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Abstract

In this paper, we describe the design of a feedback
linearization controller for a single-axis, two-mode
model of a flexible structure using a DC motor as
its source of actuation. Our main goal is to track the
slewing movement to a particular desired end-position
assuming no damping and the same control input is
delivered to each mode. The beam modes are char-
acterized by a nonlinear saturation function given as
atan(x).

1 System Model

A typical single axis linear model of a flexible struc-
ture consists of (a) one rigid mode describing the mo-
tion of the body as if it were rigid, (b) n flexible modes
describing the vibrational motion caused by the dis-
tributed elasticity.

Using Hamilton’s Principle, the linear equations of
motion of a flexible structure are found to be [1]:

EI
∂4y

∂x4
+ ρ

∂2y

∂t2
+ ρxθ̈ = 0 (1)

(Jb + Jm)θ̈ + ρ

∫ L

0

x
∂2y

∂t2
dx = τι (2)

where Jb is the link’s mass moment of inertia about
the hub, Jm is the mass moment of inertia of the hub,
L is the length of the beam, E is Young’s modulus, I
is the area moment of inertia about the bending axis,
and ρ is the mass per unit length of the link.

In this study we consider only small bending mo-
tions in a horizontal plane. Figure 1 illustrates the
horizontal displacement present in the movement of
a flexible beam.
An N-mode expansion for the displacement y(x, t) [2]

y(x, t) =
N∑

i=1

ψi(x)qi(t), x ∈ [0, L], t ≥ 0 (3)
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Figure 1: Deflection in a flexible beam

where the spatial-dependent functions ψi(x) are the
mode shapes, and the time-dependent functions qi(t)
represent the modes, is replaced into the linear equa-
tions of motion 1-2.

This substitution leads to the equation of a finite-
dimensional model of a flexible link with torque ac-
tuation at its hub, expressed as:

q̈i + w2
i h(qi) + ci(q̇i) = biu (4)

where w are the structural frequencies representing
the rigid and flexible modes, u = τ is the torque
delivered by the motor, h(qi) is the saturation term,
and ci(q̇i) is the damping term.

Assuming no damping, i.e. ci(q̇i) = 0, we obtain
the simplified model from 4 to be:

q̈i + w2
i h(qi) = biu (5)

where the nonlinear saturation term h(qi) is:

h(qi) = atan(qi) (6)

Specifically, we consider the slewing problem for a
two-mode model flexible beam that will steer 5 from
any initial position to a final position given at the
system’s equilibrium point. Each mode equation in
our model is:

q̈0 + w2
0h(q0) = b0u (7)

q̈1 + w2
1h(q1) = b1u (8)
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Figure 2: Equivalent representation of the flexible
structure

reaching its equilibrium at

qi(x, t) → q∗i (x, t), q ∈ R2 (9)

Therefore, we find the equilibrium of 5 as

q̈i = −w2
i h(q∗i ) + biu

∗ = 0 (10)

thus,

q∗i = h−1

(
biu

∗

w2
i

)
, h = atan (11)

An equivalent representation of the flexible struc-
ture we consider in this paper is shown in Figure 2 as
a system of nonlinear springs and masses.

Next section describes the proposed control design
to stabilize the induced nonlinear vibrations on the
flexible structure.

2 Control Approach

Assuming that our beam consists only of two
modes, its structural frequencies are given as w0 = 0
and w1 = 1, and the constant parameters in each
mode b0 = b1 = 1, [3] thus the system is reduced to:

q̈0 = u (12)
q̈1 = −h(q1) + u (13)

Considering this, the state space model for 12-13 can
also be expressed in the form:

ẋ = f(x) + bu (14)

To do so, we first introduce a new state q̃ as shown in
15 that will allow us to cancel out the control term.

q̃ = q0 − q1 =⇒ ¨̃q = h(q0 − q̃) (15)

Then, we build a new state-space model such as 14
by performing a change of variables in terms of the
original states qi and q̃. Thus, we assign the new
states to be:

x1 = q̃ (16)
x2 = q0 (17)
x3 = ˙̃q (18)
x4 = q̇0 (19)

expressing 16-19 as a state equation we have that:



ẋ1

ẋ2

ẋ3

ẋ4


 =




x3

x4

h(x2 − x1)
0


 +




0
0
0
1


u (20)

where f = [x3 x4 h(x2 − x1) 0]T , and g = [0 0 0 1]T .
In this way, our system is written in regular form,
which means the control term appears only in the
lower equation.

