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Resumen—A behavioral evolutionary operator associated
to a dynamical system is a nonlinear map from past external
variables into future external variables. This paper deals with
some properties of behavioral operators using the geometric
framework based on Hilbert submanifolds presented in
(Lopezlena and Scherpen, 2006) and Classical Curvature
Theory in order to characterize the invariants of behavioral
operators along with the conditions for a balanced realization
on the space of external variables. Derecho reservado c©

UNAM-AMCA.
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I. INTRODUCTION

One essential feature of the behavioral approach for
dynamical systems lies in deemphasizing the role of their
inputs and outputs as a starting point for the description
of dynamical phenomena, (Weiland, 1991; Willems, 1991),
and centering its attention to the behavior of the dynamical
system, i.e. the set of temporal trajectories defined by
the evolution of the external or manifest variables. Such
external variables can be of lumped or distributed nature,
disregarding the lumped or distributed nature of the system
generating such variables.
The concept of a behavioral operator, understood as a map
processing past external variables into future external vari-
ables, along with its applicability for reduction was firstly
suggested in the foundational work of (Willems, 1972),
p331. The synthesis of a dynamic model within a defined
class of models such that the external trajectories are
reproduced, defines a problem of behavioral approximation
or otherwise model approximation in the systems perspec-
tive. Linear systems theory counts with a satisfactory and
well developed theory based on behavioral approach for
linear balanced reduction and linear model approximation,
see e.g. (Weiland, 1991; Weiland, 1994; Roorda and Wei-
land, 2001).
Though, the behavioral approach for balanced reduction
is of wide conceptual generality since the problem of
trajectory approximation of the behavior needs not being re-
strained by the class (or classes) of dynamical models used
for trajectory replication. For this reason it is justified the

search for a sufficiently general mathematical framework
for the systematic reconstruction of behavioral trajectories
from a set of classes of dynamical models (linear system,
affine nonlinear, distributed, etc.) where error bounds on
the model approximation determines the prevalence of one
model class from others.
The contribution of this paper is the characterization of the
invariant properties of behavioral trajectories based on a
properly-defined behavioral operator. For this purpose is
used a geometric framework for behavioral trajectory ap-
proximation that includes Riemannian metric spaces on the
past behavior and in the future behavior in order to provide
a notion of distance from the behavioral trajectory to the
reconstructed trajectories generated by the dynamic model
synthesized. The use of a differential geometric approach
assist in disregarding coordinate-dependent difficulties and
to concentrate on the invariant properties associated to the
problem.
In previous works, local balancing based on the theory of
dissipativity theory for nonlinear systems was introduced
(Lopezlena et al., 2003) as a generalization of the linear the-
ory in (Weiland, 1994). As explained in (Lopezlena, 2004),
balancing is a key concept associated to the synthesis of
minimal realizations during order reduction of dynamical
models for control systems. Furthermore balanced real-
izations are directly related to the flow of the associated
dynamical system (Lopezlena and Scherpen, 2006), and the
behavioral operator is a useful generalization alternative to
the concept of the linear Hankel operator, (Lopezlena et
al., 2003).
The paper organization follows. After some motivational
exposition, some formalization of the behavioral operator
is introduced in Sect. II in terms of the Hilbert mani-
fold framework that was used in (Lopezlena and Scher-
pen, 2006). The invariants of the action of the behavioral
operator are presented in Sect. III. Such invariants admit
a geometric interpretation in terms of the curvature of an
abstract Riemannian manifold supporting the behavioral
trajectories. In Sect. IV, using classical Gauss Curvature
theory we present some eigenvalue theory useful for bal-
anced reduction and model approximation. Finally in Sect.
V some consequences for linear systems are mentioned.
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II. THE BEHAVIORAL APPROACH AND CURVATURE

THEORY

We characterize our perception of the environment by a
set of variables supported on a space E . Let us consider a
dynamical system denoted by Σ, inmmersed in the envi-
ronment. The environment interacts with Σ through a set
of variables called manifest or external signals supported
on a space W ⊂ E . Our notion of change in Σ involves
variation of the manifest signals at a rate defined by the
temporal variable t ∈ t.

