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Abstract— In this paper, we design a position/force con-
troller for cooperative robots during constrained motion.
The proposed scheme is based on the knowledge of the
manipulators dynamics and does not require measurements
of link velocity nor end-effector contact forces. A well-know
velocity observer and the design of a force observer are used.
The validity of the proposed method is verified by means of
simulation results.

I. INTRODUCTION

The interaction between a robot manipulator and its
environment is generally referred as constrained motion
[1], [2], [11]. Among the different approaches to control
force and position of this kind of systems, there are
two main branches. One is to feedback the contact
force and the direct calculation of the contact force by
using the constrained manipulator model. To reduce
costs, it is desirable to design a controller based on a
estimated contact force. In [3] is developed a nonlinear
transformation to convert the constrained system into
two reduced subsystems. In this strategy, the elimination
of measurements can be accomplished by utilizing
asymptotic observers to estimate the contact force. In [5]
a force control strategy is proposed by using an estimated
contact force. In [6] two types of force observers are
designed for constrained robot systems. In this model, the
algebraic variables are regarded as state variables without
differential equations. In [12] the problem of designing
a position/force controller during constrained motion
is considered. The proposed controller is based on the
exact knowledge of the system dynamics and does not
require measurements of link velocity nor end–effector
forces. In [13] an adaptive approach is proposed, which
does not require velocity measurements. This method,
however, has the disadvantage that a transformation has
to be accomplished on line.

Another interesting problem regarding force control arises
when two or more robots firmly hold an object. In this
case, desired forces have to be chosen so as to guarantee
that the object will not fall down or spin. An important
work on this subject is given in [15], [16] where a simple
controller without force feedback is proposed by using the
joint-space orthogonalization scheme, which decouples
position and force signals in the joint spaces. However,

their approach still needs velocity measurement and no
experimental results are presented. While the velocities
can be computed numerically, this may be not desirable,
because recent experimental results have suggested that
a (digitalized) observer in a control law has a better
performance than numerical differentation [7]- [10]. In
[9] an implicit force controller for cooperative robots is
presented which does not require neither velocity nor
force measurements; however, its performance decreases
at low velocities.

In this paper, the principle of orthogonalization is used
to design a decentralized position/force tracking controller
for cooperative robot systems which is based on observers
of joint velocity and contact force variables. Stability
is proved by using energy-based Lyapunov functions.
Simulation results are in good agreement with the de-
veloped theory. The paper is organized as follows. In
Section II, the system model and its properties are given.
The proposed control and observers laws are presented
in Section III, while Section IV shows simulation results.
Finally, Section V gives some conclusions.

II. COOPERATIVE SYSTEM MODEL

Consider a cooperative system withl–fingers, each of
them with ni degrees of freedom andmi constraints
arising from the contact with a held object. Then, the total

number of degrees of freedom is given byn =
l∑

i=1

ni with

a total number ofm =
l∑

i=1

mi constraints, whereni > mi.

The dynamics of thei–th finger is given by [14]

Hi(qi)q̈i + Ci(qi, q̇i)q̇i + Diq̇i + gi(qi)
= τ i + JT

ϕi
(qi)λi, (1)

where qi ∈ Rni is the vector of generalized joint co-
ordinates,Hi(qi) ∈ Rni×ni is the symmetric positive
definite inertia matrix,Ci(qi, q̇i)q̇i ∈ Rni is the vector
of Coriolis and centrifugal torques,gi(qi) ∈ Rni is
the vector of gravitational torques,Di ∈ Rni×ni is the
positive semidefinite diagonal matrix accounting for joint
viscous friction coefficients,τ i ∈ Rni is the vector of
torques acting at the joints, andλi ∈ Rmi is the vector
of Lagrange multipliers (physically represents the force
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applied at the contact point).Jϕi(qi) = ∇ϕi(qi) ∈
Rmi×ni is assumed to be full rank in this paper.∇ϕi(qi)
denotes the gradient (or the Jacobian matrix) of the object
surface vectorϕi ∈ Rmi which maps a vector onto the
normal plane at the tangent plane that arises at the contact
point described by

