )
0 2 4 6 8 10
Time [s]

Fig. 2. Estimation error €; = Tex; — Zex,i (¢ = 4,5,6).

20F
ol
-201 )
0 2 4 6 8 10
10
ol
-10 -
0 2 4 6 8 10
0.5 T .
A
05 . . . .
0 2 4 6 8 10
Time [s]

Fig. 3. Estimation error e; = Tex,i — Zex: (i =7,8,9).

Time [s]

Fig. 4. Unknown inputs and their respective estimation
(dashed).

tural condition of strongly detectability and the assump-
tion that each unknown inputs has a high order derivative
that is bounded by a real valued function. We proposed
to use a differentiation process that is stopped when the
Hautus condition is satisfied. Thus, an asymptotic ob-
server can be designed. Using the proposed method one
should differentiate just the number of times needed for
the estimation of the state and the unknown inputs.
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