Definition 2.1: A behavioral dynamical system Σ is a
triad (t,W, B) where t ⊆ R1 is the set of time, W is the
set of external signals and the set of time-trajectories B ⊂
t×W is called the behavior of the system, (Weiland, 1991).
The direction of evolution is ruled by the sign of the
time rate, defining a strictly increasing (foward-time) or
strictly descreasing (backward-time) evolution. Denote the
time direction in the conventional forward-time evolution
by t = {t|t ∈ R+} and a backward-time evolution by
τ = {τ |τ = −t, t ∈ t}. Furthermore an initial time t0 ∈ t
partitions the time interval in past and future semi-intervals
and B is partitioned into three parts B = B− ⊕B0 ⊕B+

where B− ⊂ W × τ and B+ ⊂ W × t are two dual
half-spaces with duality identified at their boundary or
edge B0 (the initial or present conditions). Thus, every
trajectory w(t) ∈ B ⊂ W × t admits a partition in a
positive semi-trajectory w(t) ∈ B × t+ , t+ ∈ t and a
negative semi-trajectory ŵ(τ ) ∈ B × τ+, τ+ ∈ τ .
Throughout this paper we assume the halfspaces
(B−, 〈·, ·〉TB−) and (B+, 〈·, ·〉TB+), carry the structure of
Riemannian Hilbert manifolds, i.e., differentiable manifolds
locally modelled on separable Hilbert spaces whose inner
products (in the contractions i·(·), hats denote duality)

〈α1
−, α2

−〉TB−
def=

1
2

∫ −T

0

iα̂−
2
α1
− + iα̂−

1
α2
− dµ(τ ), (1)

〈ξ+
1 , ξ+

2 〉TB+
def=

1
2

∫ T

0

iξ+
1
ξ̂2
+ + iξ+

2
ξ̂1
+ dµ(t), (2)

for α1
−, α2

− ∈ TB−, ξ+
1 , ξ+

2 ∈ TB+ define metrics g−B, g+
B

for TwB− and TwB+, ∀w(t) ∈ B. Duality is identified
with the duality pairing

〈ξ+, α−〉TB−×TB+
def=

∫ T

0

iξ+ Γ̃∗ α− dµ(t), (3)

with ξ+ ∈ TB+, α− ∈ TB−, for some surjective isometry
Γ̃ : B− 7→ B+ satisfying ‖α−‖TB− = ‖ξ+‖TB+ .

Assumption 2.1: Γ̃ is a bijective isometry s.t. Γ̃† : B+ 7→
B− in the duality pairing

〈ξ+, α−〉TB+×TB−
def=

∫ −T

0

iα− Γ̃†
∗ ξ+ dµ(τ ), (4)

is equivalent to (3) and satisfies ‖α−‖TB− = ‖ξ+‖TB+ .
From hereunder we will make free use of such Hilbert
manifold structures.

A. The behavioral operator

Here we focus on the description of dynamical systems
in terms of external variables in the behavioral formalism.

Definition 2.2 (Behavioral operator): Given a behav-
ioral system Σ and past and future subsets of the behavior
given by B− = τ ×W and B+ = W × t, the behavioral
operator Γ̃ : L2[−T, 0] 7→ L2[0, T ] is the map Γ̃ : B− 7→
B+ defined by

[
û(τ )
y(t)

]

f

=
[

Γ† ◦ ŷ(τ )
Γ ◦ u(t)

]

p

,
τ ∈ τ
t ∈ t (5)

The concept of isometry is fundamental throughout this
work:

Definition 2.3 (Local isometry): Let (W, 〈·, ·〉TW) and
(V, 〈·, ·〉TV) be two Riemannian manifolds. A local isom-
etry is a metric-preserving bijective map Λ : W 7→ V s.t.
〈ξ, ζ〉TW = 〈Λ∗ξ, Λ∗ζ〉TV for ξ, ζ ∈ TW.
Based on the concept of isometry, adequate definitions of
adjoint and selfadjoint operators play an important role
along the paper therefore their definition in accordance to
the Hilbert manifold structures presented in (Lopezlena and
Scherpen, 2006) follows:

Definition 2.4 (Adjoint operator): Consider the Hilbert
Manifold (W, 〈·, ·〉TW) with dual (W∗, 〈·, ·〉T∗W ). A dif-
ferential operator Ξ : W 7→ W∗ (with tangent map
Ξ∗ : TW 7→ T ∗W) is said to have an adjoint differential
operator Ξ† : W∗ 7→ W (with Ξ†

∗ : T ∗W 7→ TW) if it
satisfies

〈Ξ†
∗α, ξ〉TW = 〈α, Ξ∗ξ〉T∗W , ξ ∈ TW, α ∈ T ∗W.

Definition 2.5 (Self-adjoint operator): Let (W, 〈·, ·〉TW)
be a Hilbert manifold. An operator Ω : W 7→ W (with
tangent map Ω∗ : TW 7→ TW) is self-adjoint if it is such
that

〈ξ, Ω∗ζ〉TW = 〈Ω∗ξ, ζ〉TW , ξ, ζ ∈ TW.