ϕi(qi) = 0. (2)

Note that equation (2) means that homogeneous
constraints are being considered. The complete system is
subjected tom holonomic constraints given byϕ(q) = 0,
where ϕ(q) = ϕ(q1, . . . , ql) ∈ Rm. This means that
the object being manipulated and the environment are
modeled by the constraintϕ(q) = 0. By considering
revolute joins for simplicity the following property can
be established.

Property 1: The vectorq̇i can be written as

q̇i
4
= Qi(qi)q̇i + J+

ϕi
(qi)ṗi,

where Qi(qi) = I − J+
ϕi

Jϕi and J+
ϕi

=

JT
ϕi

(
JϕiJ

T
ϕi

)−1

∈ Rni×mi stands for the

Penrose’s pseudoinverse andQi ∈ Rni×ni satisfies
rank (Qi) = ni − mi. These two matrices are
orthogonal, i.e. QiJ

+
ϕi

= O (and QiJ
T
ϕi

= O).

ṗi
4
= Jϕi q̇i ∈ Rmi is the so called constrained velocity.

Furthermore, in view of constraintϕ(q) = 0, it holds
l∑

i=1

ṗi = 0 and
l∑

i=1

pi =
l∑

i=1

∫ t

0
Jϕi(qi(ϑ))q̇i(ϑ)dϑ = 0.

Since homogeneous constraints are being considered, it
also holds in view of (2) that

ṗi = 0 and pi = 0, (3)

for i = 1, . . . , l. pi is called the constrained position.4

Note that, in fact, one haṡqi = Qiq̇i. Other useful
and very well-known properties can be seen in [7] We
omit them here for lack of room.

To be able to design the control–observer scheme,
the following assumption given in [9] is made.

Assumption 1:The l robots of which the system is
made up satisfy constraints (2) for all time. Furthermore,
none of the robots is redundant nor it is in a kinematic
singularity (the Jacobian matrix of each manipulatorJ i,
is not rank-deficient). 4

III. C ONTROL WITH VELOCITY ESTIMATION

To design the control law, consider model (1) and define
the tracking, observation, force and constrained position

errors given in [7] asq̃i
4
= qi − qdi, zi

4
= qi − q̂i,

∆λi
4
= λi − λdi and ∆pi

4
= pi − pdi, respectively,

where qdi is a desired smooth bounded trajectory,pdi

is the desired constrained position which satisfies (3) (i.e.

pdi = 0), (̂·) represents the estimated value of(·) andλdi

is the desired force to be applied by each finger on the
constrained surface. So as to overcome the lack of force
measurements, on the contrary to the work by [9], where
only the knowledge of (2) is exploited, an estimated value
of λi, is computed,i.e. λ̂i. The corresponding observation

error is given by∆λ̄i
4
= λi − λ̂i. Other definitions are

q̇ri
4
= Qi(qi) (q̇di − λi (q̂i − qdi))

+ J+
ϕi

(qi)
(
ṗdi − βi∆pi + ξi∆F̃ i

)
, (4)

si
4
= q̇i − q̇ri = Qi(qi)

( ˙̃qi + λiq̃i − λizi

)

+ J+
ϕi

(qi)
(
∆ṗi + βi∆pi − ξi∆F̃ i

)
, (5)

∆F̃ i
4
=

∫ t

0

∆λ̃idϑ, (6)

where∆λ̃i=λ̂i − λdi, is an auxiliary force error which
is not included in [9]λi = kiI ∈ Rni×ni with ki > 0,
and ξi ∈ Rmi×mi are diagonal positive definite matrix,
andβi is a positive constant. Note that, in fact,ṗdi = 0,
∆ṗi = 0 and∆pi = 0. However, we write them explicitly
for mathematical analysis. To get (5), the identityq̂i −
qdi = q̃i − zi has been used. Our goal is to used the
same velocity observer as the one given in [9] thus, we
use again, forQi(qi) ∈ Rni×ni , the definition

˙̂
Qi(qi, q̇oi)

4
=




∂a11(qi)
∂qi

q̇oi · · · ∂a1ni(qi)
∂qi

q̇oi

...
...

