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Resumen—Recently, a novel geometric characterization of
two nonlinear maps useful for balancing of nonlinear systems
was presented (Lopezlena and Scherpen, 2006). In this paper
is argued that such nonlinear maps could be called nonlinear
Gramians since when the theory is structurally simplified
to linear systems, –with an appropriate supply rate–, such
maps define precisely the past and future Gramians in the
linear behavioral balancing theory in (Weiland, 1994), or the
controllability and observability Gramians in (Moore, 1981).
The geometric framework is based on Hilbert submanifold
theory and Lie semigroups of diffeomorphisms, as defined in
(Lopezlena, 2004; Lopezlena and Scherpen, 2006). Derecho
reservado c© UNAM-AMCA.
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I. INTRODUCTION

Consider a set of functions {φi(t); i = 1, . . .k} continu-
ous on t ∈ [t0, t1] and let G be the k×k matrix whose (i, j)
element is defined by gi,j

def= (φi, φj) =
∫ t1

t0
φi?(t) ·φj(t)dt.

The classic result on linear independence of functions due
to J. P. Gram (Gram, 1883) asserts that the functions φi are
linearly independent if and only if det G 6= 0.
In systems and control theory, this result is commonly
used to test linear independence of vectors and linear
functionals on a state space Rn. Such linear functionals are
covectors f = [a1(t) a2(t) . . . an(t)] with time-dependent
(or otherwise constant) coefficients ai ∈ R1. Thus if the set
{fj : j = 1, . . . , k} denotes continuous linear functionals
defined throughout the interval [t0, t1] and F denotes a n×k
matrix of coefficients with the f i as rows, then the set
{f1, · · · , fk} is linearly independent iff the n×n Gramian
matrix

G =
∫ t1

t0

FF Tdt, (1)

is nonsingular, see e.g. (Chen, 1984).
The importance of the Gramians for Linear Systems Theory
cannot be underestimated. The preeminent concepts of
reachability, observability and minimal realizations can be
defined in terms of Gramians: the image of the control-
lability Gramian map is equal to the reachability space

and the kernel of the observability Gramian map is pre-
cisely the unobservable subspace. Moreover, the Gramians
are fundamental in the classical linear balanced reduction
method (Moore, 1981): A realization is balanced when
in an exponentially stable linear system the controllability
Gramian equals the observability Gramian, being called
axis-balanced when additionally both Gramians are diag-
onal with an ordered spectrum, (Curtain and Zwart, 1995).
The contribution of this paper consist in providing a con-
nection between the Gramians defined in Linear Systems
Theory and the nonlinear maps defined firstly in (Lopezlena
and Scherpen, 2006) associated to the geometric nonlinear
behavioral balancing theory.
Although there are methods to find empirical Gramians
(Hahn and Edgar, 2002), to the best of the author’s knowl-
edge, the preliminary results in (Lopezlena and Scher-
pen, 2006) are the first results on a satisfactory theory
characterizing the nonlinear Gramians. Since the structural
properties of such nonlinear maps simplify to the Gramians
defined in Linear Systems Theory, such maps could be
properly called nonlinear Gramians.
This paper continues with the differential geometry-oriented
research begun in (Lopezlena, 2004; Lopezlena and Scher-
pen, 2006) exploring the rich geometric structure behind
the nonlinear extension of Moore’s work in the way of
the behavioral balancing of (Weiland, 1994) using the
framework of dissipative systems initiated in (Lopezlena
et al., 2003) using Hilbert submanifold theory and Lie
semigroups of diffeomorphisms.
The exposition is planned as follows: In Sec. II a geometric
view of the Gramian test is presented along with alternative
geometric tools. In Sec. III the nonlinear geometric balanc-
ing theory from (Lopezlena and Scherpen, 2006) is briefly
recalled in order to introduce the nonlinear Gramians. In
Sec. IV some essential Hilbert manifold structures are
presented in order to show some structural properties of
the nonlinear Gramians. Notably, although the eigenvalues
of each Gramian may change under local isomorphic trans-
formations, the invariants of their composition do not. Such
invariants are analized here. Finally, in Sec. V the frame-
work is simplified by assuming that the group actions are
generated by a vectorfield with affine component functions.
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II. A GEOMETRIC VIEW OF THE GRAMIANS