B. Why curvature theory?

Geometry –after F. C. Klein–, is the study of invariants
of a particular transformation group, and the characteriza-
tion of the invariants of Riemannian submanifolds under
isometric transformations is the main topic in the elegant
Classical theory of Curvature due to Gauss, see (Lee, 1997)
for a nice introduction.
This theory can be explained intuitively as follows: Con-
sider a hypersurface Sm supported by a Riemannian man-
ifold Wn and mapped by an isometry Λ : W 7→ V into
another Riemannian manifold Vn as defined in Def. 2.3.
Then associated to S there is a set of principal curvatures
{κi, i = 1, . . . , m} on each W and V , and the product
K = Πm

i κi, called total or Gaussian curvature is an
invariant of the isometry Λ. These concepts are formalized
later in Sec. III.
Distinguish two types of invariants:

Definition 2.6: Let (W, 〈·, ·〉TW) be a Riemannian man-
ifold and Sm ⊂ W . The set of isomorphic invariants
κ(Sm) = {κi, i ∈ m} are local properties of Sm preserved
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under isomorphic transformations. The intrinsic invariants
K(Sm) are local properties on Sm that are preserved
globally by local isometries, and are said to be intrinsic
to Sm.
Isomorphic invariants frequently result from equivalence
relations and thus define a (finite) set of equivalence classes.
Examples of these are congruence relationships and the
principal curvatures of a space: while a 2D plane has
principal curvatures κ1 = κ2 = 0, a sphere of radius r
has principal curvatures κ1 = κ2 = 1

r , etc. In contrast,
Gaussian or total curvature is intrinsic to Sm: while a 2D
plane has total curvature zero, a sphere of radius r has total
curvature 1

r2 , etc.
These invariants find interesting applications in systems

theory for the characterization of B:
Remark 2.1: A flat manifold (i.e. with zero total curva-

ture) M, is locally isometric to the Euclidean space Rn.
Although the state space of a linear system M ≈ Rn is flat,
their behavioral trajectories are supported by a curvilinear
subset B ⊂ M× t whose total curvature is different from
zero. A flat behavior B is only possible in a (non dynamic)
scalar-gain system.

Definition 2.7 (Equivalent realizations): A set of admis-
sible realizations FB = {Σi|i = 1, . . .} of the behavior B
is said to define a family if for any two realizations Σi and
Σj in FB there exist an isomorphism φ s.t. φ : Σi 7→ Σj ,
φ−1 : Σj 7→ Σi. In such case we say Σi is equivalent to
Σj modulo B.
Based on the invariants of the isomorphism φ, Def. 2.7
provides a membership criterion to the family FB:

Definition 2.8 (Approximate realization): A realization
Σ′

i of B in a family F ′ with isomorphism φ′ is said to
be an isomorphic approximate realization of B if given
a family of equivalent realizations FB with isomorphism
Φ, the set of invariants of φ′ is a subset of the set of
invariants of φ. The intrinsic error of approximation is
defined by the difference between the intrinsic invariants
of both realizations.
The latter definition provides a measure of error approxima-
tion in terms of the degree similarity of the set of invariants.
If a dynamical system Σ is a realization of the behavior
B, based on Def. 2.8 an associated isometric isomorphism
Γ̃ determines all the invariants in order to assess on its
equivalence.
The following definition provides the structural mechanism
to construct the isometric isomorphism mentioned afore:

Definition 2.9 (Duality pairing in Hilbert Manifolds):
Let (M, 〈·, ·〉TM) with dual (M∗, 〈·, ·〉T∗M). A
well defined (abstract) dual pairing 〈·, ·〉T∗M×TM :
T ∗M × TM 7→ R1 is such that for each element
α ∈ T ∗M there is a unique element α̂ ∈ TM and
an isometric isomorphism Γ : M 7→ M∗ satisfying
〈α̂, ζ〉TM = 〈α, ζ〉T∗M×TM = 〈α, Γ∗ ζ〉T∗M, ∀ζ ∈ TM
and ‖α̂‖TM = ‖α‖T∗M.
The behavioral operator Γ̃ : B− 7→ B+ from Def. 2.2
has a well defined structure and furthermore is an isometric

operator Γ̃ as shown below. In consequence their isomorphic
and intrinsic invariants are especially useful in order to
assert on the properties of their associated realizations:

Proposition 2.1: Consider Riemannian Hilbert manifolds
(B+, 〈·, ·〉TB+) with dual (B−, 〈·, ·〉TB−) endowed with
the inner products (1)-(2) and with duality identified by
(3). Then by Def. 2.9 there is an isometric isomorphism
Γ̃ : B− 7→ B+ (the behavioral operator) satisfying Def.
2.3 with tangent map Γ̃∗ : TB− 7→ TB+ such that:

1) Γ and Γ† satisfy 〈Γ†
∗ξy, ξu〉TW|u = 〈ξy , Γ∗ξu〉TW|y ,

ξy ∈ TW|y, ξu ∈ TW|u and thus are adjoint.
2) Each automorphism map Γ† ◦Γ : U 7→ U and Γ◦Γ† :

Y 7→ Y is selfadjoint.
3) By construction Γ̃ is an isometric isomorphism satis-

fying 〈α−, β−〉TB− = 〈Γ̃∗α−, Γ̃∗β−〉TB+ .
4) Γ̃ satisfies 〈α−, Γ̃∗ξ

+〉TB− = 〈Γ̃∗α−, ξ+〉TB+ , α− ∈
TB−, ξ+ ∈ TB+ and thus it is selfadjoint on B.