∂ani1(qi)
∂qi

q̇oi · · · ∂anini(qi)
∂qi

q̇oi




, (7)

whereaαβ is theαβ element ofQi(qi) and

q̇oi
4
= ˙̂qi − λizi. (8)

Then, one can compute

˙̄Qi(qi, ri)
4
= Q̇i(qi, q̇i)− ˙̂

Qi(qi, q̇oi), (9)

where
ri

4
= q̇i − q̇oi = żi + λizi. (10)

In view of (7), we propose the following substitution for
q̈ri

¨̂qri
4
= Qi(qi)

(
q̈di − λi

(
˙̂qi − q̇di

))
(11)

+ J+
ϕi

(qi)
(
p̈di − βi (ṗi − ṗdi) + ξi∆λ̃i

)

+ ˙̂
Qi(qi, q̇oi) (q̇di − λi (q̂i − qdi))

+ ˙̂
J+

ϕi
(qi, q̇oi)

(
ṗdi − βi∆pi + ξi∆F̃ i

)
,

where ṗi = ṗdi = p̈di = 0 to satisfy (2) and (3).
˙̂
J+

ϕi
(qi, q̇oi) and ˙̄J+

ϕi
(qi, ri) are defined likewise as

˙̂
Qi(qi, q̇oi) and ˙̄Qi(qi, ri), respectively.
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After some manipulation, it is possible to get¨̂qri = q̈ri +
ei(ri), where

ei(ri)
4
= − ˙̄Qi(qi, ri) (q̇di − λiq̃i + λizi) (12)

− ˙̄J+
ϕi

(qi, ri)
(
ṗdi − βi∆pi + ξi∆F̃ i

)
.

The proposed controller is then given for each single input
by

τ i
4
= Hi(qi)¨̂qri + Ci(qi, q̇ri)q̇ri + Diq̇ri

(13)

+ gi(qi)−KRi (q̇oi − q̇ri)
− JT

ϕi
(qi)(λdi − kFi∆F̃ i − ζi ∆λ̃i),

where KRi ∈ Rni×ni is a diagonal positive definite
matrix andkFi is a positive constant. Note that from (5)
and (10) it isq̇oi − q̇ri = si − ri. By substituting (13)
into (1), the closed loop dynamics becomes after many
manipulation

Hi(qi)ṡi = −Ci(qi, q̇i)si −KDRisi + KRiri(14)

+ JT
ϕi

(qi)
[
∆λi + kFi ∆F̃ i + ζi ∆λ̃i

]

− Ci(qi, q̇ri)si + Hi(qi)ei(ri),

where KDRi

4
= KRi + Di. In order to get (14), the

propertyCi(qi,xi)yi = Ci(qi, yi)xi has been used.

The proposed joint velocity observer is given by

˙̂qi = ˙̂qoi + λizi + kdizi, (15)
¨̂qoi = ¨̂qri + kdiλizi, (16)

wherekdi is a positive constant. To get the observer error
dynamics, we note that from (15) one has¨̂qoi = ¨̂qi −
λiżi−kdiżi, and (16) becomeṡsi = ṙi +kdiri +ei(ri),
in view of ¨̂qri = q̈ri + ei(ri). By multiplying both sides
by Hi(qi), and by taking into account (14), one gets

Hi(qi)ṙi = −Hrdiri −Ci(qi, q̇i)si (17)