Consider a smooth manifold M and denote a family
of tangent vectorfields by {ξa(x) = ξi

a(x) ∂xi , |a =
1, . . . , k; ξa ∈ TM}. A covector (or 1-form) associated to
M is defined as the linear functional α : TM → R in
the form α(x) = ai(x) dxi def= a dx such that the elements
of the row vector a(x) = [a1(x) a2(x) . . .an(x)] are the
components of the cotangent space T ∗M and the elements
of the vector dx = [dx1, dx2, . . .dxn] are a basis for T ∗M.
The Gram determinant has the geometric interpretation of
being equal to the n!-fold volume of the n-dimensional
polyhedron spanned by the set {ξ1, . . . , ξn}. In particu-
lar, for a pair of vectors, the Gram determinant equals
the squared area spanned by these vectors (Courant and
Hilbert, 1953). Moreover, the lower eigenvalue of the matrix
G provides a measure of the linear independence of the
vectors {ξ1, . . . , ξn}, and a measure of the flatness of
the polyhedron can be asserted in the sense that when it
becomes zero, the polyhedron colapses into a polyhedron
of (lesser) (n− 1)-dimension (Courant and Hilbert, 1953).
The Gramian-based linear independence test is guaranteed
for functions f(t) along all the interval [t0, t1]. Since
constant-coefficient linear functionals are continuous along
all states on x ∈M, such test is perfect for linear systems.
For nonlinear systems, the Gramian test should be guaran-
teed at all points x ∈ M. Though, the property of linear
independence of vectorfields is usually not the most appro-
priate condition in nonlinear systems theory. The properties
of functional independence and linear unconnectedness are
prevalent instead:
An ensemble of smooth functions {φi(t); i = 1, . . . , k}
is said to be functionally independent iff their k × n
Jacobian is such that rank(∂φi/∂xj) = k everywhere
(Olver, 1993; Elkin, 1999).
A family of vectorfields {ξa; a = 1, . . . , k} is said to be
linearly unconnected if

rank




ξ1
1(x) . . . ξn

1 (x)
...

. . .
...

ξ1
k(x) . . . ξn

k (x)


 = k ∀x ∈M. (2)

Although every linearly unconnected family of vectorfields
is linearly independent, the inverse implication may fail to
be correct, see e.g. (Elkin, 1999). Equivalently, a 1-form
{αj = ai dxi; j = 1, . . . , k} is linearly unconnected if
rank(∂αj/∂xi) = k, ∀x ∈M.
Thus, instead of using the Gramian test for nonlinear
systems, the exterior (wedge) product is a more appropriate
geometric tool: A set of k-covectors {α1, . . . , αk} is lin-
early independent iff α1 ∧ . . . ∧ αk 6= 0 and in such case
they are also linearly unconnected, see e.g. (Elkin, 1999).
Moreover, instead of insisting on viewing the Gramians as
a sort of dyadic product as in Eq. (1) see e.g. (Sorensen and
Antoulas, 2002), in this paper the Gramians are conceptu-
alized as isometric isomorphisms that project (map) some
subspace into its dual space, in particular P : C∗ 7→ C

or Q : O 7→ O∗, whenever such dual spaces are properly
identified with a duality pairing. The composition of both
maps P ◦Q :M 7→M is an automorphism, i.e., a structure-
preserving map from the subset C

⋂
O ⊂M into itself.

III. BEHAVIORAL-GEOMETRIC CONCEPTS

Let us denote a dynamical system by Σ and consider
some class C of model structure, e.g. the nonlinear system
Σ written as ẋ(t) = f(x(t), u(t)), y(t) = h(x(t)), where
x ∈ Rn are local coordinates for a C∞ state space manifold
M, f and h are C∞. The set of external variablesW ≈ Rω,
p + q ≤ ω, includes u ∈ U ⊂ Rp and y ∈ Y ⊂ Rq as
subsets. For piecewise constant control inputs u(t), u : t 7→
U , the (smooth) time varying vector field x 7→ f(x, u(t))
has an associated family of vector fields denoted by Fu =
{fu : u ∈ U}.
Evolutionary operators, otherwise called semigroups of dif-
feomorphisms, are useful for our description of dynamical
systems and for this reason we briefly recall them here:
A family {Φ(x, t), t ∈ t+, x ∈ D ⊂ M} in a class of
bounded operators inM is called a 1-parameter semigroup
if it is such that the mapping Φ : R1 ×D → D, Φ(t, x) =
φt(x) depends smoothly on t ∈ R+; φ0(x) = x and
φt2 ◦ φt1(x) = φt2+t1(x). In this paper we assume that
such semigroups are strongly continuous (C0-semigroups)
meaning that such semigroups t 7→ φt(x) are continuous
on their time subinterval for every x ∈M.
Such semigroups are generated by vectorfields in the family
Fu. We say that a vectorfield ξ(x) is a generator of a 1-
parameter group of diffeomorphisms if it is such that ξ(x) =
[∂Φ(t, x)/∂t]|t=0. We express this fact with the exponential
map expx : TxM 7→M as follows gt(x) = exp(tξ)x, see
e.g. (Olver, 1993).
Since we are interested in the foward-time and the
backward-time evolution of the system Σ, we will adopt as
notation to indicate the time direction in the conventional
forward-time evolution Σ+ by the interval t = {t|t ∈
R+} and a backward-time evolution Σ− by τ = {τ |τ =
−t, t ∈ t}. Moreover we consider two half-spaces M× t
and M∗ × τ , where M (supporting the states) and M∗