Proof: 1) and 2) Omitted but straightforward.
3) By Def. 2.9, duality of α− ∈ B− with ξ+ ∈ B+ implies
〈α−, β−〉TB− = 〈ξ+, β−〉TB−×TB+ = 〈ξ+, Γ̃∗ β−〉TB+ ,
∀β− ∈ B−. Let ξ+ def= Γ̃∗α− in 〈ξ+, Γ̃∗ β−〉TB+ using Eq.
(2). Thus by (3) the relation is verified.
4) Since we may write 〈ξ̂, ζ̂〉TB− = 〈(Γ† ◦ Γ)∗ξ̂, ζ̂〉TB− =
〈ξ̂, (Γ† ◦Γ)∗ ζ̂〉TB− and 〈ξ, ζ〉TB+ = 〈ξ, (Γ◦Γ†)∗ζ〉TB+ =
〈(Γ ◦ Γ†)∗ξ, ζ〉TB+ , the operators Γ† ◦ Γ(·) and Γ ◦ Γ†(·)
are self-adjoint on B−, B+ resp. satisfying Def. 2.5.

The problem of characterizing the invariants of such
isometry using curvature theory is equivalent to the problem
of nonlinear balancing in the behavioral approach, as it will
be shown in the next section.

III. CURVATURE OF THE BEHAVIOR

The behavior is defined on a subset of the whole space
of time-trajectories, B ⊂ t ×W ≡ Wt. By assuming that
B admits a submanifold structure on Wt, there exist a
submanifold (TB)⊥ characterized by the set of vectorfields
normal to TB. The following definition is required:

Definition 3.1 (Shape operator): Let B ⊂ Wt, TB ⊂
TW and a normal vectorfield η ∈ (TB)⊥ in the normal
bundle. The Shape operator or Weingarten map AB

η :
TB 7→ TB is defined by

AB
η (ξ) := −(∇̄ξη(x0))T , x0 ∈ Wt, ξ ∈ TB, (6)

where (the covariant derivative) ∇̄ is the unique Levi-
Civita connection such that ∇̄ξζ − ∇̄ζξ = [ξ, ζ] and
compatible with the metric gWt , i.e. for any ς, ζ, ξ ∈ TB,
ς〈ζ, ξ〉TWt = 〈∇̄ςζ, ξ〉TWt + 〈ζ, ∇̄ςξ〉TWt .
The Shape operator satisfies

gWt (AB
η (ξ), ζ) = gWt (ξ, AB

η (ζ))

and thus is self-adjoint. In the next section the total cur-
vature K(ζ) of the behavior B is defined in terms of the
Shape operator. Uniqueness of a Shape operator for a given
B ⊂ Wt poses two alternate ways to approach the problem
of nonlinear balancing. One way to approach the balanced
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reduction problem of Σ is presented in Sect. IV and can be
expressed in terms of approximating the curvature K(ζ)
of B (and hence approximating the behavior of Σ) by
reducing the support of the system trajectories on M.
Another way, presented in (Lopezlena and Scherpen, 2006),
is to begin with the definition of a self-adjoint operator
A(ξ) in the sense of Def. 2.5 which has an associated
integral submanifold B ⊂ Wt with particular properties.
Two systematic ways to define a linear self-adjoint operator
are the behavioral and the Hankel operators. This framework
does not need of properties associated to nonlinear self-
adjoint operators different to Def. 2.5, since the eigenvalue
problem of the normal curvature is defined in the tangent
space and even for nonlinear systems, the Shape operator
(6) is invariably a linear operator.
We are concerned with external signals and focus in charac-
terizing the curvature properties of a submanifold B ⊂ Wt

in terms of apropriately defined metrics. Each definition of
the metrics gB in B defines uniquely the problem since the
total curvature is only dependent on gB and its derivatives.