− Ci(qi, q̇ri)si −KDRisi

+ JT
ϕi

(qi)
[
∆λi + kFi ∆F̃ i + ζi ∆λ̃i

]
,

where Hrdi

4
= kdiHi(qi) − KRi

. Finally, by using
Ci(qi,xi)yi = Ci(qi,yi)xi again and more manipula-
tion, it is

Hi(qi)ṙi = −Ci(qi, q̇i)ri −Hrdi
ri (18)

+ Ci(qi, si + q̇ri)ri

− Ci(qi, si + 2 q̇ri)si −KDRisi

+ JT
ϕi

(qi)
[
∆λi + kFi ∆F̃ i + ζi ∆λ̃i

]
.

Now, an asymptotic force observer will be designed for
the dynamic system (1). Multiplying both sides of (1) by
J+

ϕi

T
(qi), we obtain

J+
ϕi

T
(qi)J

T
ϕi

(qi)λi = J+
ϕi

T
(qi){Hi(qi)q̈i (19)

+ Ci(qi, q̇i)q̇i + Diq̇i

+ gi(qi)− τ i}

Since we haveJ+
ϕi

T
JT

ϕi
= (JϕiJ

+
ϕi

)T, then by substitut-

ing J+
ϕi

, we obtain
[
JϕiJ

T
ϕi

(JϕiJ
T
ϕi

)−1
]T

= I. Finally,
the force applied by a robot at the contact point is given
by

λi = J+
ϕi

T
(qi){Hi(qi)q̈i + Ci(qi, q̇i)q̇i

+ Diq̇i + gi(qi)− τ i}. (20)

Based on (20), we propose the following force observer

λ̂i = J+
ϕi

T
(qi){Hi(qi)¨̂qri + Ci(qi, q̇ri)q̇ri

+ Diq̇ri + gi(qi)− τ i}, (21)

After substituting the proposed control law (13) in (21)
and some manipulation we can obtain the simplified
dynamics of the estimated contact force as follows

λ̂i =
1

1 + ζi

[
J+

ϕi

T
(qi)KRi (q̇oi − q̇ri)− kFi∆F̃ i

]

+ λdi. (22)

Now, let us define

xi
4
=

[
sT

i rT
i ∆F̃

T

i

]T

, (23)

as state for (6), (14) and (18). The main idea of the
control–observer design is to show that whenever‖xi‖
is bounded and tends to zero, the tracking errorsq̃i,
˙̃qi, ∆λi, the observation errors∆λ̄i, zi, żi, and the
auxiliary force errors∆λ̃i and ∆F̃ i, will do it as well.
From (10), this is rather obvious forzi and żi.

In fact, if xi is bounded byxmaxi and tends to zero,
then it can be proven that̃qi and ˙̃qi will remain bounded
and will tend to zero as long asxmaxi . The proof can be
carried out exactly as shown in [7] just by substituting
∆F̃ i by ∆F i in si given by (5). Consider now the
following theorem.

Theorem 1: Consider the cooperative system dynamics
given by (1), (2) and (3), in closed loop with the control
law (13), the joint velocity observer (15)–(16) and the
contact force observer (22), whereqdi and pdi are the
desired bounded joint and constrained positions, whose
derivativesq̇di, q̈di, ṗdi, and p̈di are also bounded, and
they all satisfy constraints (2). Consider alsol given
domainsDi ∈ Rni defined byDi = {xi : ‖xi‖ ≤ xmaxi

}
for each subsystem, where the boundsxmaxi , i = 1, . . . , l,

are chosen according toai ≤ ηiαi

(1+λmax(ξi)coi+
√

η
i
)

√
λ2i

λ1i
.