(supporting the costates) are dual spaces joined at t = 0
by duality relations at their boundary or edgeM0 andM∗

0

respectively. Under this notation, there can be defined a
semi-trajectory x(t) ∈ M× t, t ∈ t generated by a positive
semigroup and a negative semi-trajectory x̂(τ ) ∈ M∗ × τ ,
t ∈ τ generated by a negative semigroup as discussed in
the subsections that follow.

A. Forward-time evolution

In the forward-time evolution, the system Σ+ has a
solution in terms of 1-parameter C0-semigroups of diffeo-
morphisms x(t) = Φ(t; t0, x0, u(t)), using appropriately
defined piecewise-constant control inputs u(t) ∈ U defined
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by the solution of the optimal control problem

Sa(x0, ra) = sup
u(·)∈U

x0=x, T≥0

−
∫ T

0

ra(w+(t))dt, (3)

that guarantee boundedness of such semi-group actions. By
S+

G = {Φt(x)}t∈t we denote the positive semigroup of all
the elements of {Φtx(t)} evolving in forward-time. The
function (3) is known as the available storage, Sa :M→
R+ where r : W → R1, r(w(t)), is called supply rate
relative to Sa .
It is shown in (Lopezlena and Scherpen, 2006) that when-
ever Sa :M 7→ R1 exists and is smooth on (the compact)
M, the (maximal) flow {Qt(x)}t≥0 generated by the vec-
torfield ξ+

q = −∇Sa is a positive semigroup; meaning that
for all t ∈ t+, Qt(x) is defined on all M.
This nonlinear map is an important part of this paper and
we do not hessitate in defining a particular name, whose
structural implications will be presented in the following
sections:

Definition 3.1 (Future Gramian): The map homeomor-
phism Qt : t×M 7→M∗ defined by

Qt(x0) = −∇T Sa(x0), (4)

is called the nonlinear future Gramian.
More details can be reviewed in (Lopezlena, 2004; Lope-
zlena and Scherpen, 2006) and references therein.

B. Backward-time evolution

In the backward-time evolution, Σ− is solved in negative
time and defines an evolution operator map (C0-semigroup)
x̂(τ ) = Θ(τ ; τ0, x̂(0), û(τ )), τ ∈ τ where û(τ ) ∈ U∗ is
appropriately defined as the solution of the optimal control
problem

S∗
r (x̂0, rr) = − sup

û(·)∈U∗

x0=x, T≥0

∫ −T

0

rr(ŵ−(τ ))dτ , (5)

thereby boundedness of such semi-group actions is guar-
anteed and such backward-time semigroup is denoted by
S−
Fu

= {Θτ (x̂)}τ∈τ . The function (5) is called the
backward-time required supply, Sr : M∗ → R+ , where
r : W → R1, r(ŵ−(τ )), is called supply rate relative to
S∗

r .
In (Lopezlena and Scherpen, 2006) is argued that whenever
S∗

r : M∗ 7→ R1 exists and is smooth on (the compact)
M∗, the (maximal) flow {P τ (x̂)}τ≤0 generated by the
vectorfield ξ−p = −∇S∗

r is a negative semigroup on M∗ ×
τ ; meaning that for all τ ∈ τ , P τ (x̂) is defined on allM∗.
Again this nonlinear map is defined with a name that will
find justification in the next sections:

Definition 3.2 (Past Gramian): The map homeomor-
phism P τ : τ ×M∗ 7→ M defined by

P τ (x̂0) = −∇T S∗
r (x̂0) (6)

is called the nonlinear past Gramian.
See (Lopezlena, 2004; Lopezlena and Scherpen, 2006) and
references therein for details.