Definition 3.2: Let Σ = (t,W, B) be on a Hilbert
manifold (Wt, 〈·, ·〉TWt) and suppBΣ ⊂ W, dimW = ω
be a submanifold of the space of external signals W with
associated Shape operator (6) denoted by AB

η (ξ), ξ ∈
(TB), η ∈ (TB)⊥. The first fundamental form of B, is
the restriction of 〈·, ·〉TWt to B, denoted by IB as

IB(ξ, ζ) = 〈ξ, ζ〉TB, ξ, ζ ∈ TB (7)

the second fundamental form of B, denoted by IIB is
defined by

IIB(ξ, ζ) = 〈AB
η (ξ), ζ〉TB, ξ, ζ ∈ TB (8)

The normal curvature of B is the quotient defined by

K(ξ) =
IIB(ξ, ξ)
IB(ξ, ξ)

, ξ ∈ TB. (9)

The eigenvalue problem of the quotient (9) consist in finding
the principal directions ξ along TB where K(ξ) attains
stationary values κ called principal normal curvatures. The
total curvature is defined as

∏υ
i κi.

Remark 3.1: For each trajectory w
def= ŵ−(τ ) ∧ w+(t) ∈

B with tangent vectorfields α− ∈ TpB
− and α̂+ ∈

TpB
+ , its future metric g+

B(w+, 0) = 〈α̂+, α̂+〉TB+ can
be induced to the past by substitution of α̂+ = Γ̃∗α− on
〈α̂+, α̂+〉TB+ = 〈Γ̃†

∗Γ̃∗α−, α−〉T∗B− and after division by
the past metric g−B(ŵ−, 0) def= IB(α−, α−) yields

K(α−) =
〈(Γ̃† ◦ Γ̃)∗α−, α−〉TB−

〈α−, α−〉TB−

def=
IIB(α−, α−)
IB(α−, α−)

. (10)

providing a notion of gain. Further implications of this
quotient are presented in the next section.

IV. INVARIANTS AND EIGENPROBLEMS

In the following result the eigenvalue problem for the Eq.
(9) is defined in terms of an associated self-adjoint operator.

Theorem 4.1: Let Σ = (t,W, BΣ) on a Hilbert sub-
manifold (B, 〈·, ·〉TB) of the Hilbert manifold of ex-
ternal signals (WT, 〈·, ·〉TWT) s.t. BΣ ⊂ W × T,
dim(suppBΣ) = ω, with past and future metrics de-
fined by g−B(w−, 0) def= S∗

r (ŵ0, rr) = 〈α−, α−〉TB− and
g+

B(w+, 0) def= Sa(w0, ra) = 〈ξ+, ξ+〉TB+ respectively,
where Sr : W∗ → R+ (backward-time required supply)
and Sa : W → R+ (available storage) are defined by

S∗
r (ŵ0, rr)

def= − sup
û(·)∈U∗⊂W∗

w0=w, T≥0

∫ −T

0

rr(ŵ(τ )) dµ(τ ), (11)

Sa(w0, ra)
def= sup

u(·)∈U⊂W

w0=w, T≥0

−
∫ T

0

ra(w(t)) dµ(t), (12)

respectively for functions of external signals w : t 7→ W
(supply rates) r : W → R1, r(w(t)). The following can be
asserted:

1) The associated Shape operator (6) is given by
AB

η (α−) = Γ̃†
∗Γ̃∗ α−, α− ∈ TB−, η ∈

(TB−)⊥ such that IB(α−, α−) = S∗
r (ŵ0, rr) and

IIB(α−, α−) = 〈AB
η (α−), α−〉TB− .

2) A 1-form β− ∈ TB−, 〈β−, β−〉TB− = 1 is solution
to the eigenvalue problem associated to K(β−) in (9)
iff β− is an eigenform of AB

η .
3) The set of eigenforms of AB

η , {βi
− |i = 1, . . .ω; βi

− ∈
TpB

−}, defines an orthonormal coframe of TpB−.
Furthermore TpB− can be locally spanned by a
partition of eigencodistributions W ∗

1 ⊕ · · · ⊕ W ∗
ω .

Proof: 1) Since by assumption g−B(w−, 0) def=
S∗

r (ŵ0, rr) = 〈α−, α−〉TB− , g+
B(w+, 0) def= Sa(w0, ra) =

〈ξ+, ξ+〉TB+ which by the isometric isomorphism ξ+ =
Γ̃∗α− transforms the future metrics in terms of the
past metrics by 〈ξ+, ξ+〉TB+ = 〈Γ̃∗α−, Γ̃∗α−〉TB+ =
〈Γ̃†

∗Γ̃∗α−, α−〉TB− , and therefore AB
η = Γ̃†

∗Γ̃∗.
2) Since the quotient (9) is such that K(εα−) = K(α−)
for any scalar 0 6= ε ∈ R1 and α− ∈ TpB−, this implies
that any tangent 1-form candidate solution to the eigenvalue
problem satisfies 〈α−, α−〉TB− = 1. Therefore denote
by β− the elements of a sphere S ⊂ TB− defined by
S = {β− ∈ TB−|〈β−, β−〉TB− = 1}. By Weierstrass
theorem any continuous function supported on S (being a
compact subset) attains in there its maximum and minimum.
Express the numerator of (9) by φ : S 7→ R1, i.e. φ(β−) def=
IIB(β−, β−) = 〈AB