Then, every dynamic and error signal remains bounded
and asymptotic stability of tracking, observation and force
errors arise,i. e.

lim
t→∞

q̃i = 0, lim
t→∞

˙̃qi = 0, lim
t→∞

zi = 0,

lim
t→∞

żi = 0, lim
t→∞

∆λi = 0, lim
t→∞

∆λ̃i = 0,

lim
t→∞

∆F̃ i = 0, (24)
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if the following conditions are satisfied

λmin(KRi) ≥ µ1i + θ1i, (25)

kdiλhi ≥ λmax(KRi) + µ2i (26)

+ c11i λmax(KRi)
+ c12iMei + α6iλmax(ξi)λmax(KRi)
+ θ2i,

θ3i ≤ c7iλmin(ξiHjiξi) + c8iλmin(ξi),(27)

whereθ1i, θ2i, θ3i, µ1i, µ2i, µ3i, c7i, c8i, c11i, c12i, α6i,
α8i and Mei are positive constant andHji is a matrix
defined in Appendix I. 4

The proof of Theorem 1 can be found in the Appendix I.

Just as explained in [7] and [9] the result in Theorem 1
is only local and the region of attraction cannot be made
arbitrarily large, because the stability analysis is carried
out by means of local linearization.

IV. SIMULATION RESULTS

Fig. 1: Robots A465 and A255 ofCRS Robotics.

The simulation with two industrial robots is obtained. In
order to implement the control law (13), the model of the
system presented in [8] is used. Both robots own force
sensors model, so that one can verify whether the desired
forces are being matched or not. The palm frame of the
whole system is at the base of the robot A465, with its
x–axis pointing towards the other manipulator. If the task
consists in lifting the object and pushing with a desired
force, then the constraints in Cartesian coordinates are
simply given byϕi = xi − bi = 0, for i = 1, 2 and bi a
positive constant. The desired trajectories are given by

xd1 = 0.6[m], xd2 = 0.8192[m], (28)

yd1,2 = 0.05 sin(ω(t− ti))[m],
zd1,2 = (0.635 + 0.05 cos(ω(t− ti))− 0.05)[m].

These trajectories are valid from an initial timeti to a final
time tf , while ω is designed to satisfyω(ti) = ω(tf) = 0.
The derivatives ofω are zero as well atti andtf . For the
simulations it has been setti = 25s and tf = 75s. By
choosing (28), the robots will make a circle in they–z
plane. The desired pushing force is given by

fdx1,2 =





16 (t−15)
5 [N] 15 ≤ t < 25

32 + 18 sin( 3π(t−25)
40 ) [N] 25 ≤ t < 65

32− 16 (t−65)
5 [N] 65 ≤ t ≤ 75,

(29)

and fdy1,2 = fdz1,2 = 0[N]. The different
control and observer parameters areΛ1 = 35I,
Λ2 = 26I, KR1 =diag{ 120 120 120 }, KR2 =
diag{ 100 100 100 }, kd1 = 40, kd2 = 40,
kF1 = 0.05, kF2 = 0.05, , ξ1 = ξ2 = 0.00001I,
ζ1 = ζ2 = 0.001. The last gains has been chosen by
trial and error. The observer–controller scheme has been
programmed in a PC computer, where the sampling time
is h = 9ms. The experiment lasts90s. The object is
held att = 15s. Before, the robots are in free movement
and the control law (13) is used with the force part set
to zero (i. e. Qi = I and Jϕi = O). From t = 15s
to t = 25s the object is lifted to the initial position to
make a circle, while the desired pushing forces keep
increasing. Fromt = ti = 25s to t = tf = 65s the robots
are making the circle and the desired forces are sinus
signals. Fromt = 65s to t = 75s the object is put down
and the desired forces diminish to zero. Finally, from
t = 75s to t = 90s the manipulators go back to their
initial positions. The results for the tracking errors can
be seen in Figure 2 in Cartesian coordinates. They are
good, but clearly, the performance decreases during the
constraint motion. The reason may be that a decentralized
control scheme is being employed, and thus the impact
on a manipulator from the other one pushing on the
same object is not counteracted. Another important effect
is the digitalization. Can be appreciated that 9ms is a
rather large sampling time. On the other hand, for the
desired forces (29) the results can be considered very
good as shown in Figure 3. In the Figure 4, we can see
a comparative between the estimate and measure force.
The Figure 5 shows the error̃λi. Finally, the Figure 6
shows the observation errors. As can be appreciated, they
are pretty good.