C. Group extension and nonlinear balancing

Although both semigroup actions have been generated
from the solutions of Σ, in forward and backward time, the
generating vectorfields of such actions can be completely
different. Indeed, there is no reason to believe a priori
that the integral trajectories of a tangent vectorfield ξ are
defined for both positive t ∈ R+ and negative τ ∈ R−

evolving times. When such ξ generates integral trajectories
for all times (positive and negative), then ξ(x) is a complete
vector field and the family Fu is complete. For instance the
vectorfield ξ(x) = x2 is not complete on any submanifold
of R1\{0}, (Agrachev and Sachkov, 2004).
In this subsection in terms of Defs. 3.2 and 3.1, we present
the balancing condition presented first in (Lopezlena, 2004)
and in (Lopezlena and Scherpen, 2006) in terms of Lie
semigroups of diffeomorphisms.
Consider the set of points at the edge M0. Since each
edge-point x0 ∈ M0 defines uniquely a positive semi-
trajectory x+(t) ∈M in forward-time and analogously for
x̂−(τ ) ∈ M∗ in backward-time, then the duality identifi-
cation between such spaces defines the required condition
to define a complete integral trajectory, namely the semi-
groups Φt(x), t ∈ t and Θτ (x̂), τ ∈ τ must be such that
{

[Θτ (x̂−(τ ))]−1 = Φt(x+(t)), s.t.

[∇xΘτ (x̂−(τ ))]−1
τ=0 = ∇xΦt(x+(t))|t=0 , is regular

(7)
is satisfied. Let G(Fu) denote the (connected) Lie group
of diffeomorphisms in M generated by the union of
{exp tξ|t ∈ t, ξ ∈ Fu}. Such complete vectorfield ξ
generates the group G(Fu) = {Φt(x)}t∈t and more-
over it is the unique group extension, see e.g. (Hofmann
and Lawson, 1983), whenever G(Fu) is connected and
the tangent wedge of SFu , defined as £(SFu) def=
{ξ ∈ £(G(Fu))| exp(tξ) ⊆ SFu} is a Lie-semialgebra,
(Mirotin, 2001). Furthermore, such unique group extension
G(Fu) = Φt(x(t)), G(Fu) = S+

Fu

⋃
S−
Fu

, defines the
flow of Σ, being the smallest local group containing S+

Fu
,

(Hofmann and Lawson, 1983).
The group extension condition (7) serves as a basis to
provide a nonlinear balancing condition equivalent to the
linear balancing condition in terms of the past and future
(otherwise controllability and observability) Gramians. Fur-
thermore, in (Lopezlena and Scherpen, 2006) is shown the
existence of a Legendre transform relating both dual spaces
with a duality pairing.
At this point the use of Hilbert manifold structures is
unavoidable in order to show the structural relationships
of the Gramians using semigroups.

D. Hilbert manifold structures

A Riemannian Hilbert manifold M is a differentiable
manifold locally modelled on a separable Hilbert space
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(Palais, 1963; Lang, 1999). Being M Riemannian, it is
endowed with an inner product gM for TxM equivalent to
the inner product 〈·, ·〉 in (dF, 〈·, ·〉) for all x ∈M, where F
consists of (the equivalence class of) Lebesgue-measurable,
(square) integrable functions mapping the interval [a, b] into
Rn, denoted by Ln

2 [a, b]. We require four Hilbert manifold
structures detailed in (Lopezlena and Scherpen, 2006).
The first one characterizes the natural duality of the state
and costate spaces of the compact, differentiable, manifold
(M, 〈·, ·〉TM) where the internal system trajectories and
associated functions are supported and endowed by inner
products 〈ξ, ζ〉TM and 〈α, β〉T∗M defined in (Lopezlena
and Scherpen, 2006). Duality between these two spaces is
identified with a duality pairing 〈α, ξ〉T∗M×TM.
A second Hilbert structure, completely analog to the pre-
vious structure, characterizes the space of external signals
(W, 〈·, ·〉TW) and its dual.
The third and fourth Hilbert structures are defined by duality
of the halfspaces of pastM∗×τ and futureM× t system
trajectories and the pastW∗×τ and futureW×t behavioral
trajectories. Each pair of spaces consist of intertwined
dual manifolds with forward-time evolution in M× t and
backward-time evolution in M∗ × τ . The edge can always
be defined by dualization.
The system trajectories x ∈ M, x̂ ∈ M∗ with tangent
vectorfields ξ ∈ TM, α ∈ T ∗M are on Hilbert manifolds
(M × t, 〈·, ·〉TMt