Next, we find the elements of [g adf g ad2
f g ad3

f g]
from 20 by using the Lie Bracket theorem [4]:

adf g =
∂g

∂x
f − ∂f

∂x
g =




0
−1
0
0


 (21)

ad2
f g =

∂adf g

∂x
f − ∂f

∂x
adf g =




0
0
h′

0


 (22)

ad3
f g =

∂ad2
f g

∂x
f − ∂f

∂x
ad2

f g =




−h′

0
−x3h

′′ + x4h
′′

0


(23)

We arrange them into the corresponding matrix
formed by g and each vector from 21-23 to check its
linear independence.




g
adf g
ad2

f g

ad3
f g




T

=




0 0 0 −h′

0 −1 0 0
0 0 h′ −x3h

′′ + x4h
′′

1 0 0 0



(24)

As 24 is a full rank matrix, it is linearly independent,
also meaning system 20 is globally controllable.

However, to be feedback linearizable, the system
must also be involutive [5]. We verify system 20 is
involutive if the Lie Bracket between any two vector
combination from [g, adf g, ad2

f g] is zero. From g
and 21-23 we obtain:

[g, adf g] =
∂adf g

∂x
g − ∂g

∂x
adf g (25)

= 0 g − 0




0
−1
0
0


 = 0

furthermore,

[g, ad2
f g] =

∂ad2
f g

∂x
g − ∂g

∂x
ad2

f g (26)
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=




0 0 0 0
0 0 0 0

−h′′ h′′ 0 0
0 0 0 0







0
0
0
1


 = 0

Therefore, as either Lie Bracket between the column
vectors of 24 is zero, 20 is involutive.

To find the system transformation matrix to the z
coordinate system, we multiply each column vector
in 24 by the partial derivative vector of z(x) with
respect to each state xi.

[
∂z1

∂x1

∂z1

∂x2

∂z1

∂x3

∂z1

∂x4

]



0
0
0
1


 = 0 ⇒ ∂z1

∂x4
= 0 (27)

[
∂z1

∂x1

∂z1

∂x2

∂z1

∂x3

∂z1

∂x4

]



0
−1
0
0


 = 0 ⇒ ∂z1

∂x2
= 0 (28)

[
∂z1

∂x1

∂z1

∂x2

∂z1

∂x3

∂z1

∂x4

]



0
0
h′

0


 = 0 ⇒ ∂z1

∂x3
= 0 (29)

[
∂z1

∂x1

∂z1

∂x2

∂z1

∂x3

∂z1

∂x4

]



−h′

0
−x3h

′′ + x4h
′′

0


 6= 0 (30)

⇒ − ∂z1

∂x1
h′ +

∂z1

∂x3
x3h

′′ +
∂z1

∂x3
x4h

′′ 6= 0 (31)

This results in the conditions we must satisfy 27-31 to
assign each feedback linearization state zi. Therefore,
the new state z1 is not a function of x4 or x2, neither
of x3. However, the only unknown partial derivative
in 31 is expressed as ∂z1

∂x1
6= 0. Thus, we assume z1 =

x1, that satisfies the required boundary conditions.
We obtain transformations for the other states by

using the Lie Derivative theorem as follows [5]:

z2 = Lfz1 =
∂z1

∂x
f (32)