V. CONCLUSIONS

The position and force tracking control problem of coop-
erative robots with end effectors constrained on geomet-
ric surfaces and without velocity/force measurements is
considered in this paper by using the joint-space orthog-
onalization scheme. The control law is a decentralized
approach which takes into account motion constraints.
By assuming that fingers dynamics are well known, the
crucial point of this work is to show that the controller
does not need any velocity/force feedback. A well-know
linear velocity observer for each finger is used. Regarding
the force control, our scheme uses a force observer to
obtain an estimate of the contact forces.
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Fig. 2: Tracking errors in Cartesian coordinates. a)x̃1. b) ỹ1. c) z̃1. d) x̃2. e) ỹ2. f) z̃2.
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Fig. 3: Force measurements of robots A465 and A255. a)Fx1 . b) Fx2 . —– measured. - - - desired.

APPENDIX I
PROOF OFTHEOREM 1

Consider now the following function

Vi(xi) =
1
2
xT

i M ixi, (30)

where
M i

4
= block diag

[
Hi(qi) Hi(qi) ζiξi

]
and Vi(xi) satisfies λ1i‖xi‖2 ≤ Vi(xi) ≤

λ2i‖xi‖2 with λ1i
4
= 1

2 min
∀qi∈Rni

λmin(M i) and λ2i
4
=

1
2 max
∀qi∈Rni

λmax(M i). Suppose you may find a region of

attractionSai = {xi : ‖xi‖ ≤ ai}, so that the derivative
of V̇i(xi) ≤ 0 with V̇i(xi) = 0 if and only if (xi) = 0. If

ai is chosen so that‖xi‖ ≤ xmaxi , with xmaxi = ai

√
λ2i

λ1i

is valid for all time andxmaxi is small enough.

The well-known property that eachHi(qi) is definite
positive has been used.

According to the well-known Theorem 4.1 in [4][pp. 114]
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Fig. 4: Force measurements and estimate of robots A465 and A255. a)Fx1 . b) Fx2 . —– measured. - - - estimate.
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Fig. 5: Force errors (̂λi − λdi) of robots A465 and A255. a)̃λ1. b) λ̃2.

about asymptotic stability, we just have to find domains
Di for which eachVi(xi) in (30) satisfiesV̇i(xi) < 0 in
Di − {0}. Note thatVi(xi) is positive definite inRni . In
doing so, one can prove thatxi → 0 for all i. Then, the
Lemma 3.1 of [7] can be used to prove that the tracking
errorsq̃i and ˙̃

iq tend to zero whensi does.

We define each domain asDi = {xi : ‖xi‖ ≤ xmaxi},
wherexmaxi

is chosen small enough as computed in [7]
In Di one can define

µ1i
4
= max
‖xi‖≤xmaxi

‖Ci(qi, q̇ri)‖, (31)

µ2i
4
= max
‖xi‖≤xmaxi

‖Ci(qi, si + q̇ri)‖, (32)

µ3i
4
= max
‖xi‖≤xmaxi

‖Ci(qi, si + 2 q̇ri)‖, (33)

µ4i
4
= MeiλHi, (34)

λDi
4
= λmax(Di), (35)

c0i
4
= max
∀qi∈Rni

‖J+
ϕi

(qi)‖, (36)
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Fig. 6: Observation errors. a)z11. b) z12. c) z13. d) z21. e) z22. f) z23.

c1i
4
= max
∀qi∈Rni

‖Jϕi(qi)‖, (37)