+
) and (M∗ × τ , 〈·, ·〉T∗Mτ

−
) furnished

with inner products

〈α1
−, α2

−〉TMτ
−

def=
1
2

∫ −T

0

iα̂−
1
α2
− + iα̂−

2
α1
− dµ(τ ), (8)

〈ξ+
1 , ξ+

2 〉TMt
+

def=
1
2

∫ T

0

iξ+
1
ξ̂2
+ + iξ+

2
ξ̂1
+ dµ(t), (9)

where αi
− ∈ T ∗Mτ

−, ξ+
i ∈ TMt

+ and hats denote duality,
cfr. (Lopezlena and Scherpen, 2006). Duality between these
spaces is identified with a duality pairing

〈ξ+, α−〉T∗Mτ
−×TMt

+

def=
∫ T

0

iξ+Ξ∗ α− dµ(t), (10)

for ξ+ ∈ TMt
+,α− ∈ T ∗Mτ

− and a surjective isometry
Ξ :Mτ

− 7→ Mt
+, ‖α−‖T∗Mτ

−
= ‖ξ+‖TMt

+
.

Remark 3.1: The duality paring can be defined for an
alternative surjective isometry Ξ† :Mt

+ 7→ Mτ
− by

〈ξ+, α−〉TMt
+×T∗Mτ

−

def=
∫ −T

0

iα−Ξ†
∗ξ

+ dµ(τ ). (11)

The halfspaces of behavioral trajectories (B−, 〈·, ·〉TB−)
and (B+, 〈·, ·〉TB+) are endowed with inner products
〈ᾱ1

−, ᾱ2
−〉TB− , 〈ξ̄+

1 , ξ̄+
2 〉TB+ and duality is identified with

a duality pairing 〈ξ̄+, ᾱ−〉TB−×TB+ see their definition in
(Lopezlena, 2006) in this Congress. Influenced by the past
B− ⊂ W∗×τ , the system trajectories are used to define the
future behavior B+ ⊂ W×t. The behavior and the system
trajectories are related by two storage functions S∗

r (x̂0, rr),

Sa(x0, ra) associated to system Σ as follows:

S∗
r (x̂0, rr)

def= 〈α−, α−〉TMτ
−

= g−B(w−, 0), (12)

Sa(x0, ra)
def= 〈ξ+, ξ+〉TMt

+
= g+

B(w+, 0). (13)

where the past and future metrics of the behavior g−B(w−, 0)
and g+

B(w+, 0) are defined in (Lopezlena, 2006).

IV. STRUCTURE OF THE NONLINEAR GRAMIANS

In (Lopezlena and Scherpen, 2006) is argued that if
the Gramians (4) and (6) from Defs. 3.1, 3.2, satisfy the
following condition

{
[P τ (x̂(τ ))]−1 = Qt(x(t)), s.t.[
∇2

x̂S∗
r (x̂, rr)

]−1 = ∇2
xSa(x, ra), is regular

(14)

then the system Σ is balanced and (14) is called the
balancing condition. In the following result is shown that
such condition (14) defines the isometric isomorphism of a
duality pairing, i.e., duality is provided with an isometric
bijective map with inverse map such that both are structure-
preserving:

Proposition 4.1: Assume the system trajectories of Σ are
supported on the Hilbert manifolds (M× t, 〈·, ·〉TMt

+
) and

(M∗ × τ , 〈·, ·〉T∗Mτ
−
). The following can be asserted:

1) Such Hilbert manifolds are dual for the duality pairing
〈·, ·〉T∗Mτ

−×TMt
+

: T ∗Mτ
− × TMt

+ 7→ R1 defined
in Eq. (10) by a surjective isometry Ξ(x̂0(τ )) =
P τ (x̂0(τ )) defined in Eq. (6).

2) Such Hilbert manifolds are dual for the duality pairing
〈·, ·〉TMt

+×T∗Mτ
−

: TMt
+ × T ∗Mτ

− 7→ R1 defined

in Eq. (11) by a surjective isometry Ξ†(x(t)) =
Qt(x(t)) defined in Eq. (4).

3) When the balancing condition (14) is satisfied, both
duality pairings (10) and (11) are equivalent.

4) The composition maps Υ def= P τ ◦Qt :Mt
+ 7→ Mt

+ ,
Υ† = Qt ◦ P τ :M∗τ

− 7→ M∗τ
− satisfy

〈ξ, Υ∗ζ〉TMt
+

= 〈Υ∗ξ, ζ〉TMt
+
, (15)

〈α−, Υ†∗β−〉T∗Mτ
−

= 〈Υ†∗α−, β−〉T∗Mτ
−
, (16)

for ξ, ζ ∈ TMt
+, α−, β− ∈ T ∗Mτ

− and thus are
selfadjoint automorphisms in this sense.