η β−, β−〉TB− . A point β0
− ∈ TB− is

a critical point in S if for any curve % : [−1, 1] 7→ S,
%(0) = β0

−, satisfies dφ(%)/dτ |τ=0 = 0. Performing the
operation d

dτ 〈A
B
η %(τ ), %(τ )〉TB−

∣∣
τ=0

yields,

〈AB
η %̇(0), %(0)〉TB− + 〈AB

η %(0), %̇(0)〉TB− =

〈AB
η %̇(0), β0

−〉TB−+〈AB
η β0

−, %̇(0)〉TB− = 2〈AB
η β0

−, %̇(0)〉TB−

being the last equality due to selfadjointness of AB
η . This

result implies that β0
− is a critical point of φ(β−) on S
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if AB
η β0

− is orthogonal to any tangent vectorfield %̇(0) ∈
TS . Due to the geometry of the sphere S , any tangent
vectorfield on TS is orthogonal to a (possibly scaled)
normal vectorfield on S . Thus if β0

− is an eigenform of
AB

η there is a κ scaling β0
− normal in S , implying β− is a

critical point of φ, concluding the proof.
3) By induction. Let dimW = ω for ω = 1 the result
is trivial. Assume it is true for ω = k. Let ω = k + 1, by
Thm.4.1(2) there exist at least a unitary 1-form β1

− ∈ TpB
−

of AB
η . Define locally an orthogonal complementary codis-

tribution by W ∗
1 = {α− | 〈β1

−, α−〉TB− = 0, α− ∈ TpB−}
then since 〈AB

η α−, β1
−〉TB− = 〈α−, AB

η β1
−〉TB− =

〈α−, λ1β
1
−〉TB− = λ1〈α−, β1

−〉TB− = 0, locally W ∗
1 is

an AB
η -invariant eigencodistribution, i.e. AB

η W ∗
1 ⊆ W ∗

1 . It
is easy to see that the restriction of AB

η to W ∗
1 , AB

η |W∗
1

is also self-adjoint. Since dimW ∗
1 = dimW − 1 = k

there are k-basis 1-forms {β2
−, . . . , βω

−} for W ∗
1 that are

eigenforms of AB
η |W∗

1
. Though, each eigenform of AB

η |W∗
1

must be an eigenform of AB
η . Conclude that the eigenforms

of AB
η , {β1

−, β2
−, . . . , βω

−} ∈ TpB
− must be an orthonormal

basis for TpB− at each p ∈ B and thereby TpB
− can be

partitioned locally in eigencodistributions W ∗
1 ⊕ . . .⊕ W ∗

ω .

Remark 4.1: The set of eigenforms of AB
η ,

{β1
−, β2

−, . . . , βω
−} defines a coframe for TwB− at

each w0 ∈ B and by dualization
〈
βi
−, ζ+

j

〉
TB−×TB+ = δi

j ,

i, j = 1, . . . , ω, an equivalent frame {ζ+
1 , ζ+

2 , . . .ζ+
ω } for

the dual space TwB+ is automatically defined.
Consider the submanifold B+ ⊂ W × t and a frame
{ζ+

1 (p), ζ+
2 (p), . . . ζ+

ω (p)} for its tangent space TpB+. Fur-
thermore let the dual submanifold B− ⊂ W × τ with a
coframe {β1

−, β2
−, . . . , βω

−} for its cotangent space TpB−.
In view of the past g−B = gij

− ∂i ⊗ ∂j and future metrics
g+

B = g+
ij dwi ⊗ dwj, dualization of ζ+ ∈ TwB+ into

β− ∈ T ∗
wB− can be performed by ζ+

j =
∑

i g+
ijβ

i
− and

viceversa βi
− =

∑
j gij

−ζ+
j . Let the matrix representation of

the linear map Aη : TB 7→ TB in (6) be denoted by [aij]
such that Aη(βi) =

∑ω
i=1 aijβj , furthermore the metric

(7) has the metric tensor G = [gij
− ] and let us express the

associated tensor of (8) by Q = [g+
ij].

Proposition 4.1: Under the same conditions of Thm.4.1,
AB

η = QG−1,∀ p ∈ TpB and K(β−) = det Q/ det G.