‖q̇ri‖ ≤ vmi + ki ηi +
√

ni xmaxi

+λmax(ξi)c0i = α3i, (38)

‖J̇ϕi(qi)‖ ≤ α1i‖si‖+ α1i‖q̇ri‖
≤ α1ixmaxi + α1iα3i = α2i, (39)

‖si‖ ≤ xmaxi , (40)

σHi= max
∀qi∈Rni

λmax(H−1
i ), (41)

σhi ≤ ‖H−1
i (qi)‖ ≤ σHi, (42)

c2i
4
= max
∀qi∈Rni

‖Hji‖ , (43)

ψ0i=λDi + µ4i + µ3i + c11iµ3i

+c11iλmax(KDRi)
+α5i + α6iλmax(ξi)λmax(KRi

), (44)

ψ1i=c10iλmax
2(ξi)λmax(KRi

)
+α4iλmax(ξi) + c5iµ3iλmax(ξi)
+c5iλmax(ξi)λmax(KDRi)
+c6iλmax(ξi)λmax(KRi

), (45)

ψ2i=c10iλmax
2(ξi)λmax(KRi

)
+c5iλmax(ξi)λmax(KRi)
+c9iλmax(ξi)Mei

+c6iλmax(ξi)λmax(KRi
) + α7iλmax(ξi),(46)

whereηi > 0 and small enough(its meaning will become

clear later),Hji =
[
Jϕi(qi)Hi

−1(qi)J
T
ϕi

(qi)
]−1

∈
Rni×ni is a positive matrix andc3i = 1

1+ζi
, c4i = ζi

1+ζi
,

c5i = c1ic2iσHi, c6i = c0ic4i, c7i = kFic3i, c8i = kFic4i,
c9i = c1ic2i, c10i = c0ic2ic3i, c11i = c2

1ic2iσHi,
c12i = c2

1ic2i, α5i = c1ic2iα2i, α6i = c0ic1ic2ic3i,
α7i = c9ic3ikFi are positives constants,‖q̇di‖ ≤ vmi

∀ t. Mei > 0 is a bound forei(ri) in (12) which satisfies

‖ei(ri)‖ ≤ Mei‖ri‖ < ∞, (47)

for ‖xi‖ ≤ xmaxi . Note that it is straightforward
to compute (31)–(46) as functions of the different
constants defined throughout the paper, but we skip
it for simplicity’s sake. Also, many different gains
can be computed because revolute joint are being
considered (e.g.c0i, c1i, σHi, σhi, etc.). Furthermore
this means that Jϕi is Lipchitz continous, i.e.,
‖Jϕi(qi) − Jϕi(qdi)‖ ≤ Li‖qi − qdi‖, for a positive
constantLi and for allqi, qdi ∈ Rni .

(46) can be computed by substituting∆λi from (52) and
using definitions (31)–(45). The next step is to compute
the derivative of the Lyapunov function candidate in (30)
along of (6), (14) and (18), which can be shown to satisfy

V̇i(xi) ≤ − sT
i KRisi − rT

i Hrdiri (48)

− rT
i Disi + sT

i Hi(qi)ei(ri)

− ∆F̃
T

i ξi∆λi − kFi∆F̃
T

i ξi∆F̃ i

− rT
i Ci(qi, si + 2q̇ri)si

+ rT
i JT

ϕi
(qi)

(
∆λi + kFi∆F̃ i + ζi∆λ̃i

)

− sT
i Ci(qi, q̇ri)si

+ rT
i Ci(qi, si + q̇ri)ri,

31



where the skew symmetry oḟHi(qi) − 2Ci(qi, q̇i) has

been used and the fact thatsT
i JT

ϕi
(qi) = −∆F̃

T

i ξi
T.