Proof: For appropriate definitions of isometry and
duality pairing, see (Lopezlena, 2006). Since an abstract
dual pairing 〈·, ·〉T∗Mτ

−×TMt
+

must be such that for each
continuous linear functional α− ∈ T ∗Mτ

− there is a unique
element α̂+ ∈ TMt

+ satisfying ‖α̂+‖TMt
+

= ‖α−‖T∗Mτ
−

(by Riesz representation theorem).
1) In particular duality of α− with α̂+ implies that

〈α−, α−〉T∗Mτ
−
=〈α̂+, α−〉T∗Mτ

−×TMt
+
=〈α̂+, P τ∗ α−〉TMt

+

for some isometry P τ : M∗τ
− 7→ Mt

+ s.t. α̂+ = P τ∗α−
(invertibility is not required).
2) With a similar reasoning, duality of ζ+ with ζ̂− implies

〈ζ+, ζ+〉TMt
+
=〈ζ̂−, ζ+〉TMt

+×T∗Mτ
−
=〈ζ̂−, Qt

∗ ζ+〉T∗Mτ
−
,
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for some isometry Qt : Mt
+ 7→ M∗τ

− s.t. ζ̂− = Qt
∗ζ

+

(invertibility is not required).
3) The duality pairs in Eqs. (10) and (11) are not necessarily
equivalent, since Qt and P τ are just surjective isometries.
Whenever Eq. (14) is satisfied such maps become bijective
isometries. The following relation is verified:

〈α−, Qt
∗ α̂+〉T∗Mτ

−
= 〈P τ∗α−, α̂+〉TMt

+
, (17)

and Eqs. (10) and (11) are equivalent.
4) Since the map Υ(x(t)) def= P τ ◦ Qt(x(t)) is such that
Υ−1(x(t)) def= [P τ ◦ Qt]−1(x(t)) its tangent map satisfies
Υ−1

∗ = [Qt
∗]−1 · [P τ∗]−1 = P τ∗Qt

∗ = Υ∗, due to Eq. (14).
Such map satisfies (15) and thus it is selfadjoint in that
sense. An equivalent procedure follows for (16).
A commutative diagram for this situation follows:

Mt
+

Qt=[Pτ ]−1

−−−−−−−→ M∗τ
−

πMt
+

x
xπM∗τ

−

TMt
+

Qt
∗−−−−→ T ∗Mτ

−

(18)

In the reminder of the section, the geometric structure of
the nonlinear Gramians is presented.
Consider the set of input trajectories {u(t)|u(t) ∈ U , t ∈
t} on the set of admisible inputs U such that a point
x0 ∈ M can be reached from the origin following a
trajectory x(t). We assert that ui is equivalent to uj ,
ui ≡ uj mod x(t), ui, uj ∈ U , if both produce the
same trajectory x(t) = G(ui) = G(uj) where G : U 7→
M defines a (regular by assumption) equivalence relation
uiGuj. Furthermore, consider the set of state trajectories
{x(t)|x(t) ∈M0, x(0) = x0, t ∈ t} that produce an output
y(t) ∈ Y. We assert that xi is equivalent to xj, xi ≡ xj

mod y(t), xi, xj ∈ M, if both produce the same output
trajectory y(t) = h(xi) = h(xj) where h :M 7→ Y defines
a (regular by assumption) equivalence relation xi h xj . The
following definitions are used throughout:

Definition 4.1: Denote by h−1 : Y 7→ M, x(t) =
h−1(y(t)) the inverse map of h and denote by g−1 :M 7→
U , u(t) = g−1(x(t)) the inverse map of G.

Definition 4.2: Associated to system Σ define the follow-
ing operators Ψp : L2[−T, 0] 7→ Rn, Ψf : Rn 7→ L2[0, T ]
by

Ψpu(t) def= [Θ−1][−T,0]x−T , (19)

Ψf (x0) def= h ◦Φ[0,T ]x0, (20)

where Θ ∈ S−
Fu

and Φ ∈ S+
Fu

. The composition of Eq.
(19)-(20) defines the operator Γu(t) = Ψf ◦ Ψp ◦ u(t).
Moreover, using Def. 4.1, the adjoint operators Ψ†

p : Rn 7→
L2[−T, 0], Ψ†

f : L2[0, T ] 7→ Rn are defined by

Ψ†
p(x̂0) def= g−1 ◦Θ[0,−T ]x̂0, (21)

Ψ†
f ŷ(τ ) def= [Φ−1∗][T,0] ◦ h−1(ŷ(τ )), (22)

where Φ ∈ S+
Fu

, Θ ∈ S−
Fu

. The composition of the Eq. (21)
and (22) defines the operator Γ† ŷ(τ ) = Ψ†

p ◦Ψ†
f ◦ ŷ(τ ).