Proof: Each component of G can be calculated from
gij = 〈βi, βj〉TB− . Since 〈βj , η〉TB− = 0 for βj ∈ TB−,
η ∈ (TB−)⊥, then after derivation ∂βi〈βj , η〉TB− =
〈∂βiβj , η〉TB− + 〈βj , ∂βiη〉TB− = 0 yields
〈∂βiβj , η〉TB− = 〈βj ,−∂βiη〉TB− = 〈βj ,−∇̄ηβi〉TB− .
This implies that IIB(βi, βj) := 〈AB

η βi, βj〉TB− =
〈∂βiβj , η〉TB− . In consequence the components of Q
can be calculated from qij = 〈∂βiβj , η〉TB− . Now since
qij = 〈AB

η βi, βj〉TB− can be written as

〈
ω∑

k=1

aikβk, βj

〉

TB−

=
ω∑

k=1

aik〈βk, βj〉TB− =
ω∑

k=1

aikgkj

conclude that Q = AB
η G. Since G is a positive definite

matrix then it is invertible and multiplication by its in-
verse yields the desired result. By linear algebra arguments
K(β−) = det Q/ det G, is another expression for Gauss
(total) curvature.
The issue of trajectory approximation is closely related
to the possibility of projecting the components of the
vectorfield of a trajectory on each Hilbert submanifold on
the orthogonal (co-) frames in Rem. 4.1. The following
result provides a local orthogonal projection on the Hilbert
manifold structure for the behavior.

Proposition 4.2: Consider orthonormal frames s.t.
span{ζ+

1 , . . . , ζ+
ω } = TwB+ and span{β1

−, . . . , βω
−} =

TwB− for the Hilbert manifolds (B−, 〈·, ·〉TB−),
(B+, 〈·, ·〉TB+). Then in terms of such frames, the
orthogonal projection of any vectorfield and 1-form on a
submanifold Bred ⊆ B, dim(suppBred) = $ ≤ ω, can be
expressed in local coordinates by

ξ+
op =

$∑

i=1

〈ξ+, ζ+
i 〉TB+ζ+

i , ξ+ ∈ TwB+ (13)

αop
− =

$∑

i=1

〈α−, βi
−〉TB−βi

−, α− ∈ TwB−. (14)

Proof: Any vectorfield ξ+ ∈ TwB+ (1-form α− ∈
TwB−) can be expressed in local coordinates by a combina-
tion of their (co-) frame elements ξ+ =

∑ω
i=1 aiζ

+
i ( resp.

α− =
∑ω

i=1 biβ
i
−) for scalar functions ai, bi ∈ C∞(W),

see e.g. Chap. 8 in (Olver, 1995). In particular, let ξ+ ∈
TwB+ have an orthogonal projection ξ+

op ∈ B+
red ⊆ B+ on

a submanifold satisfying TB+
red

def= span{ζ+
1 , ζ+

2 , . . . ζ+
$},

$ ≤ ω. Then their difference ξ+ − ξ+
0 must be or-

thogonal to each element of the frame by duality, i.e.
〈ξ+ − ξ+

op, ζ+
i 〉TB+ = 0, i = 1, . . . , $ where orthogonality

can be defined in terms of the duality pairing (3). Express
ξ+
op by the $-elements of the frame. The ai satisfying
〈ξ+ −

∑$
i=1 aiζ

+
i , ζ+

i 〉TB+ = 0 is equal to the projection
of each vectorfield on the elements of the frame, i.e. ai =
〈ξ+, ζ+

i 〉TB+ . An equivalent reasoning for α− ∈ TwB−,
results in bi = 〈α−, βi

−〉TB− , concluding the proof.
The following theorem characterizes a decomposition of
K(α−) (adaptation of the classical result due to Euler).

Theorem 4.2 (Euler’s formula): Under the conditions of
Thm. 4.1, for an orthonormal frame defined by the principal
curvature directions s.t. span{β1

−, β2
−, . . . , βω

−} = TwB−

and principal curvatures {κ1(w), . . . , κω(w)}. Then the
normal curvature K(α−) in the direction α− ∈ TB−,
〈α−, α−〉TB− = 1, is given by

K(α−) =
ω∑

i=1

κi(w) cos2(θi), (15)

for w ∈ B−; where θi is the angle between 1-forms α−
and βi

−, α−, βi
− ∈ TB−.

Proof: Under the orthonormal frame {βi
−} of Prop. 4.2

any α− ∈ TwB−, ‖α−‖ = 1, can be expressed as α− =
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∑ω
i=1〈α−, βi

−〉TB−βi
−. Since ‖α−‖ = 1 then K(α−) =

〈AB
η (α−), α−〉TB− can be expressed as
〈

AB
η

ω∑

i=1

〈α−, βi
−〉TB−βi

−,

ω∑

i=1

〈α−, βi
−〉TB−βi

−

〉

TB−

=

〈
ω∑

i=1

κi(w)〈α−, βi
−〉TB−βi

−,

ω∑

i=1

〈α−, βi
−〉TB−βi

−

〉

TB−

since by orthogonality
〈
βi
−, βi

−
〉

TB− = 1, we may write

K(α−) =
ω∑

i=1

κi(w)〈α−, βi
−〉2TB−

∫ 0

−T

βi
jβ

i
j dµ(t)

=
ω∑

i=1

κi(w)〈α−, βi
−〉2TB−

and since the angle between α− and βi
− is given by θi =

angcos(〈α−, βi
−〉TB− ), yields (15).