= [1 0 0 0]




x3

x4

h(x2 − x1)
0


 = x3 (33)

z3 = L2
fz1 =

∂z2

∂x
f (34)

= [0 0 1 0]




x3

x4

h(x2 − x1)
0


 = h(x2 − x1)

z4 = L3
fz1 =

∂z3

∂x
f = (35)

= −x3h
′(x2 − x1) + x4h

′(x2 − x1)

The transformation in the control is found from the
following equation:

u = α + βv (36)

where,

α = − L4
fz1

LgL3
fz1

, β =
1

LgL3
fz1

(37)

LgL
3
fz1 =

∂L3
fz1

∂x
g = LgL

3
fz1 = b1h

′(x2 − x1) (38)

L4
fz1 =

∂z4

∂x
f (39)

Simplifying, for z4 in 35, and f in 20 we obtain:

L4
fz1 = x2

3h
′′(x2 − x1) − x3x4h

′′(x2 − x1) +

− x3x4h
′′(x2 − x1) + x2

4h
′′(x2 − x1) +

− h(x2 − x1)h′(x2 − x1) (40)

Thus,

L4
fz1 = x2

3h
′′(x2 − x1)−2x3x4h

′′(x2 − x1) (41)

+x2
4h

′′(x2 − x1) − h(x2 − x1)h′(x2 − x1)

Finally, we obtain the state equations from the pre-
vious transformations to zi given by the assumptions
shown in 32-35 and the states in 20.
Letting v = −k1z1 − k2z2 − k3z3 − k4z4, we design
our controller such that each kn corresponds to the
eigenvalues of the system matrix by the new system
in Brunovsky form,

ż1 = z2 (42)
ż2 = z3 (43)
ż3 = z4 (44)
ż4 = −k1z1 − k2z2 − k3z3 − k4z4 (45)

The system matrix for 42-45 is:

A =




0 1 0 0
0 0 1 0
0 0 0 1

−k1 −k2 −k3 −k4


 (46)

In this system, each kn is selected such that the eigen-
values of matrix A lie on the left-hand side complex
plane (λR < 0).

3 Simulations

The closed loop control system is implemented in a
Simulink block diagram as shown in Figure 3. Each
gain kn in 46 is found to place the eigenvalues of our
new system matrix A in the negative plane.

In Figure 4 and 5, each mode qi from the original
system is shown to be stabilized in finite time. The
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nonlinear behavior of the beam quickly attenuates in
each orginal system state qi by using the feedback
linearizing control shown in Figure 9. This controller
supresses the vibration caused by the flexible move-
ment of the beam with nonlinear characteristics h(qi).

It is clearly seen in the phase portraits of Figure 6
to 8 that the original system (q0 vs. q1) is asymptot-
ically stable and converges to the origin as t → ∞.

4 Conclusions

In this paper, we showed that a controller design
based on feedback linearizarion provides quick sta-
bilization in each mode of a flexible structure model
with nonlinear properties. Specifically, an analysis for
a two-mode flexible structure was made to demon-
strate this technique quickly compensates the non-
linear motions in the original states by transforming
the original system into a linear model and creating
a feedback to eliminate these motions in the original
system. Conditions such as using only the uncoupled
flexible modes and assuming no damping were consid-
ered in order to avoid higher complexity in the solu-
tion. Simulations illustrating how this design method
provides fast stabilization for the nonlinear oscilla-
tions generated in each mode summarize our results.
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Figure 3: Simulink block diagram of the feedback
linearization controller.
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Figure 4: Plot showing the mode q0
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Figure 5: Plot showing the mode q1
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Figure 6: Phase portrait of mode q0
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Figure 7: Phase portrait of mode q1
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Figure 8: Plot showing q0 vs q1
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Figure 9: Plot of the feedback linearizing control
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Figure 10: Plots of state z1 vs. time
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Figure 11: Plots of state z2 vs. time
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Figure 12: Plots of state z3 vs. time
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Figure 13: Plots of state z4 vs. time
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