Proposition 4.2: The past and future Gramians P τ , Qt

defined in Def. 3.2 and Def. 3.1 are such that:
1) They can be alternatively written as (respectively)

P τ (x̂0) = Ψp ◦Ψ†
p(x̂0) and Qt(x0) = Ψ†

f ◦Ψf (x0).
2) For 0 6= σ2

i = λi ∈ R+, i = 1, ..., n the eigenproblem
{

Qt ◦ x+
i (t) = σi x̂−

i (τ ),
P τ ◦ x̂−

i (τ ) = σi x+
i (t), (23)

is equivalent to the singular value problem
{

Υ ◦ x+
i (t) = λi x+

i (t),
Υ† ◦ x−

i (τ ) = λi x−
i (τ ). (24)

3) Let P t ◦ x+
i (t) def= [P τ ]−1 ◦ x+

i (t) and Qτ ◦ x̂−
i (τ ) def=

[Qt]−1 ◦ x̂−
i (τ ). Then (23) and (24) are equivalent to

{
Qt ◦ x+

i (t) = λiP
t ◦ x+

i (t),
P τ ◦ x̂−

i (τ ) = λiQ
τ ◦ x̂−

i (τ ).
(25)

Proof: 1) Express the maps (19)-(22) in a diagram:

Y Ψf←−−−− M0
Ψp←−−−− U

∗
∥∥∥ ∗

∥∥∥ ∗
∥∥∥

Y∗ Ψ†
f−−−−→ M∗

0

Ψ†
p−−−−→ U∗

It can be discerned that duality of M0 with M∗
0 can be

attained by the alternative maps presented.
2) From (23a), x̂−

i (τ ) = 1
σi

Qt ◦ x+
i (t), thus P τ ◦ Qt ◦

x+
i (t) = σ2

i x+
i (t), i.e. (24a). Take (23b), x+

i (t) = 1
σi

P τ ◦
x̂−

i (τ ), thus Qt ◦ P τ ◦ x̂−
i (τ ) = σ2

i x̂−
i (τ ), i.e. (24b).

3) From (23a) x+
i (t) = σiQ

τ ◦ x̂−
i (τ ) in (23b) yields (25b).

From (23b) x̂−
i (τ ) = σiP

t ◦x+
i (t) in (23a) yields (25a).

In (Lopezlena, 2006) Gauss’ Curvature Theory was used
to characterize the invariants of behavior B ⊂ W × T.
Similar results can be obtained forM. The following result
compiles the relevant results in this regard.

Theorem 4.1: Let the system trajectories of Σ be sup-
ported by the Riemannian Hilbert manifolds (M ×
t, 〈·, ·〉TMt

+
) and (M∗ × τ , 〈·, ·〉T∗Mτ

−
) endowed with the

inner products (8)-(9) and with duality identified by (10).
Furthermore assume that Eqs. (12)-(13) determine the past
and future metrics by g−M∗(x̂−, 0) def= g−B(ŵ−, 0) and
g+
M(x+, 0) def= g+

B(w+, 0) respectively. The following can
be asserted:

1) The curvature can be expressed by

K(α−) def=
IIM(α−, α−)
IM(α−, α−)

=
〈Υ†∗α−, α−〉T∗Mτ

−

〈α−, α−〉T∗Mτ
−

, (26)

s.t. IM(α−, α−) = S∗
r (x̂0, rr) and IIM(α−, α−) =

〈AM
η (α−), α−〉TM− , with Shape operator given by

AM
η (α−) = Υ†∗α− = (Qt ◦ P τ )|∗α− = Qt

∗P
τ∗α−,

α− ∈ TMτ
−, η ∈ (TMτ

−)⊥.
2) A 1-form β− ∈ TMτ

−, 〈β−, β−〉TMτ
−

= 1 is solution
to the eigenvalue problem associated to K(β−) in
(26) iff β− is an eigenform of AM