Remark 4.2: By Gauss’ Theorema Egregium, the total
curvature

∏υ
i κi is an intrinsic quantity (i.e. preserved by

local isometries) of the submanifold of external signals
(B, 〈·, ·〉TB), B ⊂ W × T. K(α−) provides a measure
of the speed of change of %(t) ∈ B as the behavior of the
dynamical system BΣ evolves on t×W along the direction
defined by α− ∈ TB−. The normal curvature K(α−) can
be uniquely characterized in terms of the associated linear
self-adjoint operator AB

η : TB 7→ TB in Thm. 4.1.
The following result, complementary to the eigenvalue
problems discussed in (Lopezlena and Scherpen, 2006) for
Γ̃ : B− 7→ B+, is a consequence of Prop. 4.2.

Proposition 4.3 (Schmidt decomposition): The tangent
map Γ̃∗ : TB− 7→ TB+ of Γ̃ defined in Eq. (5) in
terms of its suboperators Γ and Γ†, admits the (Schmidt)
decomposition:

Γ∗α− =
ω∑

i=1

λi 〈α−, βi
−〉TB−ζ+

i , α− ∈ TB− (16)

Γ†
∗ξ

+ =
ω∑

i=1

λi 〈ξ+, ζ+
i 〉TB+βi

−, ξ+ ∈ TB+ (17)

with orthonormal (co-)frames for TwB+ and TwB− defined
by Rem.4.1.

Proof: From Eq.(13) in Prop. 4.2 with ξ+ def= Γ̃∗α−,
ξ+ ∈ TwB+, Γ̃∗α− =

∑ω
i=1〈Γ̃∗α−, ζ+

i 〉TB+ζ+
i . By

dualization ζ+
i = Γ̃∗βi

− and the inner product is writ-
ten as 〈Γ̃∗α−, Γ̃∗βi

−〉TB−×TB+ = 〈Γ̃†
∗Γ̃∗α−, βi

−〉TB− .
By Thm.4.1(3) AB

η α− = Γ̃†
∗Γ̃∗α−, thus Γ̃∗α− =∑ω

i=1〈λiα−, βi
−〉TB− ζ+

i =
∑ω

i=1 λi〈α−, βi
−〉TB−ζ+

i , i.e.
Eq.(16) with σ2

i = λi. A similar procedure yields Eq.(17).

V. LINEAR SYSTEMS

Consider the L-class of linear time-invariant behavioral
systems R( d

dt
)w(t) = 0, w(t) ∈ B+, t ≥ 0 where

R ∈ Rω×q[ξ] is a polynomial matrix, see (Polderman
and Willems, 1998). Their latent variables evolve on the

space W = Rω, along with a backward-time system
(for τ

def= −t), R( d
dτ )ŵ(τ ) = 0, ŵ(τ ) ∈ B−, τ ≤ 0

evolving on the dual space W ∗ = Rω. In particular, the
input/state/output representation (A, B, C) with state space
Rn can be identified at any point with its tangent space,
i.e. Rn = TpRn implying that Hilbert manifolds simplify
to Hilbert spaces and Lie groups are linear maps. Moreover,
nonlinear isometric operators from Def. 2.3 reduce in the
linear case to the known all pass systems in systems theory
and lossless systems in network theory, see e.g. (Green and
Limebeer, 1995), p.86. Defs. 2.4 for adjoint and 2.5 for
selfadjoint differential operators simplify to the respective
known definitions for linear operators.
The following result compiles some points discussed in this
paper restricted to the L-class (see also Rem.2.1). A proof
is not needed, see e.g. (Green and Limebeer, 1995; Wei-
land, 1991; Weiland, 1994; Roorda and Weiland, 2001).

Corollary 5.1: Let the C-class consist of linear time-
invariant behavioral systems with constant coefficients and
supply rates rr, ra : W → R1 in Eqs (11)-(12).
The following is asserted:

1) The behavioral operator in Def. 2.2 is given by
[

û(τ )
y(t)

]

f

=

[ ∫ T

0 G†(τ, t) ŷ(τ ) dτ∫ T

0 G(t, τ ) u(t) dt

]

p

,
τ ∈ τ
t ∈ t

2) The solution to the eigenproblem Γ̃(w) = σw, w ∈
W , σ2 = λ, is the Schmidt pair w = (u(t), ŷ(τ )).

3) The principal directions and normal curvatures are
solution to the eigenproblem Γ̃† Γ̃(w) = λw, w ∈ W .
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