Since we are only interested in the behavior ofV̇i(xi) for
xi in Di, we have from (31)–(46), after many manipula-
tions

V̇i(xi) ≤ − (λmin(KRi)− µ1i)‖si‖2 (49)

− (kdiλhi − λmax(KRi)− µ2i

− c11i λmax(KRi)− c12iMei

− α6iλmax(ξi)λmax(KRi)‖ri‖2
− (c7iλmin(ξiHjiξi) + c8iλmin(ξi))‖∆F̃ i‖2
+ ψ0i‖si‖‖ri‖+ ψ1i‖si‖‖∆F̃ i‖
+ ψ2i‖ri‖‖∆F̃ i‖.

The next step is to choose the different gains to guarantee
that V̇i(xi) < 0 in Di − {0}. First of all, consider
λmin(KRi) in (25) andkdi in (26), such that one has
from (49)

V̇i(xi) ≤ − θ1i‖si‖2 − θ2i‖ri‖2 (50)

− θ3i‖∆F̃ i‖2 + ψ0i‖si‖‖ri‖
+ ψ1i‖ri‖‖∆F̃ i‖+ ψ2i‖si‖‖∆F̃ i‖,

so that one can takeθ1i = 2+ δi, θ2i = 1
4ψ2

1i + δi + 1
4ψ2

0i

andθ3i = 1
4ψ2

2i + δi + 1 to complete the square function,
with δi > 0. Thus, (49) becomes negativėVi(xi) ≤
−δi‖si‖2 − δi‖ri‖2 − δi‖∆F̃ i‖2 or V̇i(xi) ≤ −δi‖xi‖2.
By applying Theorem 4.1 in [4] one concludes thatxi →
0. Note that, in general‖xi(0)‖ must be in a subregion of
Di. i.e., the region of attraction is smaller thanDi. Keeping
this in mind and in view ofDi = {xi : ‖xi‖ ≤ xmaxi},
one has‖xi‖ ≤ xmaxi and‖q̃i‖ ≤ ηi (from the discussion
in Appendix I of [7] Thus, from this references we get
lim

t→∞
˙̃qi = 0, lim

t→∞
q̃i = 0. From the definition (10),

one has directly lim
t→∞

żi = 0 and lim
t→∞

zi = 0. Also,

∆F̃ i tends to zero too. Then, to prove that∆λi → 0,
we note thatJϕi(qi)si = −ξi∆F̃ i (because one has
∆ṗi = ∆pi = 0 ∀ t). Thus we have

Jϕi(qi)ṡi + J̇ϕi(qi)si = −ξi∆λ̃i, (51)

and from (14) one gets after some manipulations

∆λi = Hji

[
−c3i ξiJ

+
ϕi

T
(qi)KRi

si (52)

+ c3i ξiJ
+
ϕi

T
(qi)KRi

ri + c3i ξikFi
∆F̃ i

− J̇ϕi(qi)si + Jϕi(qi)Hi
−1Ci(qi, si + 2q̇ri)si

+ Jϕi
(qi)Hi

−1(qi)KDRi
si

− Jϕi(qi)Hi
−1(qi)KRiri − Jϕi(qi)ei(ri)

]

− kFi∆F̃ i − c4i J+
ϕi

T
(qi)KRisi

+ c4i J+
ϕi

T
(qi)KRi

ri + c4i kFi
∆F̃ i

with Hji =
[
Jϕi(qi)Hi

−1(qi)J
T
ϕi

(qi)
]−1

. Since

si, ri and ∆F̃ i are tending to zero, we only
need to show that q̇i is bounded in order for

∆λi to become zero as well. This is the case,
because ˙̃

iq and qdi are both bounded. Additionally
λ̃i = c3i

[
J+

ϕi

T
(qi)KRi (si − ri)− kFi∆F̃ i)

]
, is

bounded and tend to zero as well. Note that, additionally,
∆λ̄i = λi − λ̂i = ∆λi −∆λ̃i tends to zero, too

Finally, the stability of the whole system can be proven

usingV =
l∑

i=1

Vi(xi).
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