η .
3) The set of eigenforms of AM

η , {βi
− |i = 1, . . .n; βi

− ∈
TpMτ

−}, defines an orthonormal coframe of TpMτ
−.
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Furthermore TpMτ
− can be locally spanned by a

partition of eigencodistributions M∗
1 ⊕ · · · ⊕M∗

n.
4) The frame {ζ+

1 , ζ+
2 , . . . ζ+

n } defined by dualization of
the coframe in Thm 4.1(3) spans TpMt

+.
5) Given a vectorfield ξ+ ∈ TpMt

+, its local orthog-
onal projection ξ+

op ⊂ TpMt
+red on a submanifold

Mt
+red ⊂ Mt

+, s.t. TpMt
+red = span{ζ+

i ; i ∈
m, m ≤ n} is given by

ξ+
op =

m∑

i=1

〈ξ+, ζ+
i 〉TMt

+
ζ+
i , ξ+ ∈ TpMt

+

αop
− =

m∑

i=1

〈α−, βi
−〉TpMτ

−
βi
−, α− ∈ TpMτ

−.

6) The operators Υ, Υ† admit a (spectral) decomposition

Υ∗ξ
+ =

n∑

i=1

λi 〈ξ+, ζ+
i 〉TMt

+
ζ+
i , ξ+ ∈ TpMt

+, (27)

Υ†∗α− =
n∑

i=1

λi 〈α−, βi
−〉TMτ

−
βi
−, α− ∈ TpMτ

−. (28)

Proof: 1) Consider a system trajectory x = x̂−(τ ) ∧
x+(t) with tangent vectorfields α− ∈ TpMτ

− and α̂+ ∈
TpMt

+ . The future metric g+
M(x+, 0) = 〈α̂+, α̂+〉TMt

+
can

be induced to the past from substitution of α̂+ = P τ∗α−
on Eq. (17), i.e. 〈α−, Qt

∗P
τ∗α−〉T∗Mτ

−
= 〈α̂+, α̂+〉TMt

+
.

Dividing this latter result by the past metric g−M∗(x̂−, 0) def=
IM(α−, α−) yields the quotient (26) with the Shape oper-
ator indicated.
2)-5) These results can be proved mutatis mutandis from
the proofs in the theory developed in (Lopezlena, 2006).
6) From Thm.4.1 (5) Υ∗ξ

+ =
∑n

i=1〈Υ∗ξ
+, ζ+

i 〉TMt
+
ζ+
i

and Υ†∗α− =
∑n

i=1〈Υ†∗α−, βi
−〉TpMτ

−
βi
− which (using

(24) at the tangent space) may be written otherwise as
Eqs.(27)-(28).

V. C-CLASS SIMPLIFIED TO THE L-CLASS

In terms of C-class complexity, the L-class of linear
time-invariant systems is structurally the simplest, since the
(Euclidean) state space Rn can be identified at any point
with its tangent space, i.e. Rn = TpRn, Hilbert manifolds
simplify to Euclidean Hilbert spaces and Lie group actions
consist of linear maps.
Let us assume the behavior is internally reconstructed by
the L-class of linear time-invariant systems Σ+ : ẋ(t) =
Ax(t) + Bu(t), y(t) = Cx(t), t ≥ 0. whose states evolve
on the state space M = Rn. With a slight variation on the
approach taken by (Weiland, 1994), consider a backward-
time system (with τ := −t) Σ− : ˙̂x(τ ) = −Ax̂(τ ) −
BT û(τ ), ŷ(τ ) = Cx̂(τ ), τ ≤ 0, evolving on the costate
space M∗ = Rn.
The following result collects known facts of linear balancing
theory subsumed to the framework of this paper, for a
proof see e.g. (Moore, 1981; Weiland, 1994; Curtain and
Zwart, 1995; Sorensen and Antoulas, 2002), etc.

Corollary 5.1: For L-class dissipative systems Σ+ and
Σ− the following applies:

1) Their storage functions (5)-(3), have the form
S∗

r (x̂0, rr) = 1
2 x̂T

0 P x̂0 and Sa(x0, ra) = 1
2xT

0 Qx0,
P, Q ∈ L(M, M∗).

2) For general supply rates rr = ra, the Gramians P and
Q are the extreme solutions of a Riccatti equation.

3) By the balancing condition (14), [P x̂]−1 = Qx, there
is a group extension and a unique flow is defined.

4) For Υ def= P−1Q the eigenproblem (24) yields the
principal directions and normal curvatures.

5) There is a subspace partition M = M1 ⊕ . . .⊕Mn.
6) Assuming asymptotic stability, with rr = uT u and

ra = yT y (u(t) = 0, 0 ≤ t ∈ t+), P and Q are
solution of two known Lyapunov equations.
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